THE REPRESENTATION RING AND THE CENTRE
OF A HOPF ALGEBRA

SARAH J. WITHERSPOON

ABSTRACT. When H is a finite dimensional, semisimple, almost
cocommutative Hopf algebra, we examine a table of characters
which extends the notion of the character table for a finite group.
We obtain a formula for the structure constants of the represen-
tation ring in terms of values in the character table, and give the
example of the quantum double of a finite group. We give a basis
of the centre of H which generalizes the conjugacy class sums of a
finite group, and express the class equation of H in terms of this
basis. We show that the representation ring and the centre of H
are dual character algebras (or signed hypergroups).

1. INTRODUCTION

Let H be a finite dimensional Hopf algebra over an algebraically
closed field k. Its representation ring R(H) is the C-algebra generated
by finite dimensional H-modules with direct sum for addition, tensor
product for multiplication, and the trivial module for the identity. If
H is semisimple (that is, as an associative algebra), its representation
ring (or character ring) is as well, allowing generalization of some of
the theory of characters for finite groups to Hopf algebras. This has
been done for example by Larson [8], Nichols and Richmond [18], and
Zhu [26], and Lorenz [10] treats the nonsemisimple case in particular.
Such character theory for Hopf algebras has been useful in studying
the structure of the Hopf algebras themselves in work by Lorenz [11],
Nichols and Richmond [17], Sommerh&user [22], and Zhu [26].

Here we require that H be almost cocommutative as well as semisim-
ple, and obtain some further results. Many examples of interest satisfy
this hypothesis, including the quasitriangular Hopf algebras. In this
case the representation ring R(H) is semisimple and commutative, and
so isomorphic to a direct sum of copies of C. Each copy corresponds
to a character of R(H), that is an algebra homomorphism from R(H)
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to C. These characters happen to be trace functions of certain central
elements defined in §4. We consider a character table, whose rows are
indexed by isomorphism classes of irreducible H-modules, and whose
columns are indexed by the characters of R(H). This extends the no-
tion of the character table for a finite group. We present orthogonality
relations for these characters in §3. This leads to a formula (Theorem
3.2) for structure constants of the representation ring R(H) in terms of
the character values, generalizing a well known formula in the case H
is a group algebra [23]. We discuss the example of the quantum double
of a finite group, for which character values may be given in terms of
characters of the group and its centralizer subgroups [25].

We use these results about characters to obtain a basis for the centre
Z(H) in case k = C in §4; in the case of a group algebra this basis
is given by the conjugacy class sums. The class equation for a finite
group may be described as applying the augmentation € to the sum
of these basis elements. We generalize this observation in Proposition
4.3, providing a new way to view the class equation for Hopf algebras
(due to Kac [7] and Zhu [26]) in the special case where H is almost
cocommutative. We use Lorenz’ proof of the class equation [11] for
this result. We show that in case H has prime power dimension, the
nontrivial central grouplike elements of Masuoka [15] are among our
basis elements for Z(H).

We use the basis of Z(H) constructed in §4 to show in Theorem 5.2
that when k = C, the representation ring R(H) and the centre Z(H)
are dual character algebras (or C-algebras) [1], as well as signed hyper-
groups [24], providing more such examples. Such algebras generalize
the duality between the character ring and the centre of a group al-
gebra. For a history of character algebras, hypergroups, and further
references, see [1, 3, 24]. The ideas in §5 grew out of questions raised
by Terwilliger.

We refer the reader to [16] for standard facts about Hopf algebras,
and to [5] for standard facts about characters of finite groups and sym-
metric algebras. All our modules will be finite dimensional right mod-
ules, k£ always denotes an algebraically closed field, and ® = ®;.

2. THE REPRESENTATION RING

In this section, we first review the standard notation and terminol-
ogy, then collect some needed results from the literature about the
representation ring.
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Let H be a finite dimensional Hopf algebra over the algebraically
closed field k£ with coproduct A, counit (or augmentation) €, and an-
tipode S [16]. We use sigma notation for A [16], that is, if h € H, we
write A(h) = Z(h) hl &® hg.

Let V and W be finite dimensional right H-modules. Then V @ W
is a right H-module via the pullback of the natural action of H ® H on
V @ W from the coproduct A : H — H ® H. This is a right H-module
since A is an algebra homomorphism. The field k is a right H-module
via the pullback of the action of & on itself, by right multiplication, to
H from the counit € : H — k. Up to isomorphism, this trivial module k
is a multiplicative identity with respect to tensor product of modules;
this follows from the counit property of a Hopt algebra.

If V is a finite dimensional right H-module, we write V* for the dual
module Homy(V, k) with right H-action given by

f-h(v) = f(v-S(h))

forall f € V*, h e H,and v € V. This is a right action since S reverses
multiplication. If V and W are two finite dimensional H-modules, then
the natural isomorphism of vector spaces (V @ W)* = W* ® V* is an
isomorphism of H-modules; this follows from the fact that S reverses
comultiplication.

Next we define an action of H on Homy(V, W) for any two finite
dimensional right H-modules V., W, so that Homg(V, W) will be iso-
morphic to V*@W asright H-modules: If f € Homy(V,W)and h € H,
define f - h € Homy(V, W) by

(2.1) fohw) =" fw-S(h))hy
(h)

forallv e V.

We define certain representation rings: Let r(H) be the group gen-
erated by isomorphism classes of finite dimensional H-modules with
direct sum for addition. This is the Grothendieck group of the cate-
gory of finite dimensional H-modules, in which the distinguished exact
sequences are taken to be the split ones. The additive group r(H)
becomes a ring with tensor product for multiplication, and identity
given by the isomorphism class of the trivial module. Associativity of
r(H) follows from coassociativity of the coproduct for H. We refer to
both r(H) and R(H) = r(H) ®z C as representation rings. We work
primarily with R(H), as our main interest is in characters. If H is
semisimple, then R(H) is isomorphic to the character ring of H (over
C) via the map sending an H-module V' to its trace function Tr(-, V')
(see [10, 26]). By abuse of language and notation, we shall consider
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H-modules to be elements of the representation rings, when we really
mean their isomorphism classes.

We will need the following two propositions, due to Zhu [26, Lemmas
1 and 2]; here we translate from left to right modules. Let dy, = 1 if
V =2 W and 0 otherwise, and let V' be the submodule of V' on which
H acts trivially:

H.={veV]|v-h=e¢h)vforal he H}.

Proposition 2.2 below technically required the characteristic of the un-
derlying field £ to be 0, however Zhu’s proof holds more generally. It
uses the fact that S? is an inner automorphism, so that in particular
(V*)* 2V for all H-modules V. This is always the case when H is
semisimple [20, Theorem 5].

Proposition 2.1 (Zhu). Suppose H is a finite dimensional semisimple
Hopf algebra, and V' and W are finite dimensional H-modules. Then
Homy (V, W) = (V*@W)H as vector spaces. In particular, if V. and W
are irreducible, then the multiplicity of the trivial module k as a direct
summand of V* @ W is oy .

Proposition 2.2 (Zhu). Suppose H is a finite dimensional semisimple
Hopf algebra. Then the representation ring R(H) is semisimple.

We assume from now on that H is semisimple. As in [10] and [18],
we define a bilinear form on r(H) by

(V,W) := dimy Homg (V, W)

for all H-modules V, W. We extend it to an inner product on R(H) =
r(H)®zC as follows. Let Vi, ...,V be the irreducible H-modules up to
isomorphism, with V; =k, and z = >, a;Vi, y = >, b;V; elements
of R(H). Define

n

(z,y) = > a;ib;(Vi, V) = Zaz i

ij=1
where b; is the complex conjugate of b;. The norm of x is
|z (= v (z, ).

Extend the dual map on modules to a conjugate linear map on R(H)
by defining

n
= E a—i\/;*‘
i=1
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Then we see as in [10] or [18] that the inner product satisfies the fol-
lowing properties for all z,y,z € R(H):

(2.2) (=*,y") = (z,y) = (y, ), and

(2.3) (zy, 2) = (y. 2"2).
Equation (2.2) follows from the definitions, and (2.3) follows from the
isomorphisms Homg (U@V, W) =2 (V*@U*@W)H = Homy (V,U*@W)
given by Proposition 2.1.

The remaining observations in this section were made by Zhu [26] and
Nichols and Richmond [18]. Let z € R(H), and write z = > | a;V;.
Then

n
i — Z a;a; ViV
ij=1
By Proposition 2.1, the coefficient of the trivial module &k in xx* is then

n
doaa =]z
i=1

Thus z = 0 if and only if zz* = 0. Letting Ei, ..., E,. be the primitive
central idempotents of the semisimple representation ring R(H), we
see that F;EF # 0. But E is also a primitive central idempotent, as *
is an algebra anti-isomorphism. Therefore

(2.4) E; = E}.

3. ORTHOGONALITY AND STRUCTURE CONSTANTS

We continue under the assumption that H is a finite dimensional
semisimple Hopf algebra over the algebraically closed field &, so that its
representation ring R(H) is semisimple by Proposition 2.2. In addition
we assume that H is almost cocommutative, that is there exists an
invertible element R € H ® H such that for all h € H,

7(A(h)) = RA(R)R ™,

where 7 is the twist map given by 7(a®b) = b®a. In this case, VoW =
W®V for all H-modules V, W, the isomorphism given by the twist map
followed by the natural action of R. Therefore the representation ring
R(H) is a finite dimensional, semisimple, commutative C-algebra, and
so is isomorphic to a direct sum of copies of C. Each copy corresponds
to a character of R(H), that is an algebra homomorphism from R(H)
to C. Note that the set of characters of R(H) is linearly independent.

We consider a character table associated to H, whose rows are in-
dexed by isomorphism classes of irreducible H-modules, and whose
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columns are indexed by the characters of R(H). The entries are the
characters evaluated on the modules (considered as elements of R(H)).
In the case of a group algebra CG of a finite group G, this is pre-
cisely the usual character table of G: The characters of R(CG) are the
trace functions Tr(g, -) of representatives g € G of conjugacy classes (or
equivalently trace functions of normalized sums of conjugacy classes).
This is because group elements g € G are grouplike elements in the
Hopf algebra CG (that is, A(g) = ¢ ® g). In §4 we will define more
generally central elements z; of H whose trace functions are precisely
the characters of R(H). Here we give orthogonality relations for the
characters and a formula for the structure constants of the representa-
tion ring R(H) in terms of the character values.

We will need the following proposition due to Nichols and Richmond
[18]. However as their approach involves comodules, we include a proof
here for convenience.

Proposition 3.1 (Nichols-Richmond). Let pu be a character of the rep-
resentation ring R(H), and x € R(H). Then u(x*) = p(z), the com-
plex conjugate of p(x).

Proof. Let E; be a primitive central idempotent of R(H), and p; the
corresponding character. We claim that u;(y) = (v, Z) /|l E; ||* for
all y € R(H): Write y = 37, ¢;Ej so that u;(y) = ¢;. On the other
hand, by (2.3) and (2.4),

n

I E; |12 - AR ;(CjEj:Ei)

n

1 *
Jj=1
1
= mcz(EmEz)
= C;.

It follows that, by (2.2) and (2.4),

pi(z*) = || ”2(33*:Ei)
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We consider a different form on R(H) that is symmetric: Define
(V,W) = dimy Hompg (V*, W)

for all H-modules V,W. This generates a nondegenerate, bilinear,
symmetric, associative form by Proposition 2.1 (see also [10, §3.1] and
[11, §2.2]). Therefore R(H) is a symmetric algebra with dual bases
{Vi,...,Vu} and {V", ..., V.*}, where Vi, ...,V are the irreducible H-
modules, as noted in [11]. We now give a formula for the primitive
central idempotents of R(H ) and orthogonality relations for characters,
as provided by [5, §9B] for symmetric algebras via dual bases. We point
out that our characters are the irreducible characters of [5].

Let
(3.1) M =PV @ V).

i=1

As H is semisimple, H = @} ; Endg(V;) as an algebra. Using (2.1), it
may be checked that M is isomorphic to the H-module H where h € H
acts on h' € H by the adjoint action

(3.2) Woh=>"S(hi)hhs.
(h)
Let p be a character of R(H), and note that

(3.3) p(M) = ZM#(W) = Z I (V) 17> 0,

by Proposition 3.1. This also follows from [5, Proposition 9.17 (ii)].
We have the corresponding primitive central idempotent of R(H) [5,
Proposition 9.17 (ii)],

1 n
(3.4) L= W) ;N(W)Vi*-

Orthogonality relations are given as follows. For any character p of
R(H), we write u* for the character defined by

p(V) = p(V7),

for all H-modules V. We caution that E,« # (E,)*. Let p1,..., i,
be the characters of R(H). Then we have the column orthogonality
relations by [5, Proposition 9.19] (see also [18, Corollary 22]),

(3.5) ZMZ(W)M;(W) = 0 pti(M).

(=1
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In other words, the product of the transpose (y;(V;)) of the character
table matrix with the matrix (,u;*(Vl)) is a diagonal matrix with diag-
onal entries p;(M). Multiplying by the appropriate diagonal matrices,
we obtain two inverse matrices. Multiplying them in the reverse order
yields the row orthogonality relations,

— 11 (Vi) e (V)
(3.6) et — (.

; pie(M) ’

As we see next, the row orthogonality relations may be used to obtain

a formula for the structure constants in R(H). This is well known in
the case H is a group algebra [23].
Theorem 3.2. Let H be a finite dimensional, semisimple, almost co-
commutative Hopf algebra. Let Vi, ..., V, be the irreducible H-modules
up to isomorphism, i, ..., W, the characters of R(H), and suppose

h

that V; @ V; = ZZIV,EBN” for1<i,7 <n. Then

noxe 1 (Vi) e (Vo) (V)
vy - S

where M is the module defined in (3.1).

Proof. For each pair 7, j, consider the n equations

(Vi) e (V) = Z N (Vi)

h=1

Solving these systems of equations for the Nf; by using the row orthog-
onality relations (3.6), we obtain the desired result. O

Example: The quantum double of a finite group. Let G be
a finite group. The quantum double (or Drinfel’d double) D(G) is a
smash product of the group algebra kG with its Hopf algebra dual
(kG)*. Specifically, the space (kG)* ® kG is given the structure of
a Hopf algebra as follows. If {¢,},eq is the basis of (kG)* dual to
{g9}sec, then D(G) has as a basis all elements ¢, ® h, which we write
more simply as ¢4h, for g, h € G. On this basis, the product is defined
by ¢ghpgh’ = ¢gppgn-1hh = 0y pgn-10,hh . The identity is 1p) =
> geq @gl, where 1 is the identity for G. The coproduct is given by
A(ggh) = Y, cq Puh @ dy-14h, the counit by e(¢sh) = 014, and the
coinverse by S(¢pgh) = ¢p-1,-1,h~ . The Hopf algebra D(G) is almost
cocommutative with R = > 9eG ¢y ® g (in fact, it is quasitriangular
[16, 10.1.5]). Maschke’s Theorem for Hopf algebras [16, Theorem 2.2.1]
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implies that D(G) is semisimple if and only if the characteristic of k
does not divide the order of G [25, Proposition 1.2]. Thus we will
restrict ourselves to that case.

It is well known that the irreducible D(G)-modules are indexed by
pairs (g, V'), where g is a representative of a conjugacy class of GG, and
V is an irreducible kC(g)-module (here C(g) = {h € G | gh = hg}
is the centralizer of g in GG). The resulting D(G)-modules are induced
from these kC(g)-modules. Different approaches to this result appear
in [13, 25]; see also [6] for the special case k = C.

The characters of R(D(G)) are given explicitly in [25, Theorem 3.4,
and for the case k = C, also in [12], in terms of characters of G and its
centralizer subgroups. The characters in the case £ = C are indexed
by pairs (g, p), where g is a representative of a conjugacy class of G,
and p is an irreducible character of C(g). The corresponding character
Lg.p of R(D(G)) sends a D(G)-module V' to [25, p. 316]

1
pgp(V) = Jogp } Eg( ) p(h) Tr(ong, V).
eC(g

Let V4, ..., V, be the irreducible D(G)-modules over C up to isomor-
oNh
phism, and suppose V; @ V; = Zleth” . Then by Theorem 3.2,
NI = Z 1y o (Vi) g, p (Vi) g0 (V)
Y fg,0(M)

the sum ranging over the pairs (g, p). The D(G)-module M is the space
D(G) with right action

¢my . ¢gh = g,zflyfla;yth*la:hh_lyh'

We note that the values of the i, , are sums of products of values
from the character tables of G and its centralizer subgroups, and thus
the structure constants may be calculated from the values in such char-
acter tables. Indeed, Tr(¢ng, V) = Tr(g, V}) where Vj, = V), may be
considered to be a CC'(h)-module, as is discussed in [25, §2]. A dif-
ferent approach to characters for this example is given in [2], and an
apparently simpler formula than (3.7) for the structure constants is
given in [2, 6].

(3.7)

(9:p)

4. THE CENTRE AND THE CLASS EQUATION

In this section, we construct two bases for the centre Z(H) of H, and
give a new presentation of the class equation of Kac [7] and Zhu [206]
using work of Lorenz [11]. We keep our assumptions that H is finite
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dimensional, semisimple, and almost cocommutative. In addition, we
take the field k to be C here.

As before, let V1, ..., V,, be the irreducible H-modules up to isomor-
phism (with V3 = C the trivial module), py, ..., pu, the characters of
the representation ring R(H) (with p; the dimension homomorphism,
w1 (V) = dim(V) for all H-modules V'), and Fj, ..., E, the correspond-
ing primitive central idempotents of R(H) as given by (3.4). As H is
semisimple, we have H = @ End¢(V;) as an algebra. Let e; be the
primitive central idempotent of H corresponding to V;, that is e; arises
from the identity transformation of End¢(V;) in the above isomorphism.
Define the elements z; of Z(H) by

(4.1) z; = Y Me

£ dim(V;)

As (1;(V;)) is nonsingular by the orthogonality relations (3.5) and (3.6),
the elements z; are linearly independent, and thus form a basis of Z(H ).
Notice that pu; = Tr(z;,-), so in fact we may label the columns of the
character table in §3 with the elements z; rather than y;. In the case H
is a group algebra, we may use the formula [5, Proposition 9.21 (ii)] for
the primitive central idempotents e; to see that each of these elements
z; is a normalized sum of elements in a conjugacy class.

Example. When H = D(G) is the quantum double of the finite group
G (83), the basis elements z; are indexed by pairs (g, p), where g is a
representative of a conjugacy class of G, and p an irreducible character
of C(g). They are given by

1
290 = 1Al Anl p(h)¢xhx—1mgm_l-
7G| deg(p) heo%mec

This follows from the observations that these elements z, , are central,
and in general the central element z; is determined uniquely by the fact
that p; = Tr(z;, ).

We will need the following two lemmas. The first generalizes the
formula [5, Proposition 9.21 (ii)] for the primitive central idempotents
e; in the case H is a group algebra.

= (Vi) dim(V;
Lemma 4.1. ¢; = Z Mj( )(]\1/[11)1( )zj.
Hj

Jj=1
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Proof. By the definition (4.1) of z;, we may express the z; in terms of
the e; by means of the matrix equation

(dﬁéz/{/j)) (e;) = (2).

By the column orthogonality relations (3.5), the inverse of the coeffi-

cient matrix is .
(F‘;(Vi) dlm(Vi))

(M)
(]
(M)
Lemma 4.2. If zizj = >, _ 1mwzh, then m = 0 le(H)
Proof. Using the definition (4.1) of z; and Lemma 4.1, we have
IR VARG
! —~ dim(V;)?
Z pi(Ve) i (Ve) uh(Ve)Zh
) dim(Vy) pp, (M)
Therefore by the column orthogonality relations (3.5), as pj(Vy) =
(Vi) = din(V;) and u, (M) = dim(H)
mzlj = dlm Z,uz Ve M](W)
— i /‘I‘Z(M)
Y dim(H)’
(]
We modify the basis {z;} of Z(H) slightly. Let
dim(H)
4.2 CZ = Zi,
(42) pi(M)

where M = @7, (V.* @ V;) as before. In the case H is a group algebra,
it may be checked, using (3.2), that each of these elements (; is the
sum of the elements in a conjugacy class. In this case, note too that
the class equation may be described as applying the augmentation e
to the equation |Gle; = Y ., (i, as €(¢;) is the number of elements in
the corresponding conjugacy class, and €(e;) = 1. We generalize this
observation in the next proposition, providing a new way to view the
class equation for Hopf algebras (due to Kac [7] and Zhu [26]) in the
special case where H is almost cocommutative.
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Let H* denote the Hopf algebra dual to H [16, Example 1.5.5]. Iden-
tify the representation ring R(H) with a subalgebra of H* by identify-
ing an H-module V with the trace function Tr(-, V') (this is the char-
acter ring as a subalgebra of H*). In this way the primitive central
idempotents F, ..., E, of R(H) may be considered to be elements of
H*.

Proposition 4.3 (Class Equation). If H is a finite dimensional, semi-
simple, almost cocommutative Hopf algebra over C, then

dim(H) = " e(G).
i=1
Further, for all1 <i < mn, ¢(§;) = dim(H)/pu;(M) = dim(E;H*) is an
integer dividing dim(H ).

Proof. By Lemma 4.1, the definitions of (; (4.2) and z; (4.1), and as
pi(Vy) =1 for all ¢,

i=1

Note that e(e;) = 01, as elements of H act on the trivial module V; = k
via €. Therefore, by applying € to the above equation, we obtain
dim(H) =) " €(G).
i=1

Again by the definitions of {; and z;, we have €(z;) = p;(k)/ dim(k) = 1,
and €(¢;) = dim(H) /p;(M).

By Lorenz’ proof of the class equation [11, §3|, under the hypothesis
that H is almost cocommutative (and so R(H) is commutative), we
have

dim(H)
—— = u;(M),
amE s M)
and is an integer. Therefore dim(H)/p;(M) = dim(E; H*) is an integer
dividing dim(H) for 1 <i < n. O

For each index i € {1,...,n} of the characters pq,..., i, let i* €
{1,...,n} be the index satisfying u;» = uf, where pf (V') := p;(V*) for
all H-modules V. In particular then, p; = Tr(z;, -).

Suppose dim(H) = p™, with p a prime. For example, the quantum
double (or Drinfel’d double) of any of Masuoka’s semisimple Hopf alge-
bras of dimension p? [14] is a semisimple [19] and almost cocommutative
(in fact, quasitriangular by [4, Proposition 4.2.12]) Hopf algebra of di-
mension p®. We obtain central grouplike elements of H via the class
equation in the following way. By Proposition 4.3, as ¢(; = 1, there
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is some i # 1 such that 1 = €(§;) = dim(H)/pu;(M) = dim(E; H*).
JFrom the assumption dim(£; H*) = 1, Masuoka proved that H has a
nontrivial central grouplike element [15]. In our case, we use Schnei-
der’s formulation of Masuoka’s result [21] to show that (;= is the corre-
sponding (central) grouplike element: First note that as M* = M and
€(G+) = dim(H)/pf (M), we have €((;«) = €(;) = 1. Now let A € H*
be a nonzero integral (that is, A is invariant under left and right mul-
tiplication in H*) such that A(1) = 1. By (4.1), (4.2), the proof and
statement of [21, Proposition 4.5], and (3.4), ;= is the unique element
h € Z(H) such that h = X = Ej. (Here h — X =37\ Aao(h)A1.) By
21, Lemma 4.14 (2)], there exists a nontrivial central grouplike element
g such that Fj; is a scalar multiple of ¢ — A. By uniqueness, and as
€(¢i+) = 1, ¢+ is forced to be grouplike.

5. DUAL CHARACTER ALGEBRAS

Let H be a finite dimensional, semisimple, almost cocommutative
Hopf algebra over C. We use the results of the previous sections to
show that the representation ring R(H) and the centre Z(H) are dual
character algebras.

First we recall the definition from [1]. A character algebra (or C-
algebra) is a finite dimensional commutative algebra A over C together
with a distinguished basis Xi,..., X,, such that X; = 1 is the multi-
plicative identity of A and:

(1) There is an involution ¢ — ¢* of {1,...,n} such that the linear
map from A to A sending X; to X;« is a C-algebra isomorphism.
(2) If X;X; = Y5 pli Xy, then pfs e R (1 < h,i,j < n).

(3) There are positive real numbers ky, . .., k,, such that p}j = 0;j+k;
(1 <i,j <n).

(4) The linear map from A to C sending X; to k; is a C-algebra
homomorphism.

We point out that if we take instead the normalized basis {X;/k;} of
A, we have a signed hypergroup [24], as in this case the sum over h of
the structure constants p}; (for fixed 7 and j) is 1 by property (4).

Let Vi, ..., V, be the irreducible H-modules up to isomorphism (with
V1 = C the trivial module), and

(5.1) X; =dim(V;)V; (1<i<n)

as elements of R(H). Let puq,...,p, be the characters of R(H), with
w1 the dimension homomorphism p;(V) = dim(V') for all H-modules
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V. Let (3, ..., (, be the central elements of H defined in (4.2), so that
(1 = 1 is the multiplicative identity.
Theorem 5.1. Let H be a finite dimensional, semisimple, almost co-
commutative Hopf algebra over C. Then:
(i) The representation ring R(H) is a character algebra with basis
Xi,...,X,.
(ii) The centre Z(H) is a character algebra with basis (i, .. ., Cp.

Proof. (i) Let i* be the element such that X; = X = dim(V*)V;*,
Then the linear map sending X; to X;« is simply the map taking any
element to its “dual,” and is a C-algebra isomorphism. As V;V; =
> ne1 NIV, in R(H) with NJ} positive integers, we have

h=1
with p; = dim(V;) dim(V;)N}}/ dim(V},) rational numbers. We also
then have pj; = dim(V;) dim(V;)Nj;. By Proposition 2.1, N}, = -,
s0 pj; = Oyj-ki, with k; = (dim(V}))? a positive integer. Finally, the
linear map from R(H) to C sending X; to k; is just the dimension
homomorphism p. Therefore R(H) is a character algebra.

(ii) First note that S is an involution on the basis (1,...,(,: Recall
that e; is the identity map on V;. Therefore S(e;) is the identity map
on V* = Vi, that is S(e;) = e+, as S? is an inner automorphism [20),
Theorem 5] and e; is central in H. By (4.1) and (4.2) then,

dim i
S = Z <(>)/l;(<w)>
)

dim(H)ps (V7

N Z (M) d m(vjm
(v,

B dim(H )p )e
- ;m(M)dlm(m 4

as w;(M) = pf(M) by the definition (3.1) of M. Thus S((;) is another
element of the basis (1, ..., (,, that corresponding to p; = p;+. There-
fore S(¢;) = (;+, and * is an involution on the indices {1,...,n}. Asthe
coinverse S is an algebra antihomomorphism on H, it is an algebra ho-
momorphism on Z(H). This shows that property (1) in the definition
of character algebra holds for Z(H).

Next note that the function f,: Z(H) — C defined by

fe(2) == (1/ dim(V;)) Tr(z, Vi)



REPRESENTATION RING AND CENTRE OF A HOPF ALGEBRA 15

is an algebra homomorphism: If z, 2 € Z(H), write z = > | ¢;¢; and
2 =" dei. Then fy(z) = cq, fi(?') = ¢}, and

fo(z2') = m Tr <Z ciciei, Vz) = cocy = fo(2) fo().

i=1
We will first work with the basis z1, ..., z, of Z(H). Suppose that

Zizj = Z m?]zh
h=1
Applying f, to this equation we obtain
(5.2) o(2:) fo(25) Zm”fg 2n).
Similarly, applying f,« we obtain
fos (i) for(25) Zmufz* 2h)-
As fp(z) = (1/ dim(Vp)) Tr(z;, V), and Tr(z;,-) = p; is a character of

R(H), Proposition 3.1 implies that the latter equation may be rewritten
as

(5.3) folz) - Fo(z) =Y mly - folzn).
h=1

On the other hand, taking the complex conjugate of (5.2), we have

fe(z) - folz;) = ZW—Z - fe(zn).

We obtain Yy mliTr(z,, Vi) = > o5, mh - Tr(zp, V) by comparing to
(5.3). As the V, form a basis for R(H), we have

h
g mU Tr (zn, ) E mg; Tr (zn, )

But the functions Tr(zh, -) = pyp, are linearly independent, so mzhj =

Therefore mlhj is a real number for all h, 1, j.

Now let (¢ = > p_; P}iCh. As ¢ = (dim(H)/pi(M))z;, we have
ho_ pn (M) dim(H)mh'
o m(M)py (M)
By (3.3), p1;(M) is a real number. As a result, p}; is a real number, and
Z(H) satisfies property (2) of the definition of a character algebra.

h
ij
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By Lemma 4.2, the above paragraph, and as p; is the dimension
homomorphism, we have

Pl =6 w1 (M) dim(H )i (M) dim(H)

() () dim ()~ ™y (0)

By Proposition 4.3, k; := dim(H)/u;(M) is a positive integer. There-
fore Z(H) satisfies property (3) of the definition of a character algebra.
Finally, consider the linear map from Z(H) to C sending (; to k; =
dim(H)/p;(M). By Proposition 4.3, this is just the counit e. It follows
that Z(H) satisfies property (4) of the definition of character algebra.
(]

Next we recall the definition of dual character algebras and show
that R(H) and Z(H) are dual. If A is a character algebra with basis
Xi, ..., Xp, then A is semisimple [1, Proposition 2.5.4]. Let Fy,..., E,
be a basis of primitive central idempotents of A. Let P = (P,;) be the
n X n matrix such that

j=1

called the matriz of eigenvalues of A.

Let A and A* be character algebras with bases Xi,..., X, and
X7, ..., X, respectively. Let Fy,...,E, and EY,..., E be bases of
primitive central idempotents, and P and P* the matrices of eigenval-
ues of A and A*, respectively. Then A and A* are dual if PP* is a

multiple of the identity matrix.

Theorem 5.2. Let H be a finite dimensional, semisimple, almost co-
commutative Hopf algebra over C. Then the representation ring R(H)
and the centre Z(H) are dual character algebras.

Proof. Consider the basis elements X, ..., X, of R(H) as defined in
(5.1), and primitive idempotents Fi«,..., E, (in that order) corre-
sponding to the characters p; = p;+. Letting

X; = i P;Ej.
j=1

and applying p;, we have p;(X;) = Py as puj(FEj«) = d;5. On the other
hand, i3(X;) = dim(Vy)i (Vi). So Py = dim(V)yut (V).

Consider the basis elements (1,...,(, of Z(H) as defined in (4.2),
and primitive central idempotents ey, ..., e, corresponding to the irre-
ducible H-modules Vi, ..., V,, as before. By the definitions (4.1) and
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(4.2), we have

& dim(H)(V))
92M>mw

Thus if P* is the matrix of eigenvalues of Z(H), we have

. dim(H)p(V)
4 (M) dim(V;)

By the column orthogonality relations (3.5), we have

(PP")i;

mWMﬂMW
Z M)

= izl(l Zuz Vo) (Vo)
= 0 dlm(H ),
so PP* is a multiple of the identity matrix. Therefore R(H) and Z(H)
are dual character algebras. ]
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