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Abstract

We provide an isomorphism between the Grothendieck ring of modules
of the twisted quantum double of a finite group, and a product of cen-
tres of twisted group algebras of centralizer subgroups. It follows that this
Grothendieck ring is semisimple. Another consequence is a formula for the
characters of this ring in terms of representations of twisted group algebras
of centralizer subgroups.

Introduction

Let G be a finite group and k an algebraically closed field. Given a 3-cocycle
w:G x G x G — kX, there is a quasi-Hopf algebra D¥(G) with underlying vector
space (kG)* ® kG, where (kG)* is the Hopf algebra dual to the group algebra kG
[1, 4, 7]. As an algebra, DYG) is a crossed product of the Hopf algebras (kG)*
and kG. There is also a construction of this algebra from the ordinary quantum
double D(G), originally defined by Drinfel’d [9], analogous to that of a twisted group
algebra from a group algebra. We have therefore chosen to call D“(G) the twisted
quantum double of G.

In the case k = C, it is indicated by Dijkgraaf, Pasquier, and Roche in 7]
that there is a connection between the representations of D) and conformal
field theory; in this context, tensor products of these representations are of interest.
Applications of such representations to generalized Thompson series and Moonshine
are given in [1] by Bantay. In [14], Mason discusses a conjectured equivalence of
categories between DY G)-modules and modules of a certain vertex operator algebra,
and in [8], Dong and Mason prove a special case of this conjecture.

The algebra D*G) turns out to be an example of a quasitriangular quasi-Hopf
algebra. For our purposes, this implies that there is a representation ring R(D“(G))
which is both associative and commutative. The sum and product of this ring are
given by direct sum and tensor product of representations. In this exposition, we
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will analyze the structure of this ring, or more precisely of the Grothendieck ring
R(D“G)), the quotient of R(D“(G)) by the ideal of short exact sequences.

In Section 1, we give an explicit definition of D“(G), and discuss some of its
properties. In particular, we show that D) is semisimple if and only if the
characteristic p of k does not divide the order of G. In the non-semisimple case,
the Grothendieck ring is a proper quotient of the representation ring, and is easier
to study. In Section 1 we also state a characterization of indecomposable D“(G)-
modules, which is a simultaneous generalization of the case k = C in [7], and of the
ordinary quantum double D(G) over an arbitrary field in [14].

Our main result (Theorem 4.4) describes the structure of the Grothendieck ring
R(D“@)), and implies that it is semisimple. More precisely, we show that there is
an isomorphism from R(D*G)) to the product of centres of twisted group algebras
of centralizer subgroups of G. As a consequence, we give its set of characters,
that is algebra homomorphisms from R(D“(G)) to C. These characters distinguish
modules up to their composition factors, and are analogous to Brauer characters of
the group, which correspond to the characters of the Grothendieck ring R(kG) of
the group algebra kG [2]. They are expressed in terms of characters of twisted group
algebras of centralizer subgroups of GG, that is trace functions of modules for these
algebras. Such modules correspond to projective representations of the centralizer
subgroups. Our theorem generalizes a result for the ordinary quantum double D(G)
given in [16].

We first present our results in the special case & = C in Section 2. In this
case the Grothendieck ring described above is equal to the representation ring, and
proofs are straightforward. For the case of an arbitrary algebraically closed field k,
we start with the same approach. However, now D“(G) is an algebra over k, whereas
its representation ring is an algebra over C. The situation is complicated by the
necessity of lifting certain function values from £ to C. It also appears necessary to
introduce a representation group, that is a covering group such that any projective
representation (or representation of a twisted group algebra) may be lifted to an
ordinary representation of this group. In Section 3, we present an analog of Brauer
characters for twisted group algebras, and results relating these Brauer characters
to those of representation groups. In Section 4, we use these results to prove our
main theorem.

All our modules will be finite dimensional over k, and all tensor products will be
over k unless otherwise indicated. We caution that we will use the term “character”
in two different ways. At times, it will refer to a homomorphism from an algebra
to C. At other times, it will refer to the trace function of a module. In [3], Benson
and Parker deal with this confusion by referring to the former as a “species.” Here
we hope that it will be clear from context which meaning is intended.



1 Preliminaries

We will define the twisted quantum double as in [1, 4, 7], although we do not require
the underlying field to be C. Fix a finite group G and an algebraically closed field
k of characteristic p. Let w : G x G x G — k™ be a 3-cocycle; that is

w(a, b, c)w(a,be, d)w(b, c,d) = w(ab, c, d)w(a, b, cd)

for all a,b,c,d € G. We assume that w is normalized so that w(a,b,c) is equal to
1 whenever one of a,b, or ¢ is equal to the identity element 1 of G. The twisted
quantum double DY(G) of G with respect to w is the following quasi-Hopf algebra
with underlying vector space (kG)* @i kG. (For the definition of a quasi-Hopf
algebra, see [4] or [10].) Let {0, ® T},.ec be the canonical basis, where d, is the
function dual to g € G, so that d,(¢g) = 1 and 6,(h) = 0 when h € G, h # g. We
will abbreviate 0, ® T by 0,7.
The product is given by

if g=aha !
otherwise,

0. (2.)0.77
(6,2)(047) = 0,(, )6, 00e1TT = { Og(x Y)8,77

w(g, z, y)w(z,y, (zy)'gry)

NRT . . . w(x’xil‘ngw .. .
multiplicative identity. We point out that this is the algebra structure given by

the crossed product [15] of the Hopf algebras (kG)* and kG with respect to the
conjugation action of G on (kG)* and the linear map o : kG @ kG — (kG)* defined

by
oz @y) =Y 0z, y)d,

geG

where 0,(x,y) = . The element 1pwg) = Y geq 041 is the

for all z,y € G.

When we use the notation o4, we will mean 6,1, and by T we will mean 3 5 0,7.
Thus the elements {J,},ee generate a subalgebra of D) isomorphic to (kG)*,
but the elements {Z},c¢ do not in general generate a subalgebra isomorphic to kG.
However, the elements T are invertible, with 77! = ¥ 5 0, (z71, ) 71,2 L.

The coproduct A : D¥G) — DYG) @ D¥G) is given by

A(0,7) = D Yo(h, h™'9)(0nT) ® (Oh-14T),
heG
w(h, {,z)w(z,z" h, z~ )
w(h,z,z=Ux)
in general, but quasi-coassociative; this means that there is an invertible element

o= > w(g, hk)o,T®3,T® T
g,hkEG

where 7, (h,l) = . This coproduct is not coassociative



in D¥G)®? such that (A ®@ id)A(a) = ¢(id ® A)A(a)¢™! for all a € DYG).

A counit € and a coinverse s are given by
€(0,T) = 0g1 and  5(0,T) = Oyt (2, 27) (g, g7 T e 1107,

where 041 is the Kronecker delta. These maps and the element 1pvg) make the
algebra D) into a quasi-Hopf algebra [1, 4, 7|. Verification of the details involves
the following identities, which result from the 3-cocycle identity for w:

0.(a,0)0.(ab,c) = 0,-1,,(b,c)0,(a,bec),

ey(av b)QZ(aa b)’)/a(y’ Z)lyb(yaa Za) = GyZ(av b)ryab(ya Z)a
v2(a, b)v,(ab, c)w(a®, b*,c*) = 7.(b,c)v.(a, bc)w(a,b, c),

for all a,b,c,y, z € G. If w is trivial, we obtain the ordinary quantum double D(G)
of GG, which is a Hopf algebra. The quantum double construction was originally
defined by Drinfel’d for any Hopf algebra [9].

We will next define the representation ring. Let U and V be right DYG)-
modules. Then U®YV is a right D G)-module via the pullback of the natural action
of DYG) ® D¥G) on U ® V with respect to the coproduct A : DYG) — DYG) ®
D¥@). This results in a right D*(G)-module since A is an algebra homomorphism.
The field k is a right D“(G)-module via the pullback of the action of k on itself by
right multiplication with respect to the counit € : DG) — k. Up to isomorphism,
this trivial module k is a multiplicative identity with respect to tensor product of
modules; this follows from the counit property of a quasi-Hopf algebra.

Let R(D“G)) denote the representation ring of D¥(G), that is the C-algebra
generated by isomorphism classes of finite dimensional right D“G)-modules with
direct sum for addition and tensor product for multiplication. Then R(D¥G)) is a
ring with identity given by the isomorphism class of the trivial module. Associativity
of R(D“(@)) follows from the quasi-coassociativity of the coproduct for D*(G). By
abuse of language and notation, we will consider D G)-modules to be elements of
the representation ring, when we really mean their isomorphism classes.

We now define Ry(D“(G)), the ideal of short exact sequences, to be the ideal
generated by all U — U" — U” where 0 — U’ — U — U” — 0 is a short exact
sequence of D¥(G)-modules. Notice that Ry(D*(()) is in fact already generated by
these elements as a vector space, since tensor products of modules are taken over the
field k. The Grothendieck ring R(D*(G)) is defined to be the quotient of R(D“(G))
by Ro(D“(G)). This C-algebra has a basis consisting of the images of the irreducible
D¥G)-modules.

The quasi-Hopf algebra D(G) is quasitriangular [4, 10], with

R= > dT@dg and R™ = 3 Opny1(9,97") 7 0,T@ g 7.
9,h€G =
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That is, RA(a)R™ = o (A(a)) for all a € DYG), where o is the twist automorphism
interchanging two factors. If U and V' are D“(G)-modules, this equation yields an
isomorphism between the modules U ® V and V ® U, given by the twist o followed
by the natural action of R. Thus the representation ring R(D“(G)) is commutative.

We note that if 5 : G xG — k* is a normalized 2-cochain, and 63 its coboundary

§8(a,b,c) = B(b, c)B(a,bc)B(ab, c) *B(a,b) *,

then D) is isomorphic to D“(G) as an algebra. The map ¢ : D“(G) — D“%Q)
defined by
5(g.2) 5

(0,7) = Bz, g%) "

is an algebra isomorphism. As a quasi-Hopf algebra, D“%(() is obtained from
D¥G) by the twist element

F=Y Bg.h) 6,31
g,heG

That is, A(u(a)) = F(®c(Aa))) F~! for all a € DYG) [4, 7. The map ¢ :
DYG) — D) induces an isomorphism of representation rings

* 2 R(D*°(@)) = R(DUQG)).

We point out that H?(G, k*) is finite of order dividing |G|, (that part of |G| not
divisible by the characteristic p of k), and that any 3-cocycle w is cohomologous to
a 3-cocycle of finite order dividing |G|,y. This can be shown by an argument exactly
analogous to that for 2-cocycles in [6, Lemma 11.38]. In addition, a 3-cocycle of
finite order cohomologous to w may be chosen to be normalized as well. We will
assume from now on that w is normalized and of finite order dividing |G|, .

If x commutes with g and h, then

0,(g.h) = Va(g, h) = w(z, g, h)w(g, h,x)

w(g,z, h) ’
where these are the functions arising in the coproduct and product of DY(G) defined
above. A calculation shows that this function 6, : C'(x) x C'(z) — k™ is a 2-cocycle;
that is 0, (ab, ¢)0,(a,b) = 0,(a,bc)0,(b, c) for all a,b,c € C(x).

As an algebra, D“(G) is semisimple if and only if the characteristic p of k does
not divide the order of G; we outline an argument here. If p does not divide
|G|, then both kG and (kG)* are semisimple, and Maschke’s Theorem implies that
D*(@) is semisimple (see [13]). On the other hand, DYG)/ker(e) and kt, where
t = Y ,ec 019, are both isomorphic to the trivial module k as D4 G)-modules. If
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D@ is semisimple, then k occurs only once in a decomposition of the right regular
module D“(G) into a direct sum of irreducible D“(G)-modules. In particular, any
composition series of DY) contains exactly one factor isomorphic with k. This
implies that p does not divide |G|, as otherwise we have t € ker(e).

In the case £ = C, a description of the irreducible D(G)-modules is given in
[7]; in case w is trivial, a description of the indecomposable D“(G)-modules over an
arbitrary field k is given in [14]. These results are easily extended. The irreducible
(respectively, indecomposable) D*(G)-modules are indexed by pairs (U, g) where g
is a representative of a conjugacy class of G and U is an irreducible (respectively,
indecomposable) k%C(g)-module. Here k%C/(g) denotes the twisted group algebra
with basis {zp}rec(q) and product xpzy = 64(h,€)xpe. This characterization of
D¥G)-modules arises from an equivalence of categories, which we describe next,
following the approach in [14]. It may be helpful to notice first that any DY G)-
module U is a direct sum of subspaces U = Y_,.s U - 0., and the invertible elements
g of D*(G) permute these subspaces, as 6,§ = §0,~14,-

For each z € G, there are subspaces D) = ¥ e k6,9 and S“(x) = ¥ jco(z) k027G
of D¥G). Note that S“x) is a subalgebra, with identity element §,, isomor-
phic to the twisted group algebra k%C(x). Accordingly, we identify these two
algebras in the following lemma. If K is a conjugacy class of elements of G, let
DYK) = Y ex D). Then DYG) ~ &g DYK) is a direct sum of two-sided ide-
als, where K ranges over all conjugacy classes of G. Therefore an indecomposable
D¥(G)-module is a module for precisely one of the DY K). The irreducible (inde-
composable) D¥G)-modules are thus characterized by the equivalence of categories
given in the following lemma, whose proof is straightforward. We point out that
D¥(z) is free as a left S“(z)-module, so the equivalence of categories in the lemma
preserves short exact sequences.

Lemma 1.1 Let K be a conjugacy class of G, x € K, and Mod-k%C(z) and Mod-
DY K) the categories of right k%C(z)- and D“(K)-modules, respectively. Let U €
Mod-k%C(x) and V € Mod-D“(K). The maps

U U ®@gue DAz) and V=V -5,

define an equivalence of categories between Mod-k%C(z) and Mod-D“(K), where
DYUK) acts on U @guy DNx) by right multiplication in the second factor.

2 The case k£ =C

In this section, we present results about the representation ring R(D“(G)) in the
special case k = C. These results will be generalized to an arbitrary algebraically
closed field in Section 4.



Certain characters of D“(G) are introduced in [1]; these are the functions from
G x G to C defined for each D(G)-module U by sending a pair (h, g) to the trace
Tr(6,g,U) of the action of §,g on U. With these characters, we will build cer-
tain functions from R(D“G)) to C which are in fact algebra homomorphisms, or
characters of the representation ring.

We first define, for each g € G, a linear function f, : R(D*(G)) — C%C(g) by

fo(U) =3 (g, U)z,
heC(g)
for any D“(G)-module U. We will see that f, is an algebra homomorphism with
image the centre Z(C%C/(g)) of C%C(g). In fact, the product of all f,, taken over a

set of representatives g of conjugacy classes of G, provides an algebra isomorphism
from R(D“@)) to [1, Z(C%C(g)), as is proved in Theorem 2.2 below.

Lemma 2.1 The function f, : R(D“(G)) — C%C(g) is an algebra homomorphism.

Proof: It may be checked that f, takes the trivial D(G)-module C to the identity
x1 of C%C(g). Now let U and V be D¥G)-modules. Then

fo@ (V) = Y2 Oy(h, O)Tr (5,3, U)Tr(8¢G. V)ane
h,teC(g)
= Z 99(h7 h_lg)Tr(éhga U)Tr(éh*lfga V)Z’g,
h,teC(g)

where in the second sum, ¢ has been replaced by h=1/.
On the other hand,

fg(U® V) = Z TI‘((S@?, U® V)l’g
teC(g)
The action of §g on U ® V is given by A(69) = SnegVg(hs RH)0,G @ Op-1,7.
Therefore

fUV) = Z Vo(hy ) Tr(81g, U) Tr(8y-147, V)2
LeC(g),heG
- Z 09(h7 h_lg)TI‘((Sh§, U)Tr(éh*1€§7 V)xé
h,teC(g)
+ Z ’yg(hﬂ h_lf)ﬂ(dhy, U)T‘r((shflfgv V)'TK?
0eC(9),heG—C(g)

as 0, is equal to vy, on C(g) x C(g). Comparing the two calculations, we need only
see that the second sum above is equal to zero. But when h ¢ C(g), the element
0,7 is nilpotent, so its trace on any module is zero. O
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We next show that the image of f, is contained in Z(C%C(g)). We first give
a basis of Z(C%C(g)). We say that h € C(g) is 0,-regular if 0,(h,c) = 0,(c, h) for
all ¢ € Cg(y(h). It may be checked that there is a basis of Z(C%C/(g)) indexed
by conjugacy classes of 6 ,-regular elements h of C'(g). Each basis element is a sum
Y apyxpy over all elements hY in the C(g)-conjugacy class of h, with coefficients
satisfying apy = 0,4(h,y)/0,(y, V).

Letting h,y € C(g), note that

e —— 4 [ Only, )
G =7 ' 73=7"" <9:8 5;&9) Y

If U is any DY G)-module then, we have

Tr(6ng,U) = %ﬁ@h?, U).

_ Oy, 9)
eh(g: y)

The second equality follows from the definition of 6, as h,y € C(g). The 2-cocycle
property of 8, on C(g) yields
O4(h,cy)  O4(h,c)04(h,y)

Oy (cy, hev) — b,(c, h)by(y, hv)

Tr(éhyﬁ, U)

whenever ¢ € Cgg(h). These equations imply that Tr(d,xg, U) = 0 if h is not
0,-regular, and that f,(U) is in Z(C%C(g)).

Next we will need to consider characters of a twisted group algebra C*H, where
a is a 2-cocycle on a finite group H. For facts about characters of finite dimen-
sional algebras, we refer to [6, Section 9B], and note that C*H is semisimple [11].
Specifically, a character is a function from C*H to C given by the trace function on
a C*H-module. These functions are not algebra homomorphisms in general. The
character of an arbitrary C*H-module is the sum of the characters of its irreducible
direct summands. The irreducible characters, that is characters corresponding to
irreducible modules, are linearly independent over C.

We will consider the vector space generated by C*H-modules with direct sum
for addition. By the trace function of an element of this space, we will mean the
corresponding linear combination of trace functions of C*H-modules.

Theorem 2.2 The product m of the maps f, induces an isomorphism of algebras

R(D4(G)) = 1 Z(C™C(g)),

the product taken over a set of representatives g of conjugacy classes of G. In
particular, the representation ring R(DY(G)) is semisimple.

8



Proof: Lemma 2.1 and the discussion following it show that each f, is an algebra
homomorphism with image contained in Z(C%C(g)). Tt remains to prove that 7 is
a bijection. Let a € R(D¥G)) with 7(a) = 0. Fix x € G and let g € C(z). Then
fy(a) = 0 implies that Tr(d,7,a) = 0, where we have extended the trace function
linearly to R(D“(G)). But Tr(d,7, a) = Tr(d,7, ad,), where here we may consider ad,
as an element of the vector space generated by C%C/(z)-modules via the equivalence
of categories given in Lemma 1.1. In other words, we have Tr(z,, ad,) = 0 for all
g € C(z). As the irreducible characters of C%C(z) are linearly independent, ad, = 0
in the vector space generated by C%C/(z)-modules. But this is true for all z € G.
As DY G)-modules are determined by their z-components, we have a = 0. Thus we
have shown that 7 is injective.

To complete the proof, we must show that 7 is also surjective, which will follow
once we see that the dimensions of R(D*(G)) and [, Z(C%C(g)) are the same. By
Lemma 1.1, the dimension of R(D“((G)) is equal to the sum, over a set of represen-
tatives g of conjugacy classes of G, of the number of irreducible C%C(g)-modules.
This is also the dimension of [[, Z(C%C(g)). O

Now we may write down a table consisting of the values of the complete set of
characters of the semisimple algebra R(D“(G)) on the irreducible D¥G)-modules.
Such a character maps a D*(G)-module U to

1

degp heC(g)

Tr(0ng, U)p(xn),

where ¢ € G and p is an irreducible character of C%C(g); that is, p is the trace
function of an irreducible C%C(g)-module. This table is analogous to the character
table of a finite group.

3 Brauer characters

Here we present an analog of Brauer characters for a twisted group algebra, and
some results about their connection to Brauer characters of a representation group.

Let H be a finite group, k£ an algebraically closed field of characteristic p, and
a: Hx H — k* a 2-cocycle. As before, we denote by k*H the twisted group
algebra that has basis {x}, }reg with multiplication given by z,x, = a(h, 0)xp,. We
will assume that « is normalized so that z; is the multiplicative identity of k“H,
and also that « is of finite order m dividing |H|,. A calculation shows that the
elements zj, of k“H all have finite order dividing m-|H|. The representations of k*H
correspond to projective k-representations of H with associated 2-cocycle «v [11, 12].



Let E be a representation group for H. That is, there is a central extension
l1-A—-ESH—1

of H such that any projective k-representation of H may be lifted to an ordinary k-
representation of £ which on a section of 7 is projectively equivalent to the original
one [6, 12]. We will recall the explicit formula for so lifting a projective representa-
tion py : H — GL(U), with associated 2-cocycle a, to an ordinary representation
oy E — GL(U) [6, 11]. We will denote by L£(U) the vector space U with the
structure of a kE-module via oy. Fix a section {y,}sem of m with y; = 1, and let
a: Hx H — A be the corresponding 2-cocycle provided by multiplication in F.
That is, y,yn = a(g, h)y, for all g.h € H. Let A € A be the character such that

Aa(g, b)) = a(g, h)p(g)(h)u(gh) ™"

for some function p: G — k*, and all g,h € H. Then oy (ay,) = AMa)u(g)pu(g) for
all a € A, g € H. Note that g and A depend only on a and a, and not on the given
representation.

Another way to construct oy is by using the isomorphism kFE ~ [],cr k*H,
where T is a transversal of the group B?(H, k) of 2-coboundaries in the group
Z%(H, k™) of 2-cocycles [12, Theorem 3.3.5]. The explicit map kE — k°H is given
by sending ay, to A(a)u(g)z,, where X and p are as above. A k®H-module may be
lifted to kE via this surjection. Morphisms of k*H-modules then become morphisms
of kE-modules, and short exact sequences are preserved.

Let r = |E|§,. The 7" roots of unity in k form a cyclic group of order r. For the
rest of this section, fix an isomorphism between the group of r** roots of unity in k
and the group of r* roots of unity in C.

Let U be a k*H-module, and g a p-regular element of H; that is, p does not divide
the order of g. The element x, of k°H has finite order dividing r = |E|%, so its
eigenvalues on U are r'" roots of unity, and may be lifted to C via the isomorphism
chosen above. Define the Brauer character of U to be the function from the set
of p-regular elements of H to C given by sending ¢ to the sum of the lifts of the
eigenvalues of z, on U to C. In case a is the trivial 2-cocycle, this Brauer character
is the usual one for H. For a given p-regular element g € H, define the function ¢, ,
on k*H-modules by setting t,,(U) equal to the Brauer character of U evaluated at
g. If E'is a representation group of H, we will denote by ¢,(V') the Brauer character
of a kFE-module V evaluated at a p-regular element y of E.

Lemma 3.1 Let U be a k®H-module, g a p-regular element of H, and L(U) the lift
of U to a kE-module defined above. Then t, (L(U)) is a nonzero scalar multiple of
tyo(U). Further, the same nonzero scalar multiple is involved in any such lift, so
that t,, o L is a nonzero scalar multiple of ty ..

10



Proof: Tt follows from the construction of the module £(U) that the action of
x, on U and that of y, on L(U) differ by the scalar ;(g). It may be checked that
11(g) is an rth root of unity, where r = |E|2,. Lifting eigenvalues to C then, and
summing, we obtain the desired result. O

We will need to exploit the connection between induced kE-modules and induced
k“H-modules. Let L be a subgroup of H, and consider a also to be a 2-cocycle of L
by restriction. If U is a k“L-module, then U may be lifted to an ordinary k7 !(L)-
module £(U) using the same procedure as for H and E (see [12, Lemma 3.3.1]).

Lemma 3.2 Let U be a k*L-module and U Qyor, k*H the corresponding induced k“H -
module. Then L(U Qyar k*H) is isomorphic to the induced kFE-module L(U) Qs kFE,
where J = 7~ (L).

Proof: Let g1,....g; be a transversal of L in H with g; = 1. Then y,,,....y,, is
a transversal of J in E. Define a linear map from L£(U) @ kE to L(U Qper k*H)
by
U Yy, N(gi)u ® Ty,

where we have identified the underlying vector spaces of U and L(U). It may be
checked that this map is an isomorphism of £F-modules. O

Let g be a p-regular element of H, and consider the function t,, on k%g)-
modules, by replacing H by (g) in the above development. We may extend ¢4,
linearly to the C-vector space generated by k*(g)-modules (with direct sum for
addition). In the next section, we will use t,, to define a function generalizing f,
from Section 2. The following lemma will be used in the proof that such a function
is an algebra homomorphism.

Lemma 3.3 Let g be a p-reqular element of H, and L a proper subgroup of (g).
Then the kernel of t, . contains any k*g)-module induced from kL.

Proof: Let E be a representation group for (g). By Lemma 3.1, ¢, oL is a nonzero
scalar multiple of ¢, ,. Therefore it suffices to show that ¢, (L(U Qger k%g))) = 0 for
any k“L-module U. By Lemma 3.2, L(U Qar, k%g)) ~ L(U) ®kskE as kE-modules,
where J = 7 !(L) is a proper subgroup of E containing A. But t,, factors through
(yg) < L that is t,, = fygo l@gw where fyg is the corresponding trace function
on k(y,)-modules, and l(b;/g> denotes restriction of modules [3]. Using 17 to denote
induction of modules, we apply lgm to L(U) 5= L(U) @iy kE, and the Mackey
Subgroup Theorem yields

LONTEAE )~ S LW Wt el
o€J\E/(yg)
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Now, as F is generated by y, and A, and J7 is a proper subgroup of I containing A,
we have y, € J°. Therefore J7N(y,) is a proper subgroup of (y,). Thus L(U) Tﬂfyg)
is in the image of induction from proper subgroups of (y,), and so is in the kernel
of t,, [3]. O

We return to the situation where w is a 3-cocycle of a finite group G, of finite
order dividing |G|,. The next lemma deals with a certain direct summand of the
tensor product U @ V' of two DY G)-modules U and V.

Lemma 3.4 Let U and V' be DYG)-modules, ¢ € G, and g € C(¢). Consider
(U@ V), to be a k% g)-module via Lemma 1.1 and restriction. Then the subspace

Y U ® V-
heG—C(g)

of (U ® V) is a k%g)-submodule, and is a sum of modules induced from proper
subgroups of (g).

Proof: First note that the given subspace is indeed a k%(g)-submodule, as the
sum is over elements A not in C(g), and 6,5 = Goy-14,. We may assume that U
and V are indecomposable DY G)-modules. By Lemma 1.1 then, there are elements
x,y € G such that

U~Ubj, ) Dw(aj) and V ~ V5y 8w (y) Dw(a:).
Consider a k% g)-submodule

M=> Us®Vs,

(z,y)

of Yheg—c(g) Udn @ Vy-14, where the pair (z,y) ranges over all (g)-conjugates of
(ho, hg*l) for a fixed hg € G'— C(g). The {(g)-conjugates of (hg, hy'¢) form an orbit
as a (g)-set which is isomorphic to L\(g) for a proper subgroup L of (g), as hq is not
in C(g). It may be checked that M is induced from the k%L-module U4, @ Véhgl P

the map from (Udn, ® V0,-1,) @y, k% g) to M defined by

(u5h0 & ,U(Shglé) X 54& — U(shoa & Uéhalea’ygj(ho, half)

is a k%g)-module isomorphism. O

12



4 Characters of the Grothendieck ring

In this section, we will give a generalization of Theorem 2.2 to an arbitrary alge-
braically closed field k of characteristic p. Let r be the square of the least common
multiple of all |E|,, where E ranges over a set of representation groups for the
subgroups of G. For the rest of this section, fix an isomorphism between the rth
roots of unity in £ and in C.

Given g € G, the values of 0, are |G|, th roots of unity in k, by the restriction
on the order of w. Therefore, they may be lifted to C by our chosen isomorphism
of rth roots of unity in k and in C. Denote by O, : C'(g) x C(g) — C* the lift of
the map 60, with respect to this isomorphism, and note that ©, is a 2-cocycle on
C(g) as well, but with values in C*. Thus we may form the twisted group algebra
C%C(g).

Now let g be a p-regular element of G. Define a linear function f, : R(D“G)) —
CC(g) by

foU) = Z tg.0,(Udn)n,
heC(g)
where Uy, is considered to be a k%C(h)-module via Lemma 1.1, and the functions
ty,0, are defined in Section 3. We will show that f, is an algebra homomorphism
and that its image is contained in Z(C®«C(g)).

We point out that the proofs of results in Section 2 cannot be translated directly
in this situation. The functions t,, require looking at eigenvalues of invertible
operators. By contrast, the proof of Lemma 2.1 depended on considering traces of
nilpotent operators.

Theorem 4.1 The function f, : R(D“G)) — C®C(g) is an algebra homomor-
phism.

Proof: It may be checked that f, takes the trivial D“(G)-module & to the identity
x1 of C%C(g). Now let U and V be DG)-modules. Then

L@ fs(V) = 3 Og(h O)lg,(Udn)tge,(Vr)Tn

h,teC(g)

- Z @g(hv h_lg)tgﬁh(Uéh)tgﬂh—ll(Véhflﬁ)xfa
h,teC(g)

where in the second sum, we have replaced ¢ by h='¢. On the other hand,

[URV) = 3 ty0,(URV)d)z
¢eC(g)

- Z tg,0, (Z Ud, ® Véhlg) Ty.

teC(g) heG

13



Now t,4¢, is the sum of lifts of eigenvalues of 6, on a module to C, and the
action of 9,g on a tensor product is given by

A(6eg) = D vg(h, K H)6,G @ 6147
heG

Note that when h € C(g), Ud, @ V-1, is a k%(g)-submodule of (U @ V)d,, and
vy (h, R710) lifts to ©,4(h, h~*¢) in C, since v, = 6, on C(g) x C(g). Therefore

JUSV) = 3 0,(h k™ 0ty (Us)tya, (Vi 10)20

£,heC(g)

+ Z tgﬁe( Z U5h®V5h—1g) Tp.

eC(g) heG—-C(g)

By Lemmas 3.3 and 3.4, the second summand above is zero, and so f, (U ® V) is
equal to f,(U)f,(V). O

For the next lemma, we recall the description of Z(C®«C/(g)) given in Section 2.
It has a basis indexed by ©,-regular elements h, each basis element being a sum
S apyrpy over all elements hY in the C(g)-conjugacy class of h, with coefficients
satisfying apy = O4(h,y)/O4(y, h¥). We note that by the construction of ©,, h is
O,-regular if and only if A is 0 ,-regular.

Lemma 4.2 The image of f, is contained in Z(C®C(g)).

O (y,
Proof: Let U be a DYG)-module and h,y € C(g). As g =7" <9hgy' g;é,g) 7,
n\g,Yy
On(y.g)  _ : _
o )6hg on UJy, corresponds to the action of d,yG on Udyy under the
n\g;Y
vector space isomorphism sending Ud, to Udpy defined by right action by 7. Thus

0
the eigenvalues of 65y on Udyy are M times the eigenvalues of d,g on Udy. So

gh(gu y)

On(y,
tgﬁhy (Uéhy) = h(y g) tgﬂh(U(Sh)'

@h(gay)
h
If h is ©,regular, this is what we needed to show, as On(y.9) = Oy(h.y)

@h(gv y) @g(y; hy)
the definitions. If h is not ©4-regular, these equations force t,0, (Ud,) = 0 (see

Section 2). O

the action of

we have

Finally, we will consider the Grothendieck ring R(D“((G)), which is the quotient
of R(D“(G)) by the ideal Ry(D“G)) of short exact sequences defined in Section 1.

14



Lemma 4.3 The ideal Ry(D“(G)) is the kernel of the homomorphism
™ R(DYG)) — [[ 2(C™C(y))
g

given by the product of the maps f, taken over a set of representatives g of conjugacy
classes of p-reqular elements of G.

Proof: First let 0 — U — U — U” — 0 be a short exact sequence of DY G)-
modules. Now, U = >, .o U'd, as a direct sum of vector spaces, and similarly
for the others. The D“(G)-module maps induce linear maps U'S, — U4, — U"d,,
which correspond to maps of k%C(z)-modules by Lemma 1.1. That is, for each
x € G, we have a short exact sequence of k%C(z)-modules

0—-U%, -Uéb, — U"6, — 0.

Fix z € G and let g a p-regular element of C'(z). Let £ be a representation group
of C(x), with E/A ~ C(x) for a central subgroup A of E. We will use notation as
in Section 3. We claim that ¢, (Ud, — U'0, — U"6,) = 0. Now, the above short
exact sequence of k%C'(z)-modules may be lifted, by the discussion at the beginning
of Section 3, to a short exact sequence L(UJ, — U'S, — U"d,) of kE-modules. By
Lemma 3.1, t,, o £ is a nonzero scalar multiple of #,4,. Any short exact sequence
is in the kernel of ¢, [3], so we do have tg, (US, — U'd, — U"d,) = 0. Therefore,
f,(U=U"=U") =0 for all p-regular elements g of G, and so Ry(D“(()) is contained
in the kernel of .

Now let b € R(D“(G)) with w(b) = 0. Fix 2 € G and let g be a p-regular
element of C(z). Then f,(b) = 0 implies that ¢, (bd,) = 0 for all z € C(g),
where b, is considered to be an element of the vector space generated by k%C'(z)-
modules. Lift bd, to E; that is, lift all modules involved in bd, to E and form the
corresponding linear combination £(bd,). By Lemma 3.1, £(bd,) is in the kernel
of t,, for all p-regular elements g of C'(z). Therefore £(bd,) is in the kernel of
Lay, for all elements ay, of £/ with g a p-regular element and a € A, as a simply
acts as the scalar A(a)p(1) on any such module lifted from C'(x). But all p-regular
elements of F are of this form. This implies that £(bd,) is in the ideal of short
exact sequences of kFE-modules [2]. The short exact sequences which appear in
L(bd,) involve only kE-modules which correspond to k%C/(z)-modules. Thus bd,
is in the vector space generated by short exact sequences of k%C(x)-modules, and
this is true for all x € G. By the characterization of D“(G)-modules discussed in
Section 1, each is determined by its x-components, where x ranges over a set of
representatives of conjugacy classes of GG. And a short exact sequence of k%C(x)-
modules corresponds to a short exact sequence of D*(G)-modules, as noted in the
text preceding Lemma 1.1. Thus b € Ro(D“G)). O

15



Theorem 4.4 The product © of the maps f, induces an algebra isomorphism

R(DG)) = [[ 2(C™C(g)).

the product taken over a set of representatives g of conjugacy classes of p-reqular
elements of G. In particular, the Grothendieck ring R(DY(QG)) is semisimple.

Proof: By Lemma 4.3, the homomorphism 7 induces an injection from R(DG))
to [T, Z(C®C(g)). It remains to prove that 7 is a surjection, which will follow once
we see that the dimensions of these two finite dimensional algebras are the same.

The dimension of the Grothendieck ring R(D“(G)) is equal to the number of
irreducible D¥(G)-modules. By the characterization given in Lemma 1.1, this is

> (number of irreducible k%C/(x)-modules),

x

where the sum is taken over a set of representatives x of conjugacy classes in G.
But the number of irreducible k% (z)-modules is the number of conjugacy classes
in C(x) of p-regular #,-regular elements [5, 12].

On the other hand, the dimension of [, Z(C®C(g)) is equal to

> (number of ©4-regular conjugacy classes in C(g)),
g

the sum taken over a set of representatives g of conjugacy classes of p-regular ele-
ments in G.

But these quantities are just two different ways of counting the orbits in the
G-set

{(z,9) | * € G, g is a p-regular element of G, zg = gz, and z is O -regular},

where GG acts by conjugation on each factor. This follows from the observation that
x is a O4-regular element of C'(g) if and only if ¢ is a f,-regular element of C'(z).
To see this, note that when g and x commute,

eg(cﬂ CC) B 91(9: C)

whenever ¢ € C(z) N C(g). O

The theorem allows us to write down a table consisting of the values of the
complete set of characters of the semisimple ring R(D“G)) on the images of the

16



irreducible D¥G)-modules. Such a character maps the image of a D*(G)-module U

to

1
degp éciy)

tg,Oh (Uéh)p(xh)a

where g € G and p is an irreducible character of C®¢C(g). These characters there-
fore distinguish D“(G)-modules up to their composition factors, and this table of
characters is analogous to the Brauer character table of a finite group.
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