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Abstract. Forasimplicial subdivisor of aregionink” (k algebraically closed) ande N,

there is a reflexive she#&f onP", such thaTHO(IC(d)) is essentially the space of piecewise
polynomial functions om, of degree at most, which meet with order of smoothness
along common faces. In [9], Elencwajg and Forster give bounds for the vanishing of the
higher cohomology of a bundl& on P" in terms of the top two Chern classes and the
generic splitting type of. We use a spectral sequence argument similar to that of [16] to
characterize thosa for which K is actually a bundle (which is always the caserfce 2).

In this situation we can obtain a formula erO(IC(d)) which involves only local data; the
results of [9] cited earlier allow us to give a bound on thehere the formula applies. We
also show that a major open problem in approximation theory may be formulated in terms of
a cohomology vanishing dp? and we discuss a possible connection between semi-stability
and the conjectured answer to this open problem.

Introduction

The space of-differentiable piecewise polynomial functions (splines) on a sim-
plicial subdivisionA of some region irk" is an object of fundamental interest in
approximation theory; a nice introduction to the use of algebro-geometric methods
in this area may be found in Cox, Little and O’'Shea [6]. Since the smoothness con-
dition is local, it is natural to define the question in terms of a skigah approach
taken by Stiller in [21] and Lau and Stiller [13{. is reflexive, but not (in general)

a bundle whem > 2. We relate this approach to Billera’s use of simplicial homol-
ogy [4], and use a spectral sequence argument similar to that of [16] to characterize
thoseA for which K is a bundle, obtaining a formula fa7%(K(d)). In fact, we
obtain the following general result:

Theorem. Let
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be a complex of graded moduleson k[xo, . .. , x,], with C; Cohen—Macaulay, sup-
ported in codimensionn — i. If

H;(C) issupported in codimension >n+2—1i,Vi <n

then (the sheaf associated to) H, (C) isabundleiff H;(C) is of finite length for all
i <n.

By restricting a long exact sequence in whikhappears to a line, we are
able to apply results of Shatz to obtain constraints on the splitting tyfie lof [9]
Elencwagj and Forster give bounds on the vanishing of the cohomology of a bundle;
in the proof they apply a result of Schneider which requires C. Coand [5]
gives an alternate proof, which only requifealgebraically closed, which we will
assume throughout the paper. Combining the results which describefivizea
bundle with the work of Elencwajg and Forster, we obtain a bound showing where
our formula forH%(K(d)) applies.

On P? (where reflexive sheaves are always bundles), the bound we obtain is
sometimes not as good as the bound obtained by Alfeld and Schumaker in [2]. One
situation where we can sometimes better the Alfeld—-Schumaker bound is when we
know the generic splitting type; we study such situations and the connection to
semi-stability in some detail in Sect. 2. In fact, our methods seem to point to a
connection between (semi-)stability and a conjecture concerning the dimension of
the space of splines of degree at mo&vr d > 2r + 1 in dimensiom = 2. Alfeld
[1] has noted that the = 1 case of this conjecture is probably the most famous
outstanding question in bivariate splines.

Forn > 2, not much is known about the dimension of the spline space. In [16]
Schenck shows that the top three coefficients of the Hilbert polynomikl @dn
be determined (for any) from the combinatorics and the local geometry; in [3],
Alfeld, Schumaker and Whiteley analyze the= 3, r = 1 case for generia.

The point is that forn > 2, our results and bounds apply to previously unknown
cases; in particular, algebro-geometric results have something useful to say about
approximation theory.

This paper is structured as follows. In the first section, we give definitions and
review previous results. In Sect. 2, we warm up by applying these results®3 the
case. In Sect. 3, we give the spectral sequence argument which showfvighan
bundle. In the final section, we apply the methods to the higher dimensional case.
We thank the Mathematical Sciences Research Institute in Berkeley, California,
where our collaboration began.

1. Preliminaries

We begin with the results we need from algebraic geometry. In [20], Shatz proves
the following criterion for sub-bundles of bundlesBh for a sequence of integers

a; > a2 > ... > a,, define the Harder—Narasimhan polygorugf> ax > ... >

a, as the convex polygon

HNP(a1 > az > ... > a,) = conv{(O, 0), (1, a1), (2, a1 + a»), ... (n Za,-)}.

i<n
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m m
Theorem 1.1 (Shatz, [20). Let V = @ Opi(a;) and W = @ Opu(b;). Suppose
i=1 i=1
> a; =Y biand HNP(b1 > by > ... > by) > HNP(a1 > a2 > ... > ap). If
M = {l | b; < a;}, then thereis an exact sequence

0— P Opi(bw) — V — P Opilbw) — 0.
meM me¢M

Next, we review the work of Elencwajg and Forster. l&ebe a rankr bundle

A
on P", and suppose for a generic lidethatE|;, = P Or(a;), with a; > a;41.
i=1

Putch (&) = cz(éa Opn (a;)). Defined(€) = ca(€) — & (&), b(€) = ar, and
i=1
e(€) =a1—a,.

Theorem 1.2 (Elencwajg and Forster, [9] 2.18If £ is a bundle on P2, then
HY(Ed)) = Oforall d > 8(E) — b(E) — 1 and £ is generated by global sec-
tionsfor d > §(&) — b(E).

Theorem 1.3 (Elencwajg and Forster, [9] 3.3If £ is a bundle on P", then there
exists a polynomial Q(c1(E), c2(E), e(€)) such that HY(E(d)) = Ofor all d >
0(c1(&), c2(E), e(€))and all g > 1.

Descriptions of all the objects defined in the remainder of this section may
be found in [16] or [21], so we keep the presentation here brief. In [4], Billera
introduced the use of simiplicial homology in order to solve a conjecture of Strang.
Let A be a pure, strongly connected, topologically triviadlimensional simplicial
complex, embedded it (think of A as triangulating the interior ofpolytope),
and IetA? be the set of interiot-faces ofA (all » dimensional faces are considered
interior). C’;(A) will denote the space @f” piecewise polynomial functions ot
of degree at most (think of assigning a polynomial of degree at mddb each
maximal simplex ofA in such a way that polynomials on adjacent simplices meet
C” smoothly).

Let R = k[xg...x,]. Re-embedA in the plane{x, = 1} C k"1 and form
the coneA of A with the origin. The following construction encodes all the spaces
C’(A) into a single grade® moduleC” (A) (i.e. C"(A)g =~ CL(AN)).

Fort ann — 1 face ofA, let/; be a nonzero linear form vanishing énand

for ani-face¢ define
JE =) <itts.

et
As in [16], define a chain complex of graded modules

RIT:— P RIS PrIG S @ RIS,
aeA?,, pen? yea? |

whereg; is the usual boundary operator in relative (modauo) homology. If we
write R/J as the quotient of the short exact sequence of complexes

0—J—R—R/J—0,
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thenC’ (A) = H,(R/J) = RP H,—1(J); let K be the (reflexive) sheaf asso-
ciated to the moduld?,_1(7). K is a bundle iff the sheaf associated(fé(A)

is a bundle; we will pass frequently between the equivalent categories of finitely
generated graded modules and coherent sheaves.

2. TheP? case

In this section, we consider the planar case. From the remarks in the last section,
the dimension of the space splines of degtdtor fixedr andA) is given by

dimC;(A) = dim HO(K(d)) + (d er 2),

where(‘“zrz) comes from the dimension of the space of polynomials of degree at

mostd in two variables andC is a vector bundle of rani,; — 1, wheref is the
number of triangles im\. In [2], Alfeld and Schumaker show that the dimension
of C;(A) on a triangulated planar domait is given by a certain formula for
d > 3r + 1; it is conjectured [15] that this formula also holds tbr> 2r + 1,
moreover this must be tight, as examples show that the formula faifsfo2r. We
call this the “2- + 1" conjecture. From [13], it follows thaf can also be realized
as the kernel of a map

£

p2>

Wherefl0 andf(g’ are the number of interior edges (resp. interior vertice®).din
easy way to think of this is that a spline on the star of a vertsjust a syzygy on
J(v). Intersecting the conditions yields an exact sequence

fO
Opz(=r —=1) — O

2 1
0> K—Op(-r—1)—>0p —>C—0,

whereC is a skyscraper sheaf supportedm& in factC is just the sheaf associated

to
P r/J).

0
veAy

Taking Euler characteristics yields
-0 -0
(K@) = x (0@ =r - 1) +x© - x (0B @).

The right-hand side of this formula (plt(égz) for the constant splines) is the
conjectured dimension for the space of splines of dedraad smoothnesson
A, atleast fod > 2r + 1. The conjecture is thus equivalentsid (K (d)) = 0 and
H?%(K(d)) = 0ford > 2r + 1.

Lau and Stiller [13] have shown th&f2(KC(d)) = O for d > 2r; this also
follows from the exact sequence

00
0—K— Pk, — 0% (r-1—0o

0
vEA
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which appears later in this section. So we can interpret the-*2” conjecture for
planar splines as a regularity condition 8n(KC is 2r + 2 regular) or simply as a
cohomology vanishing condition:

Conjecture 2.1. The “2r + 1” conjecture:
HY(K(d) =0 for d=>2r+1.

Using Bernstein—Bezier techniques, Alfeld and Schumaker [2] prove that the con-
jectured formula holds fo# > 3r + 1, which implies the cohomology vanishing
ford > 3r + 1.

HY(K(d) =0 for d=>3r+1

Our strategy is to apply standard cohomology vanishing theorems (e.g. Elencwajg
and Forster [9] and Hartshorne [12]) to the problem. In some instances, we can
improve on the 8+ 1 bound of Alfeld and Schumaker. To do this, we need to know
something about the generic splitting typefof Even without this, we can get a
worst case estimate for the splitting type (using results in Shatz) and then can apply
the vanishing theorems.

In order to state our results for the planar case, we need a bit more notation. For
v E Ag, let €, denote the number of edges incidenwtd, the number of those
edges of distinct slope, and put = L%J- Let /C, denote the module of splines
on starg). In [19], Schumaker gave a dimension formula for the star, from which
it follows that

Ky~ O%(—r —1-a,) P OZ(—r —2—a) P OS(—r - 1),

wheres1 = (ky — Day +ky —r — 2,52 =r +1— (ky, — Day, andsz = €, — k.
Let fl00 denote the number of totally interior edges (i.e. neither vertex ligs’gn

andflOa be the number of edges with one interior vertex and one boundary vertex.
From Lemma 3.8 of [17] and the snake lemma, we obtain an exact sequence

00
0—>IC—>@ICU—>O£§(—1’—1)—>O. (*)
veAg

Since
Yo eo—D =2+ 1 - 5.

0
vEAy

it is obvious that rankC = 2 — @ = f> — 1, and a computation shows that

k) = — f20r +1),

0 2
c2(K) = <f21>(r+1)2— (r; )ﬁ?

1
+5 2 (o = Dearf + (ky = 2 = Fyauy).

0
veAy
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From the exact sequence) we see that iffC|;, ~ EB Or(a;), theng; <
i=

—r — 1. Since the rank of is f» — 1 it follows that
e(K) < ler(K) + (f2= D(r + DI = fr + 1;
this same estimate also yields
b(K) = —(f5 + D0 + 1.
From ([9], Sect. 2.6) we have
300 = ea(K) — B S0+
so from the estimates above we obtain
Theorem 2.2. Hl(lC(d)) =0if
f2 -
2(f2—

We can improve this bound by using the Shatz [20] constraints and,theg
the price of more complexity in the formula. We consider a particularly nice case.
Call A uniform if ¢, = k, is the same for alb € A9, and divisible if%}l e’Z.

Note that theny, = k’“l For suchA, the bound has the form:

e(K)?,

fz

> c2(K) — (fl( r4+1)% 4 (fo( r+D)?+(f+ D +1) -

Theorem 2.3. For a uniform, divisible A, H1(K(d)) = 0 if

00

+1
dzoe3~< ', >+av(kv+f1°°>—1.

Proof. If A is uniform and divisible, then (in the above notatieg)= s = 0 and
s1 = k, — 1, so we have an exact sequence

0 fQtk=1)
— K — O (—r—l—av)—>(9 (r—l)—>0
Thus,
v 1
c2(K) = <f1)(r + D% = fo0r + 1)(%).

The worst (in terms of vanishing) possible splitting type allowed by Shatz is then

0_ 071
Kl =07 7 r = 1- ) D OrLlan(f2 - 2 — (f + D(r + D).
Computing, we find that

9 0 00
8(K) < af- (%0 ky =22+ £ k) + (21)) —a?. (fl 2+ 1),

and
b(K) = ay(f2—2) = (fg + D + 1) = =y (ky + /).
The theorem is then immediate from the Elencwajg—Forster resalt.
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To improve our bound, we note that the size®t(K(d)) ford > 2r + 1
depends only on the size &(E(d)) for a certain two bundl€ constructed from
K. The additional vanishing forr2+ 1 < d < 3r + 1 seems to be related to the
semi-stability of€. After splitting off line bundle summands frof@ (which do not
contribute toH1)

l
K = @ Op2(ai) P K.
i=1

wherea; > ... > a;, we get a bundlé&C; whose generic splitting type (at least
whenkC; is indecomposable) seems to be as balanced as possible. Namely

Kilo =@ OLb))

j=1

withby > ... > b,, andb; — b,, < 1 If we twistXC1 by O(g) so that itis generated
by global sections (whiléC1(g — 1) is not) we get a sequence

0— OB™172 , Ky(g) — E(g) — O,

wheref is a 2-bundle which seems to always be semi-stable and to split generically
asO(a) @ O(a) or O(a) P O(a —1). Semi-stability in turn gives better vanishing
estimates (see Hartshorne [12]) than the ones in [9]. In short, we believe there
is a deep relationship between semi-stability and the 21" conjecture. We
illustrate this with a number of interesting examples (all calculations were made
using Macaulay 11 [10]).

Example 2.4. Let A be the simplicial complex pictured below.
0,2) 2,2) 4,2)

1.1) 31)
(0,0) (2,0) (4,0)

Whenr = 1, Theorem 2.3 applies and we find tat(K(d)) = 0 whend > 4,
which equals the Alfeld—Schumaker bound #f31. Now consider the case when
r = 2. We have the usual exact sequence:

0—>IC—>(’)32(—3)—>(’)§2—>C—>0.

Here C is a skyscraper sheaf supported at the two interior vertices with stalks
isomorphic toC’. Our K has rank 7 and; (K) = —27. Via computation we find:

(1) K= 0%,(-3 @K1 with K3 indecomposable;

(2) K1l = 03 (-5 if Lisageneric line;

(3) 0— Op2(—7) — 03,(~5) P OZ,(—6) - K1 — 0 is aresolution ofy;
(4) x (K@) = $d? — 3a + 21;
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(5) c1(K1) = =15 ¢2(K1) =76 b(K1) = —5;

i<j

(6) 8(K1) =1 (8 =c2— ) bibj> , whereK1|p >~ & O (b)), see (2) above.

From (3), we see thai?(K(d)) = 0 ford > 4 (which is equal to 2), and by
Elencwajg and Forste 1 (K(d)) = 0 ford > § — b — 1 = 5 (which is 2 + 1).
Also note that dinH1(K((4)) = 1. We have:

0 — Op2(—2) — O, P 0F(-1) — K™ — 0,

where

(7) K™= K1(5);

(8) KoM, = O3 for L a generic line, so the generic splitting type/dfo™ is
(0,0,0);

(9) cu(KP°™ = 0, (K™ =1, §KP°™ =1, bK™ = 0 and
HY(K°™M(d)) = 0 ford > 0.

By Theorem 1.2 of Elencwajg and Fors#€g(6) is generated by global sections,
which we can also see from (31(5) is not generated by global sections. Thus
by Serre’s theorem we obtain a two bundland an exact sequence

0— Op2 = K1(6) - £(6) — 0,
where

l(KPP™(D) = c1(K1(6) =3, en(KPP™M(—1)) = -3,
c2(KPP™(D) = ca(K1(6)) =4, c2(K}P™(~1)) = 4.

Tensoring withOpz (—2) yields
(10 0— Op2(-2) - K14 — £4) — 0,
ICTOHU](—].) gn|c|)rm
where€(4) = EMM ¢1(£(4)) = c1(EM™™ = —1, c2(E(4)) = c2(EM™) = 2,
For a generic lind., £"™|;, = O @ Or(—1), which follows by restricting
(10)toL:
0— Op(=2) — (92(—1) — Or(a) @(’)L(—a -1 — 0.
If @ > 0 we get a contradiction via

0— HO(OL(a) POoL—a- 1)) — HYOL(-2) - 0

as dimH1(O,(-2)) = 1. Thusa = 0. Sincec1(E™™) is odd, to showe"™ js
stable it suffices to show °(£"°™) = 0 (see [14], p. 165). From (10) we have

.= H%K1(4) - HO(E™™ 0 — ...
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and from (3)H%(K1(4)) = 0. ThusE™™ s stable. The moduliMpz2(—1, 2) of
stable 2 bundles oR? with ¢; = —1 andc, = 2 is described in [14]. The jump
locus of £"°"™ need not be a curve, but the jump lines of the second kind are a
curve of degree @2 — 1) = 2, and jumping lines are contained in the singular
locus of the curve. Wheh is one of the three linesc = 0}, {x = 2z}, {x = 4z},

a computation shows that the splitting typefof is:

OL(=4) P OL(-5 P OL(-6).
In P2” the corresponding three points line on the ljye= 0}, so the set of jump
lines of the second kind is the double lifg? = 0} < P2’

Example 2.5. A is the same simplicial complex as in Example 2.4, but this time we
taker = 3.

We now have an exact sequence of the form
0—- K — ng(—4) — O,%z —-C—0.
We compute thatl = O;‘,z(—4) P K1 with K1 an indecomposable 3-bundle on
P?; K1 has a resolution
0— 05(—9) — O (-8 @ O (~7) > K1 — 0.
Tensoring this sequence with2(8) gives
0— 0%(-1) — 03, P 0Z:(1) - K1(8) — 0.

From this sequence we see that(8) is generated by global sections, whilg(7)
is not. Alsoc1(K1(8)) = 4 andc2(K1(8)) = 8. Asin the previous example, Serre’s
Theorem yields an exact sequence

0— Opz — K1(8) — £(8) — 0.

If we normalize ther€™™ = £(6) andc1(E™™) = 0 andc2(E™™) = 4. Notice
that HY(K1(d)) = 0 ford > 7 (which is 2 + 1), but dimH(K1(6)) = 1.

It follows that dimH1(E"°™) = 1, so thate"™ is indecomposable. Moreover
HO(K1(6)) = 0 soH(EM™) = 0 andE™°™ is therefore a stable 2-bundle BA.
Calculations show that for a geneticthe splitting type ofC1 | is

OL(-6) P 07 (-.
Since we have
0— Op(-2) - K1(6)|p — E™M; -0

we see that dink/®(£"°™|; ) = 2 and that€"°"™ splits as®; & O, on a generic
line (recall&€™°™js stable). The cohomology vanishing estimates of Elencwajg and
Forster show that fad > 9

HY(K1(d)) =0
(hered (K1(8)) = 3 andb(K1(8)) = 1). This is greater than the conjectured value
2r + 1. Notice that the Alfeld—Schumaker bound ef-8 1 yields H(K(d)) = 0
if d > 10, whereas Theorem 2.3 gives vanishingdar 11.
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Example 2.6. In our next example, we take= 1 for A as below:

We have
0—- K— ng(—Z) — ng —-C— 0.

Calculation show$C = Op2(—2) P ng(—B) é K1 wherek; is an indecompos-
able rank 3 bundle oR?. K1 has a resolution

0 — Op2(—5) - Op2(~3) P O3, (—4) — K1 — 0

and generic splitting typé—3, —3, —4). K(4) is generated by global sections so
by Serre’s theorem we get a 2-bundl@nd an exact sequence

0— Op2(—-1) - K1(3 — £3) — 0.
I

gnorm

Here£M™M = £(3) hasc1(EM™) = 0, c2(EM™) = 1. Also dimH%(E"™) =
1 while H9(£"™(—1)) = 0. From this we se€"™ is semi-stable. It is the
restriction of the null correlation bundle & to P2.

Example 2.7. Letr = 2 and letA be combinatorially equivalent to Example 2.6,
but perturbed so that the three lines which result from joining a boundary vertex to
the interior vertex furthest from it do not meet in a point (i.e. the “generic” version
of Example 2.6). A computation shows tHaffits into the exact sequence:

0— K — Opo(=4) — 03(=3) — 0,
so the worst possible splitting type allowed is
Kl ~ 03 (=P OL-7).

Thus,8(K) = 6, b(K) = —7, henceHY(K(d)) = 0 if d > 12. The Alfeld—
Schumaker bound for this examplefgt(K(d)) = 0 if d > 7. However, for this
example K splits as evenly as possible, i.e.

Kl = 0} (4 P O3 (-5).
By taking this into consideration, we obtain the same bound as Alfeld—Schumaker.

In these and many other examples, the indecomposable summakidsptit
as evenly as possible, and so we conjecture:
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Conjecture 2.8. Supposel ~ P K;, with K; indecomposable. Then(k(;) < 1
Vi.

In particular, if

¢
K= @Opz(ai)@Kl ap>az>...>ay,
i=1
with K1 indecomposable, thebi|;, = Or(b1) @ --- P Or(by) withby > ... >
by wheret +m = f2 — f§ = f» — 1and 0< by — b,, < 1. Moreover we have
a1 — b, < randay > b1. In the examples we have computed, the associated two
bundlef that we obtain is semistable, and the-“2 1” conjecture is consistent

with the improved vanishing expectedifis semistable.

3. Conditionsfor K to be abundle

In[16], the lower homology modules of the complgX.7 were analyzed. There are
two main results. First, if < n, thenH; (R/J) has dimension at most- 1. (Recall
that the dimension of aR moduleM is the dimension of the rin@ /ann(M), in
particular, a zero dimensional object is Artinian). Second, the modi}leéR /. 7),

i < n all vanish iff C" (A) is free. The previous result generalizes to the case of
bundles:

Theorem 3.1. Kisabundleiff H;(R/J) iszero-dimensional, for all i < n.

The proof is very close to the proof of Theorem 4.10 of [16], so we will be brief.
Take a Cartan-Eilenberg resolution for the compiek7, and dualize. We obtain
a spectral sequence; and for the vertical filtration,Eﬁ? terms are given by:

L Extf( (&) R/J(,B),R) fori+j=n
Eij= peay
0 otherwise
Thus, for the vertical filtration, th&* terms are stable, Witﬁfﬁ = Ellj and these
terms vanish if 4+ j # n. For the remainder of this section, we will use ﬁt(b
denote Ext(H; (R/J), R).

Lemma3.2. If H;(R/J) iszero-dimensional for all i < n, then K isabundle.

Proof. If the H;(R/J) are supported only at the maximal idealialt n, then the
Elzj terms for the horizontal filtration are given by

Extit Exty™t Exty™t ... Extitl
0 0 0 Ext
0 0o
0 0 Ext
0 0 Ex®
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By comparing this to the vertical filtration, we see that the only nonvanishing
differentials map EX{H,(R/J), R) to Ext*t1(H,_;(R/J)); since the kernel

and cokernel of this map are stable and appear in positign withi 4+ j > n, it
follows that these maps are isomorphisms. But this means that all the higher Ext
modules oflC are supported only at the maximal ideal /Sas a bundle (for more
details, see [14], Chapter I, Sect. 1)a

Lemma 3.3. If K isabundle, then H;(R/J) is zero dimensional, for all i < n.

Proof. If K is a bundle, then Ejtare supported only at the maximal ideal, for all
i >0.H;(R/J) is supported in codimension at least 2 — i, SO

Ext/ =0if j <n+1—i.

Thus, theE?2 terms of the horizontal filtration are:

Exti™ Ext™ ... Ext'T] Extitl
0 Ext

0 Ex , Ext

0 Ext

: : : 0 Extt

0 o 0 o0 Exf

If we can force the modules E{xti +j=n+2j#n+12,(i.e. modules
alongthe lowestdiagonal, exceptthose onthe edges) to have supportin codimension
greater tham + 2 — i, then they will have to vanish, and we’ll be done by induction.

So, suppose we've forced E{ﬁz—j =O0foraln+1# j < p, and consider

Ext,f+2_p. The only differential which ever reaches positign n + 2 — p) comes

from Ext,}, so has image a module of finite length (sii¢es a bundle, Extis finite
lengthforallj > 0). Onthe other hand, the differentials out of positipnn+2— p)

all map to objects of codimension greater than- 2 — p. So if Ext;’l’+2_p has
support in codimensiom+ 2 — p, thenE;f’n+2_p will also have to have supportin
codimensiom + 2 — p. But comparing this term to the vertical filtration shows that

E 2, =0,andhenc&’® .,  hassupportin codimension atleask3— p,

in particular, Exf+2_p must vanish. O

Notice that we have actually proved the general theorem mentioned in the intro-
duction:

Theorem 3.4. Let

c:0—-C,—Cyp.1— --+-—Cog—0
be a complex of graded moduleson k[xo, . .. , x,], with C; Cohen—Macaulay, sup-
ported in codimensionn — i. If

H;(C) issupported incodimension >n+2—1i,Vi <n
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then (the sheaf associated to) H, (C) isabundleiff H;(C) is of finite length for all
i < n.From[16], H,(C) splitsas a sum of line bundlesiff H;(C) vanishes for all
i <n.

Corallary 3.5. If K is a bundle, then the complex R/ 7 is exact as a sequence of
sheaves.
Corollary 3.6. K isa bundle iff Ext!~/ ~ Ext"*! for all i > 1. In this case, KV
has a filtration with quotients Ext/( @ R/J(B), R).

pen?
Corallary 3.7. If K isabundle, thenthe Hilbert polynomial x (XC(d)) isdetermined
by local datafor d sufficiently large, in particular, for d > Q(c1(K), c2(K), e(K)).

Proof. We have:

H (K(d) ~ Ext"™(H,—1(J), R)—g—n-1 local duality[8]
~ (Ex 1“_“1.1),d,,,,1 Corollary 3.5
~ Hy—i(R/T)a H,_;(R/J) is finite length

The general results of Elencwajg—Forster give a bound for the vanishing of the
higher cohomology of(d), which gives us a degree where the compRex7 is

exact (at the level of modules), hence a bound where we may compute the spline
space dimension from local datao

Remark 3.8. It is natural to ask if the filtration in Corollary 3.6 is related to the
Beilinson spectral sequence. This does not seem to be the case; consider Exam-
ple 2.7 of the last section. We have an explicit resolutionkfoiso it is easy to
compute the relevant cohomology; there are nonzetderms only forE?*,

Efl o Eé o- Thus, the spectral sequence has a single nonzero row, so it degener-
ates, and Beilinson’s theorem yields an exact sequence:

0— OR(-1) — Q%1 — 0X° — kY — 0.

In particular, the filtration we obtain from the Beilinson spectral sequence is just
KV itself.

4. Thegeneral case

Let A be anm-dimensional simplicial complex, which triangulates a bal'inThe
first point is that the top two Chern classeskofire essentially the same as in the
P? case.

Lemma4.1.
al)y= — 2,0 +1)

0 2
ca(K) = (f”zl) (r+1)2 - (r; )f,?_z

+ % D7 (tky = DaZ + (ky — 2r = )ary).

0
UGAan
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Proof. It follows from Hirzebruch—Riemann—Roch thaiifl is a coherent sheaf on

P", supported in codimension at leasthenc; (M) = 0fori < r. By Lemma 3.1

of [16], if i < n, thenH;(R/J) is supported in codimension at least 2 — i, and

if i <n—3,then @ R/J(B) is supported in codimension at least three. Then
peA?

the result follows from the Whitney product formulac

The other invariant we need ésk). A straightforward generalization of Lem-
ma 3.1 of [17], and Lemma 3.1 of [16] yields an exact sequence

f0717fn+l

0— K — Opa(—r — 1)f,f’,1 2, Opn — C — 0,

where( is supported in codimension at least two; in fact(ifis a bundle then
C ~imd,,_1.

Restricting to a generic ling, it is obvious thaC|;, = 0, so we get an exact
seguence:

0 _ ¢
0— Kl — Op(—r — s —s @7 g,
and we have a bound @iX) exactly like that of Sect. 2, i.e.
e(K) < 110 + (fu = D + DI = [(fu — £21 = DI + D).

The proof of Elencwajg and Forster thdt (K(d)) vanishes fod bigger than
a polynomial inc1, ¢ ande is inductive, and based on tiR& bound. We close by
working out (for our situation) thB? case explicitly. We will use that if is a rank
r bundle onP", then
c1(E(m)) = c1(E) +rm

c2(E(m)) = c2(E) + m(r — Der(€) + (;>m2
We can use induction and the exact sequence
0— K(d—-1) — K(d) — Klp2(d) — 0

to force vanishing oH! (K(d)), i > 2; to use thé? result we need to knowand
b. Since restrictingC|p2 to a generic line is the same thing as restrictiigo a
generic line, we already have worst case valueg fimdb;

e(Klp2) < [(f3— f2 = DI(r + 1), and
b(Klp2) = (f3 — f2 —2)(r + D).
From 2.6 of [9], we know that

rk
$(KIp2) < ea(Klp2) — " Lo (Kjpa)? + —e(/qu)

2rk
Thus,H! (K(d)) =0, fori > 2 and

fa— f3

d = c2(Klp2) — 2(fs— (fz( r+ 1)+ == e(’CIPZ) — b(Klp2) — 1.
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(Call the above valu®g; the value forca(K|p2) comes from Lemma 4.1). Now
we just need to determine the vanishing®¥(KC(d)); following the proof of The-
orem 3.3 [9] we first need to fin@, such that for ald > Q1

HY(Q5, ® K(d + D)|p2) = 0.
Considery, ® K(1)|p2. For a generic line,
Qpal > OL(-D) P OL(-2).
and twisting/C does not change so
e(Q25; ® K(D)lpz) = e(Klpz) + 1, and
b(2, ® K(D)lp2) = b(K|p2) — 1.
For any bundle€ on P?, the exact sequence
00— QLeE—E(-1)—E—0
yields
c1(25 ® £) = 2c1(6)—3rk(€), and

e2(2L, ® €) = c1(E)2 4+ 262(E) 601(5)rk(5)+361(5)+3rk(5)+9<rk(£ )>

Since

c1(KDlpz) = —f(r + D + f3— 1, and

c2(K(D)lp2) = c2(K) + (f3=(f2(r + 1)) + (f > 1),
we can just plug these values in to the previous formula to obtain

c1(Qp ® KD)lp2) = =2f(r + 1) = f3+ 1,

and
(b @K DIpa) = 262K + (9 + D242/ /20 + 1)+ 5 (3= D(f3-6).
Computing, we find that the desirge} is

fz—

2= (% © KDe)

f3

c2(Qp2 ® K(D)|p2) —

(€(IC|P2) +1)% — b(Kl|p2).

Finally, letkg be the max ofQo,0Q1; applying Theorem 1.2, Lemma 4.1, and the
proof of Theorem 3.3 of [9], we obtain a vanishing theorem for the higher coho-
mology of K in the P® setting.

Theorem 4.2. Let
k1 = 8(K (ko)) - (1 + max0, §(K(ko)) — b(K(ko)*) + 2}),

then .
H' (K@) =0foral d >ko+ky1—1,i>1
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