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Abstract. For a simplicial subdivison� of a region inkn (k algebraically closed) andr ∈ N,
there is a reflexive sheafK onPn, such thatH0(K(d)) is essentially the space of piecewise
polynomial functions on�, of degree at mostd, which meet with order of smoothnessr
along common faces. In [9], Elencwajg and Forster give bounds for the vanishing of the
higher cohomology of a bundleE on Pn in terms of the top two Chern classes and the
generic splitting type ofE . We use a spectral sequence argument similar to that of [16] to
characterize those� for whichK is actually a bundle (which is always the case forn = 2).
In this situation we can obtain a formula forH0(K(d)) which involves only local data; the
results of [9] cited earlier allow us to give a bound on thed where the formula applies. We
also show that a major open problem in approximation theory may be formulated in terms of
a cohomology vanishing onP2 and we discuss a possible connection between semi-stability
and the conjectured answer to this open problem.

Introduction

The space ofr-differentiable piecewise polynomial functions (splines) on a sim-
plicial subdivision� of some region inkn is an object of fundamental interest in
approximation theory; a nice introduction to the use of algebro-geometric methods
in this area may be found in Cox, Little and O’Shea [6]. Since the smoothness con-
dition is local, it is natural to define the question in terms of a sheafK, an approach
taken by Stiller in [21] and Lau and Stiller [13].K is reflexive, but not (in general)
a bundle whenn > 2. We relate this approach to Billera’s use of simplicial homol-
ogy [4], and use a spectral sequence argument similar to that of [16] to characterize
those� for which K is a bundle, obtaining a formula forH 0(K(d)). In fact, we
obtain the following general result:

Theorem. Let

C : 0 −→ Cn −→ Cn−1 −→ · · · −→ C0 −→ 0
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be a complex of graded modules on k[x0, . . . , xn], with Ci Cohen–Macaulay, sup-
ported in codimension n − i. If

Hi(C) is supported in codimension ≥ n + 2 − i,∀i < n

then (the sheaf associated to) Hn(C) is a bundle iff Hi(C) is of finite length for all
i < n.

By restricting a long exact sequence in whichK appears to a line, we are
able to apply results of Shatz to obtain constraints on the splitting type ofK. In [9]
Elencwagj and Forster give bounds on the vanishing of the cohomology of a bundle;
in the proof they apply a result of Schneider which requiresk = C. Coandǎ [5]
gives an alternate proof, which only requiresk algebraically closed, which we will
assume throughout the paper. Combining the results which describe whenK is a
bundle with the work of Elencwajg and Forster, we obtain a bound showing where
our formula forH 0(K(d)) applies.

On P2 (where reflexive sheaves are always bundles), the bound we obtain is
sometimes not as good as the bound obtained by Alfeld and Schumaker in [2]. One
situation where we can sometimes better the Alfeld–Schumaker bound is when we
know the generic splitting type; we study such situations and the connection to
semi-stability in some detail in Sect. 2. In fact, our methods seem to point to a
connection between (semi-)stability and a conjecture concerning the dimension of
the space of splines of degree at mostd for d ≥ 2r + 1 in dimensionn = 2. Alfeld
[1] has noted that ther = 1 case of this conjecture is probably the most famous
outstanding question in bivariate splines.

Forn > 2, not much is known about the dimension of the spline space. In [16]
Schenck shows that the top three coefficients of the Hilbert polynomial ofK can
be determined (for any�) from the combinatorics and the local geometry; in [3],
Alfeld, Schumaker and Whiteley analyze then = 3, r = 1 case for generic�.
The point is that forn > 2, our results and bounds apply to previously unknown
cases; in particular, algebro-geometric results have something useful to say about
approximation theory.

This paper is structured as follows. In the first section, we give definitions and
review previous results. In Sect. 2, we warm up by applying these results to theP2

case. In Sect. 3, we give the spectral sequence argument which shows whenK is a
bundle. In the final section, we apply the methods to the higher dimensional case.
We thank the Mathematical Sciences Research Institute in Berkeley, California,
where our collaboration began.

1. Preliminaries

We begin with the results we need from algebraic geometry. In [20], Shatz proves
the following criterion for sub-bundles of bundles onP1: for a sequence of integers
a1 ≥ a2 ≥ . . . ≥ an, define the Harder–Narasimhan polygon ofa1 ≥ a2 ≥ . . . ≥
an as the convex polygon

HNP(a1 ≥ a2 ≥ . . . ≥ an) = conv
{
(0,0), (1, a1), (2, a1 + a2), . . .

(
n,
∑
i≤n

ai

)}
.
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Theorem 1.1 (Shatz, [20]). Let V =
m⊕
i=1

OP1(ai) and W =
m⊕
i=1

OP1(bi). Suppose∑
ai = ∑

bi and HNP(b1 ≥ b2 ≥ . . . ≥ bm) ≥ HNP(a1 ≥ a2 ≥ . . . ≥ am). If
M = {l | bl ≤ al}, then there is an exact sequence

0 −→
⊕
m∈M

OP1(bm) −→ V −→
⊕
m�∈M

OP1(bm) −→ 0.

Next, we review the work of Elencwajg and Forster. LetE be a rankr bundle

on Pn, and suppose for a generic lineL thatE |L ∼=
r⊕

i=1
OL(ai), with ai ≥ ai+1.

Put cL2 (E) = c2(
r⊕

i=1
OPn(ai)). Defineδ(E) = c2(E) − cL2 (E), b(E) = ar , and

e(E) = a1 − ar .

Theorem 1.2 (Elencwajg and Forster, [9] 2.18). If E is a bundle on P2, then
H 1(E(d)) = 0 for all d ≥ δ(E) − b(E) − 1 and E is generated by global sec-
tions for d ≥ δ(E) − b(E).
Theorem 1.3 (Elencwajg and Forster, [9] 3.3). If E is a bundle on Pn, then there
exists a polynomial Q(c1(E), c2(E), e(E)) such that Hq(E(d)) = 0 for all d ≥
Q(c1(E), c2(E), e(E)) and all q ≥ 1.

Descriptions of all the objects defined in the remainder of this section may
be found in [16] or [21], so we keep the presentation here brief. In [4], Billera
introduced the use of simiplicial homology in order to solve a conjecture of Strang.
Let� be a pure, strongly connected, topologically trivialn-dimensional simplicial
complex, embedded inkn (think of� as triangulating the interior of an-polytope),
and let�0

i be the set of interiori-faces of� (all n dimensional faces are considered
interior).Cr

d(�) will denote the space ofCr piecewise polynomial functions on�
of degree at mostd (think of assigning a polynomial of degree at mostd to each
maximal simplex of� in such a way that polynomials on adjacent simplices meet
Cr smoothly).

Let R = k[x0 . . . xn]. Re-embed� in the plane{xn = 1} ⊆ kn+1, and form
the cone�̂ of � with the origin. The following construction encodes all the spaces
Cr
d(�) into a single gradedR moduleCr(�̂) (i.e.Cr(�̂)d � Cr

d(�)).
For τ ann − 1 face of�, let lτ be a nonzero linear form vanishing onτ̂ , and

for ani-faceξ define
J (ξ) =

∑
ξ∈τ

< lr+1
τ > .

As in [16], define a chain complex of graded modules

R/J : · · · −→
⊕

α∈�0
i+1

R/J (α)
∂i+1−→

⊕
β∈�0

i

R/J (β)
∂i−→

⊕
γ∈�0

i−1

R/J (γ )
∂i−1−→ · · · ,

where∂i is the usual boundary operator in relative (modulo∂�) homology. If we
write R/J as the quotient of the short exact sequence of complexes

0 −→ J −→ R −→ R/J −→ 0,
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thenCr(�̂) ∼= Hn(R/J ) ∼= R
⊕

Hn−1(J ); let K be the (reflexive) sheaf asso-
ciated to the moduleHn−1(J ). K is a bundle iff the sheaf associated toCr(�̂)

is a bundle; we will pass frequently between the equivalent categories of finitely
generated graded modules and coherent sheaves.

2. The P2 case

In this section, we consider the planar case. From the remarks in the last section,
the dimension of the space splines of degreed (for fixed r and�) is given by

dimCr
d(�) = dimH 0(K(d)) +

(
d + 2

2

)
,

where
(
d+2

2

)
comes from the dimension of the space of polynomials of degree at

mostd in two variables andK is a vector bundle of rankf2 − 1, wheref2 is the
number of triangles in�. In [2], Alfeld and Schumaker show that the dimension
of Cr

d(�) on a triangulated planar domain� is given by a certain formula for
d ≥ 3r + 1; it is conjectured [15] that this formula also holds ford ≥ 2r + 1,
moreover this must be tight, as examples show that the formula fails ford = 2r. We
call this the “2r + 1” conjecture. From [13], it follows thatK can also be realized
as the kernel of a map

Of 0
1

P2 (−r − 1) → Of 0
0

P2 ,

wheref 0
1 andf 0

0 are the number of interior edges (resp. interior vertices) of�. An
easy way to think of this is that a spline on the star of a vertexv is just a syzygy on
J (v). Intersecting the conditions yields an exact sequence

0 → K → Of 0
1

P2 (−r − 1) → Of 0
0

P2 → C → 0,

whereC is a skyscraper sheaf supported on�0
0; in factC is just the sheaf associated

to ⊕
v∈�0

0

R/J (v).

Taking Euler characteristics yields

χ(K(d)) = χ
(
Of 0

1
P2 (d − r − 1)

)
+ χ(C) − χ

(
Of 0

0
P2 (d)

)
.

The right-hand side of this formula (plus
(
d+2

2

)
for the constant splines) is the

conjectured dimension for the space of splines of degreed and smoothnessr on
�, at least ford ≥ 2r + 1. The conjecture is thus equivalent toH 1(K(d)) = 0 and
H 2(K(d)) = 0 for d ≥ 2r + 1.

Lau and Stiller [13] have shown thatH 2(K(d)) = 0 for d ≥ 2r; this also
follows from the exact sequence

0 −→ K −→
⊕
v∈�0

0

Kv −→ Of 00
1

P2 (−r − 1) −→ 0,
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which appears later in this section. So we can interpret the “2r + 1” conjecture for
planar splines as a regularity condition onK (K is 2r + 2 regular) or simply as a
cohomology vanishing condition:

Conjecture 2.1. The “2r + 1” conjecture:

H 1(K(d)) = 0 for d ≥ 2r + 1.

Using Bernstein–Bezier techniques, Alfeld and Schumaker [2] prove that the con-
jectured formula holds ford ≥ 3r + 1, which implies the cohomology vanishing
for d ≥ 3r + 1.

H 1(K(d)) = 0 for d ≥ 3r + 1.

Our strategy is to apply standard cohomology vanishing theorems (e.g. Elencwajg
and Forster [9] and Hartshorne [12]) to the problem. In some instances, we can
improve on the 3r+1 bound of Alfeld and Schumaker. To do this, we need to know
something about the generic splitting type ofK. Even without this, we can get a
worst case estimate for the splitting type (using results in Shatz) and then can apply
the vanishing theorems.

In order to state our results for the planar case, we need a bit more notation. For
v ∈ �0

0, let εv denote the number of edges incident tov, kv the number of those
edges of distinct slope, and putαv = � r+1

kv−1�. Let Kv denote the module of splines
on star(v). In [19], Schumaker gave a dimension formula for the star, from which
it follows that

Kv � Os1
P2(−r − 1 − αv)

⊕
Os2

P2(−r − 2 − αv)
⊕

Os3
P2(−r − 1),

wheres1 = (kv − 1)αv + kv − r − 2, s2 = r + 1 − (kv − 1)αv, ands3 = εv − kv.
Let f 00

1 denote the number of totally interior edges (i.e. neither vertex lies on∂�),
andf 0∂

1 be the number of edges with one interior vertex and one boundary vertex.
From Lemma 3.8 of [17] and the snake lemma, we obtain an exact sequence

0 −→ K −→
⊕
v∈�0

0

Kv −→ Of 00
1

P2 (−r − 1) −→ 0. (∗)

Since ∑
v∈�0

0

(εv − 1) = 2f 00
1 + f 0∂

1 − f 0
0 ,

it is obvious that rankK = f 0
1 − f 0

0 = f2 − 1, and a computation shows that

c1(K) = − f 0
1 (r + 1),

c2(K) =
(
f 0

1

2

)
(r + 1)2 −

(
r + 2

2

)
f 0

0

+ 1

2

∑
v∈�0

0

(
(kv − 1)α2

v + (kv − 2r − 3)αv
)
.
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From the exact sequence(∗) we see that ifK|L �
f2−1⊕
i=1

OL(ai), thenai ≤
−r − 1. Since the rank ofK is f2 − 1 it follows that

e(K) ≤ |c1(K) + (f2 − 1)(r + 1)| = f 0
0 (r + 1);

this same estimate also yields

b(K) ≥ −(f 0
0 + 1)(r + 1).

From ([9], Sect. 2.6) we have

δ(K) ≤ c2(K) − rank(K) − 1

2 · rank(K)
c1(K)2 + rank(K)

8
e(K)2,

so from the estimates above we obtain

Theorem 2.2. H 1(K(d)) = 0 if

d ≥ c2(K)− f2 − 2

2(f2 − 1)
(f 0

1 (r+1))2 + f2 − 1

8
(f 0

0 (r+1))2 + (f 0
0 +1)(r+1)−1.

We can improve this bound by using the Shatz [20] constraints and theαv, at
the price of more complexity in the formula. We consider a particularly nice case.
Call � uniform if εv = kv is the same for allv ∈ �0

0, and divisible if r+1
kv−1 ∈ Z.

Note that thenαv = r+1
kv−1. For such�, the bound has the form:

Theorem 2.3. For a uniform, divisible �, H 1(K(d)) = 0 if

d ≥ α2
v ·
(
f 00

1 + 1

2

)
+ αv(kv + f 00

1 ) − 1.

Proof. If � is uniform and divisible, then (in the above notation)s3 = s2 = 0 and
s1 = kv − 1, so we have an exact sequence

0 −→ K −→ Of 0
0 (kv−1)

P2 (−r − 1 − αv) −→ Of 00
1

P2 (−r − 1) −→ 0,

Thus,

c2(K) =
(
f 0

1

2

)
(r + 1)2 − f 0

0 (r + 1)

(
αv + r + 1

2

)
.

The worst (in terms of vanishing) possible splitting type allowed by Shatz is then

K|L � Of 0
1 −f 0

d −1
L (−r − 1 − αv)

⊕
OL(αv(f2 − 2) − (f 0

0 + 1)(r + 1)).

Computing, we find that

δ(K) ≤ α2
v ·
(
f 0

0

2
· kv · (1 − 2f 0

1 + f 0
0 · kv) +

(
f 0

1

2

))
= α2

v ·
(
f 00

1 + 1

2

)
,

and
b(K) = αv(f2 − 2) − (f 0

0 + 1)(r + 1) = −αv(kv + f 00
1 ).

The theorem is then immediate from the Elencwajg–Forster result.��
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To improve our bound, we note that the size ofH 1(K(d)) for d ≥ 2r + 1
depends only on the size ofH 1(E(d)) for a certain two bundleE constructed from
K. The additional vanishing for 2r + 1 ≤ d < 3r + 1 seems to be related to the
semi-stability ofE . After splitting off line bundle summands fromK (which do not
contribute toH 1)

K =
l⊕

i=1

OP2(ai)
⊕

K1,

wherea1 ≥ . . . ≥ al , we get a bundleK1 whose generic splitting type (at least
whenK1 is indecomposable) seems to be as balanced as possible. Namely

K1|L =
m⊕

j=1

OL(bj )

with b1 ≥ . . . ≥ bm andb1 − bm ≤ 1 If we twistK1 by O(g) so that it is generated
by global sections (whileK1(g − 1) is not) we get a sequence

0 → OrankK1−2
P2 → K1(g) → E(g) → 0,

whereE is a 2-bundle which seems to always be semi-stable and to split generically
asO(a)

⊕O(a) orO(a)
⊕O(a−1). Semi-stability in turn gives better vanishing

estimates (see Hartshorne [12]) than the ones in [9]. In short, we believe there
is a deep relationship between semi-stability and the “2r + 1” conjecture. We
illustrate this with a number of interesting examples (all calculations were made
using Macaulay II [10]).

Example 2.4. Let� be the simplicial complex pictured below.

(1,1) (3,1)

(0,0) (2,0) (4,0)

(4,2)(2,2)(0,2)

Whenr = 1, Theorem 2.3 applies and we find thatH 1(K(d)) = 0 whend ≥ 4,
which equals the Alfeld–Schumaker bound of 3r + 1. Now consider the case when
r = 2. We have the usual exact sequence:

0 → K → O9
P2(−3) → O2

P2 → C → 0.

Here C is a skyscraper sheaf supported at the two interior vertices with stalks
isomorphic toC7. OurK has rank 7 andc1(K) = −27. Via computation we find:

(1) K ∼= O4
P2(−3)

⊕K1 with K1 indecomposable;

(2) K1|L ∼= O3
L(−5) if L is a generic line;

(3) 0 → OP2(−7) → O2
P2(−5)

⊕O2
P2(−6) → K1 → 0 is a resolution ofK1;

(4) χ(K(d)) = 7
2d

2 − 33
2 d + 21;
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(5) c1(K1) = −15 c2(K1) = 76 b(K1) = −5;

(6) δ(K1) = 1

(
δ = c2 − ∑

i<j

bibj

)
, whereK1|L � ⊕OL(bi), see (2) above.

From (3), we see thatH 2(K(d)) = 0 for d ≥ 4 (which is equal to 2r), and by
Elencwajg and ForsterH 1(K(d)) = 0 for d ≥ δ − b − 1 = 5 (which is 2r + 1).
Also note that dimH 1(K((4)) = 1. We have:

0 → OP2(−2) → O2
P2

⊕
O2

P2(−1) → Knorm
1 → 0,

where

(7) Knorm
1 = K1(5);

(8) Knorm
1 |L ∼= O3

L for L a generic line, so the generic splitting type ofKnorm
1 is

(0,0,0);
(9) c1(Knorm

1 ) = 0, c2(Knorm
1 ) = 1, δ(Knorm

1 ) = 1, b(Knorm
1 ) = 0 and

H 1(Knorm
1 (d)) = 0 for d ≥ 0.

By Theorem 1.2 of Elencwajg and ForsterK1(6) is generated by global sections,
which we can also see from (3);K1(5) is not generated by global sections. Thus
by Serre’s theorem we obtain a two bundleE and an exact sequence

0 → OP2 → K1(6) → E(6) → 0,

where

c1(Knorm
1 (1)) = c1(K1(6)) = 3, c1(Knorm

1 (−1)) = −3,

c2(Knorm
1 (1)) = c2(K1(6)) = 4 , c2(Knorm

1 (−1)) = 4.

Tensoring withOP2(−2) yields

(10) 0 → OP2(−2) → K1(4)
‖

Knorm
1 (−1)

→ E(4)
‖

Enorm

→ 0,

whereE(4) = Enorm, c1(E(4)) = c1(Enorm) = −1, c2(E(4)) = c2(Enorm) = 2.
For a generic lineL, Enorm|L ∼= OL

⊕OL(−1), which follows by restricting
(10) toL:

0 → OL(−2) → O3
L(−1) → OL(a)

⊕
OL(−a − 1) → 0.

If a > 0 we get a contradiction via

0 → H 0
(
OL(a)

⊕
OL(−a − 1)

)
→ H 1(OL(−2)) → 0

as dimH 1(OL(−2)) = 1. Thusa = 0. Sincec1(Enorm) is odd, to showEnorm is
stable it suffices to showH 0(Enorm) = 0 (see [14], p. 165). From (10) we have

. . . → H 0(K1(4)) → H 0(Enorm) → 0 → . . .
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and from (3)H 0(K1(4)) = 0. ThusEnorm is stable. The moduliMP2(−1,2) of
stable 2 bundles onP2 with c1 = −1 andc2 = 2 is described in [14]. The jump
locus ofEnorm need not be a curve, but the jump lines of the second kind are a
curve of degree 2(c2 − 1) = 2, and jumping lines are contained in the singular
locus of the curve. WhenL is one of the three lines{x = 0}, {x = 2z}, {x = 4z},
a computation shows that the splitting type ofK1 is:

OL(−4)
⊕

OL(−5)
⊕

OL(−6).

In P2∨
the corresponding three points line on the line{y = 0}, so the set of jump

lines of the second kind is the double line{y2 = 0} ⊆ P2∨
.

Example 2.5. � is the same simplicial complex as in Example 2.4, but this time we
taker = 3.

We now have an exact sequence of the form

0 → K → O9
P2(−4) → O2

P2 → C → 0.

We compute thatK ∼= O4
P2(−4)

⊕K1 with K1 an indecomposable 3-bundle on

P2; K1 has a resolution

0 → O2
P2(−9) → O3

P2(−8)
⊕

O2
P2(−7) → K1 → 0.

Tensoring this sequence withOP2(8) gives

0 → O2
P2(−1) → O3

P2

⊕
O2

P2(1) → K1(8) → 0.

From this sequence we see thatK1(8) is generated by global sections, whileK1(7)
is not. Alsoc1(K1(8)) = 4 andc2(K1(8)) = 8. As in the previous example, Serre’s
Theorem yields an exact sequence

0 → OP2 → K1(8) → E(8) → 0.

If we normalize thenEnorm = E(6) andc1(Enorm) = 0 andc2(Enorm) = 4. Notice
that H 1(K1(d)) = 0 for d ≥ 7 (which is 2r + 1), but dimH 1(K1(6)) = 1.
It follows that dimH 1(Enorm) = 1, so thatEnorm is indecomposable. Moreover
H 0(K1(6)) ∼= 0 soH 0(Enorm) = 0 andEnorm is therefore a stable 2-bundle onP2.
Calculations show that for a genericL the splitting type ofK1|L is

OL(−6)
⊕

O2
L(−7).

Since we have

0 → OL(−2) → K1(6)|L → Enorm|L → 0

we see that dimH 0(Enorm|L) = 2 and thatEnorm splits asOL

⊕OL on a generic
line (recallEnorm is stable). The cohomology vanishing estimates of Elencwajg and
Forster show that ford ≥ 9

H 1(K1(d)) = 0

(hereδ(K1(8)) = 3 andb(K1(8)) = 1). This is greater than the conjectured value
2r + 1. Notice that the Alfeld–Schumaker bound of 3r + 1 yieldsH 1(K(d)) = 0
if d ≥ 10, whereas Theorem 2.3 gives vanishing ford ≥ 11.
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Example 2.6. In our next example, we taker = 1 for� as below:

We have
0 → K → O9

P2(−2) → O3
P2 → C → 0.

Calculation showsK ∼= OP2(−2)
⊕O2

P2(−3)
⊕K1 whereK1 is an indecompos-

able rank 3 bundle onP2. K1 has a resolution

0 → OP2(−5) → OP2(−3)
⊕

O3
P2(−4) → K1 → 0

and generic splitting type(−3,−3,−4). K(4) is generated by global sections so
by Serre’s theorem we get a 2-bundleE and an exact sequence

0 → OP2(−1) → K1(3) → E(3)
‖

Enorm

→ 0.

HereEnorm = E(3) hasc1(Enorm) = 0, c2(Enorm) = 1. Also dimH 0(Enorm) =
1 while H 0(Enorm(−1)) = 0. From this we seeEnorm is semi-stable. It is the
restriction of the null correlation bundle onP3 to P2.

Example 2.7. Let r = 2 and let� be combinatorially equivalent to Example 2.6,
but perturbed so that the three lines which result from joining a boundary vertex to
the interior vertex furthest from it do not meet in a point (i.e. the “generic” version
of Example 2.6). A computation shows thatK fits into the exact sequence:

0 −→ K −→ O9
P2(−4) −→ O3

P2(−3) −→ 0,

so the worst possible splitting type allowed is

K|L � O5
L(−4)

⊕
OL(−7).

Thus,δ(K) = 6, b(K) = −7, henceH 1(K(d)) = 0 if d ≥ 12. The Alfeld–
Schumaker bound for this example isH 1(K(d)) = 0 if d ≥ 7. However, for this
example,K splits as evenly as possible, i.e.

K|L � O3
L(−4)

⊕
O3

L(−5).

By taking this into consideration, we obtain the same bound as Alfeld–Schumaker.

In these and many other examples, the indecomposable summands ofK split
as evenly as possible, and so we conjecture:
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Conjecture 2.8. SupposeK � ⊕Ki , with Ki indecomposable. Thene(Ki ) ≤ 1
∀i.
In particular, if

K ∼=
0⊕

i=1

OP2(ai)
⊕

K1 a1 ≥ a2 ≥ . . . ≥ a0,

with K1 indecomposable, thenK1|L ∼= OL(b1)
⊕ · · ·⊕OL(bm) with b1 ≥ . . . ≥

bm where0 + m = f 0
1 − f 0

0 = f2 − 1 and 0≤ b1 − bm ≤ 1. Moreover we have
a1 − bm ≤ r anda0 ≥ b1. In the examples we have computed, the associated two
bundleE that we obtain is semistable, and the “2r + 1” conjecture is consistent
with the improved vanishing expected ifE is semistable.

3. Conditions for K to be a bundle

In [16], the lower homology modules of the complexR/J were analyzed. There are
two main results. First, ifi < n, thenHi(R/J ) has dimension at mosti−1. (Recall
that the dimension of anR moduleM is the dimension of the ringR/ann(M), in
particular, a zero dimensional object is Artinian). Second, the modulesHi(R/J ),
i < n all vanish iffCr(�̂) is free. The previous result generalizes to the case of
bundles:

Theorem 3.1. K is a bundle iff Hi(R/J ) is zero-dimensional, for all i < n.

The proof is very close to the proof of Theorem 4.10 of [16], so we will be brief.
Take a Cartan-Eilenberg resolution for the complexR/J , and dualize. We obtain
a spectral sequence; and for the vertical filtration, theE1

i,j terms are given by:

E1
i,j =




Extj
( ⊕

β∈�0
i

R/J (β), R

)
for i + j = n

0 otherwise.

Thus, for the vertical filtration, theE1 terms are stable, withE∞
i,j = E1

i,j , and these

terms vanish ifi + j �= n. For the remainder of this section, we will use Extj
i to

denote Extj (Hi(R/J ), R).

Lemma 3.2. If Hi(R/J ) is zero-dimensional for all i < n, then K is a bundle.

Proof. If theHi(R/J ) are supported only at the maximal ideal alli < n, then the
E2
i,j terms for the horizontal filtration are given by

Extn+1
1 Extn+1

2 Extn+1
3 . . . Extn+1

n

0 0 . . . 0 Extnn

0 . . . . . . 0
...

0 . . . . . . 0 Ext1n
0 . . . . . . 0 Ext0n
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By comparing this to the vertical filtration, we see that the only nonvanishing
differentials map Exti (Hn(R/J ), R) to Extn+1(Hn−i (R/J )); since the kernel
and cokernel of this map are stable and appear in position(i, j) with i + j > n, it
follows that these maps are isomorphisms. But this means that all the higher Ext
modules ofK are supported only at the maximal ideal, soK is a bundle (for more
details, see [14], Chapter II, Sect. 1).��
Lemma 3.3. If K is a bundle, then Hi(R/J ) is zero dimensional, for all i < n.

Proof. If K is a bundle, then Extin are supported only at the maximal ideal, for all
i > 0.Hi(R/J ) is supported in codimension at leastn + 2 − i, so

Extji = 0 if j ≤ n + 1 − i.

Thus, theE2 terms of the horizontal filtration are:

Extn+1
1 Extn+1

2 . . . Extn+1
n−1 Extn+1

n

0 Extn2 . . .
...

...

...
... 0 Ext3n−1 Ext3n

...
...

... 0 Ext2n
...

...
... 0 Ext1n

0 0 0 0 Ext0n.

If we can force the modules Extj
i , i + j = n + 2, j �= n + 1,2, (i.e. modules

along the lowest diagonal, except those on the edges) to have support in codimension
greater thann+2− i, then they will have to vanish, and we’ll be done by induction.
So, suppose we’ve forced Extj

n+2−j = 0 for all n + 1 �= j < p, and consider

Extpn+2−p. The only differential which ever reaches position(p, n+ 2−p) comes

from Ext1n, so has image a module of finite length (sinceK is a bundle, Extjn is finite
length for allj > 0). On the other hand, the differentials out of position(p, n+2−p)

all map to objects of codimension greater thann + 2 − p. So if Extpn+2−p has
support in codimensionn+2−p, thenE∞

p,n+2−p will also have to have support in
codimensionn+2−p. But comparing this term to the vertical filtration shows that
E∞
p,n+2−p = 0, and henceE∞

p,n+2−p has support in codimension at leastn+3−p,

in particular, Extpn+2−p must vanish. ��
Notice that we have actually proved the general theorem mentioned in the intro-
duction:

Theorem 3.4. Let

C : 0 −→ Cn −→ Cn−1 −→ · · · −→ C0 −→ 0

be a complex of graded modules on k[x0, . . . , xn], with Ci Cohen–Macaulay, sup-
ported in codimension n − i. If

Hi(C) is supported in codimension ≥ n + 2 − i,∀i < n
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then (the sheaf associated to) Hn(C) is a bundle iff Hi(C) is of finite length for all
i < n. From [16], Hn(C) splits as a sum of line bundles iff Hi(C) vanishes for all
i < n.

Corollary 3.5. If K is a bundle, then the complex R/J is exact as a sequence of
sheaves.

Corollary 3.6. K is a bundle iff Extn−i
n � Extn+1

n−i for all i > 1. In this case, K∨
has a filtration with quotients Extj (

⊕
β∈�0

i

R/J (β), R).

Corollary 3.7. If K is a bundle, then the Hilbert polynomial χ(K(d)) is determined
by local data for d sufficiently large, in particular, for d ≥ Q(c1(K), c2(K), e(K)).

Proof. We have:

Hi(K(d)) � Extn−i (Hn−1(J ), R)−d−n−1 local duality[8]
� (Extn+1

n−i )−d−n−1 Corollary 3.5

� Hn−i (R/J )d Hn−i (R/J ) is finite length

The general results of Elencwajg–Forster give a bound for the vanishing of the
higher cohomology ofK(d), which gives us a degree where the complexR/J is
exact (at the level of modules), hence a bound where we may compute the spline
space dimension from local data.��
Remark 3.8. It is natural to ask if the filtration in Corollary 3.6 is related to the
Beilinson spectral sequence. This does not seem to be the case; consider Exam-
ple 2.7 of the last section. We have an explicit resolution forK, so it is easy to
compute the relevant cohomology; there are nonzeroE1 terms only forE1−2,0,

E1−1,0, E1
0,0. Thus, the spectral sequence has a single nonzero row, so it degener-

ates, and Beilinson’s theorem yields an exact sequence:

0 −→ O45
P2(−1) −→ 372

P2(1) −→ O105
P2 −→ K∨ −→ 0.

In particular, the filtration we obtain from the Beilinson spectral sequence is just
K∨ itself.

4. The general case

Let� be ann-dimensional simplicial complex, which triangulates a ball inkn. The
first point is that the top two Chern classes ofK are essentially the same as in the
P2 case.

Lemma 4.1.

c1(K) = − f 0
n−1(r + 1)

c2(K) =
(
f 0
n−1

2

)
(r + 1)2 −

(
r + 2

2

)
f 0
n−2

+ 1

2

∑
v∈�0

n−2

((kv − 1)α2
v + (kv − 2r − 3)αv).
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Proof. It follows from Hirzebruch–Riemann–Roch that ifM is a coherent sheaf on
Pn, supported in codimension at leastr, thenci(M) = 0 for i < r. By Lemma 3.1
of [16], if i < n, thenHi(R/J ) is supported in codimension at leastn+2− i, and
if i ≤ n − 3, then

⊕
β∈�0

i

R/J (β) is supported in codimension at least three. Then

the result follows from the Whitney product formula.��
The other invariant we need ise(K). A straightforward generalization of Lem-

ma 3.1 of [17], and Lemma 3.1 of [16] yields an exact sequence

0 −→ K −→ OPn(−r − 1)f
0
n−1

4−→ Of 0
n−1−fn+1

Pn −→ C −→ 0,

whereC is supported in codimension at least two; in fact, ifK is a bundle then
C � im∂n−1.

Restricting to a generic lineL, it is obvious thatC|L = 0, so we get an exact
sequence:

0 −→ K|L −→ OL(−r − 1)f
0
n−1 −→ Of 0

n−1−fn+1
L −→ 0,

and we have a bound one(K) exactly like that of Sect. 2, i.e.

e(K) ≤ |c1(K) + (fn − 1)(r + 1)| = |(fn − f 0
n−1 − 1)|(r + 1).

The proof of Elencwajg and Forster thatHi(K(d)) vanishes ford bigger than
a polynomial inc1, c2 ande is inductive, and based on theP2 bound. We close by
working out (for our situation) theP3 case explicitly. We will use that ifE is a rank
r bundle onPn, then

c1(E(m)) = c1(E) + rm

c2(E(m)) = c2(E) + m(r − 1)c1(E) +
(
r

2

)
m2.

We can use induction and the exact sequence

0 −→ K(d − 1) −→ K(d) −→ K|P2(d) −→ 0

to force vanishing ofHi(K(d)), i ≥ 2; to use theP2 result we need to knowe and
b. Since restrictingK|P2 to a generic line is the same thing as restrictingK to a
generic line, we already have worst case values fore andb;

e(K|P2) ≤ |(f3 − f 0
2 − 1)|(r + 1),and

b(K|P2) ≥ (f3 − f 0
2 − 2)(r + 1).

From 2.6 of [9], we know that

δ(K|P2) ≤ c2(K|P2) − rk K − 1

2rk K c1(K|P2)2 + rk K
8

e(K|P2)2.

Thus,Hi(K(d)) = 0, for i ≥ 2 and

d ≥ c2(K|P2) − f3 − 2

2(f3 − 1)
(f 0

2 (r + 1))2 + f3 − 1

8
e(K|P2)2 − b(K|P2) − 1.
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(Call the above valueQ0; the value forc2(K|P2) comes from Lemma 4.1). Now
we just need to determine the vanishing ofH 1(K(d)); following the proof of The-
orem 3.3 [9] we first need to findQ1 such that for alld ≥ Q1

H 1(31
P2 ⊗ K(d + 1)|P2

) = 0.

Consider31
P2 ⊗ K(1)|P2. For a generic line,

31
P2|L � OL(−1)

⊕
OL(−2),

and twistingK does not changee, so

e
(
31

P2 ⊗ K(1)|P2
) = e

(K|P2
)+ 1,and

b
(
31

P2 ⊗ K(1)|P2
) = b

(K|P2
)− 1.

For any bundleE on P2, the exact sequence

0 −→ 31
P2 ⊗ E −→ E3(−1) −→ E −→ 0

yields

c1
(
31

P2 ⊗ E) = 2c1(E)−3rk(E), and

c2
(
31

P2 ⊗ E) = c1(E)2+2c2(E)−6c1(E)rk(E)+3c1(E)+3rk(E)+9

(
rk(E)

2

)
.

Since

c1
(K(1)|P2

) = −f 0
2 (r + 1) + f3 − 1, and

c2
(K(1)|P2

) = c2(K) + (f3−2)(−f 0
2 (r + 1)) +

(
f3−1

2

)
,

we can just plug these values in to the previous formula to obtain

c1
(
31

P2 ⊗ K(1)|P2
) = −2f 0

2 (r + 1) − f3 + 1,

and

c2
(
31

P2 ⊗K(1)|P2
) = 2c2(K)+ (f 0

2 (r+1))2+2f3f
0
2 (r+1)+ 1

2
(f3−1)(f3−6).

Computing, we find that the desiredQ1 is

c2
(
31

P2 ⊗ K(1)|P2
)− f3 − 2

2(f3 − 1)
c1
(
31

P2 ⊗ K(1)|P2
)2

+ f3 − 1

8
(e(K|P2) + 1)2 − b(K|P2).

Finally, let k0 be the max ofQ0,Q1; applying Theorem 1.2, Lemma 4.1, and the
proof of Theorem 3.3 of [9], we obtain a vanishing theorem for the higher coho-
mology ofK in theP3 setting.

Theorem 4.2. Let

k1 = δ(K(k0)) · (1 + max{0, δ(K(k0)) − b(K(k0)
∗) + 2}),

then
Hi(K(d)) = 0 for all d ≥ k0 + k1 − 1, i ≥ 1.
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