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Abstract

We prove that the Poincare polynomial 7(.A,t) of a (central) three arrangement A is
(141t) - ci(Do(A)Y), where Dg(A) is a direct summand of the sheaf associated to the
Terao module D(A) of A, and ¢ is the Chern polynomial. We also prove that if A
is a (central) three arrangement, then Dg(A)Y is a vector bundle on P?, and derive
an algorithm which computes ¢;(Dg(A)Y) from a resolution of the Jacobian of the
defining polynomial of A.
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1 Introduction

A hyperplane arrangement A is a finite collection of codimension one linear subspaces of a
fixed vector space V. A is central if each hyperplane contains the origin 0 of V. Arrangements
can be studied from a wide variety of viewpoints; combinatorics, topology, algebra, and
geometry all play important roles; for more details see Orlik [5] or Orlik and Terao [6]. A
fundamental invariant of A is the Poincare polynomial m(A,t). There are various ways of
defining 7(A,1); the simplest is from the intersection lattice L4 of A. L4 consists of the
intersections of the elements of A, ordered by reverse inclusion. V is the lattice element 0;

the rank one elements are the hyperplanes themselves.

Definition 1.1 The Mobius function p : La — Z is defined by

u(0) = 1

u(t) = =Y uls), if0 <t

s<t

Definition 1.2 The Poincare polynomial w(A,1) is defined by

W(A,t) = Z M(X) . (_t)rank(X)

XELA
Example 1.3 Let A be the arrangement defined by the vanishing of @, y,z, 2 +y+ 2,y + =.
Then A has five rank one elements and six rank two elements; of the rank two elements, four

have p = 1, while two have p = 2. Thus,

(A1) =1+ 5t + 8% + 41°.



Stanley [8] notes that there are two methods used for computing the Poincare poly-
nomial; either by working directly from the definition above, or by working over a finite
field, and counting (Stanley attributes the latter technique to Crapo/Rota/Orlik/Terao and
Athanasiadis). One of the results of this paper is a new technique for computing 7(A,t) for
a three arrangement. First, we need a few more definitions. A is essential if rank L4 =
dim V. Henceforth, all arrangements will be essential and central, and V will be K2, with
char(K) = 0. Let R = K|[x,y, z], and suppose A consists of d distinct hyperplanes in V.
We denote the module of K derivations of R by Derg R, and we define () = ﬁ l;, where [;

1

are the (homogeneous) linear forms which vanish on the hyperplanes of A.

Definition 1.4 The Terao Module D(A) of A is the submodule of Derg R defined by

D(A)={0 € DerxkR | 0(Q) € Q - R}

Recall Euler’s relation:

! 0Q 99, 0

©= degree ) (o dx dy 0z )

From this it follows that D(A) is nonzero. In fact, the Euler derivation generates a free
summand of D(A), so we may write D(A) = R(—1) & Do(A), where Dy(A) is the kernel
of the Jacobian matrix Jg of @ (see, for example, Yuzvinsky [9]). Since the Jacobian is a
homogeneous ideal, the kernel is a graded module; the grading is inherited from the inclusion

of the kernel as a submodule of R* (which is why the Euler derivation corresponds to R(—1)).



Since Do(A) is a graded R module, we have a corresponding sheaf Dy(.A) on P2, which is
just the sheafification of Dy(A). The process of passing to a sheaf is crucial in what follows,
because a certain module of finite length arises. This module would present difficulties if we
worked in the category of modules; by passing to the category of coherent sheaves, we may

ignore it.

A useful tool when working with arrangements is the method of deletion and restriction.
Let H be a hyperplane of A, and let A’ be the arrangement consisting of all the hyperplanes
of A except H. A" is the arrangement obtained by restricting A to H. (A, A", A”) is called

a triple of arrangements. )’ and ()" will denote the defining polynomials for A" and A”.

Example 1.5 If A is as in Example 1.3, and H is the hyperplane x = 0, then Q = -y -z -

(r+y+2)-W+2),Q =y -z (x+ty+z)-(y+2),and Q" =y-z-(y+2).
Theorem 1.6 (Brylawski [1]) If (A, A", A") is a triple of arrangements, then

(A t)=m(A )+t m(A"1).

We may always assume that the first hyperplane of A is x; when we preform dele-
tion /restriction, we will assume that z is the distinguished hyperplane. In other words,

d d
Q = [I 6 with [y =2, s0 Q" = [] l; has no [; divisible by z (i.e. Q" €<z >).
=1

=2



2 Preliminary Lemmas

In this section we collect the lemmas which will be used in §3, where the main theorem is
proved. The proof is via induction on the number of hyperplanes of A; it makes use of the
deletion /restriction lemma, along with the definition of Dg(.A) as the kernel of the Jacobian.

The following short exact sequences will relate the sheaves Dy(A), Do(A"), and Dy(A").
LO—<Jg:a?> [Jg — R(—=2)/Jg — R(=2)) < Jg:2° >—0

.0 — R(-2)) < Jg:a?>— R(-1)/ < Jg:a>— R(-1)/ < Jg:2,2 >— 0
HI.0 — R(-1)/ < Jg:a>— R/Jg — R} < Jg,x >— 0

The exactness of II and III is immediate; the exactness of I follows if Jg C< Jg @ 2* >

(which we show in Lemma 2.3).

Lemma 2.1 JQ:<x-%,x-8£,:1;-%—|—Q’>:<x-%,x-8£,%>.

Proof. Immediate from the definition of ¢ and ’. Notice that this implies that

< Jg,x>=< Qx> 0O

. __ 99" 29" 39Q
Lemma 2.2 < Jg:2z >=< By 5 B

Proof. Recall (or see [2]) that < Jg : & >= @. We write Jo N as (< @ - 88?//,:1; : 882/ >

.99
dz

+ <2 5Nz, Since<:1;-88—%/,:1;

5 >C x, we may apply the modular law [2] to distribute,



obtaining

0Q’ 0Q’ oQ
8y7$ 0z SR m8x>

JQ N =<x-
But % =z %—%/ + @', so since x does not divide @', < x N % >= - %. Thus,

o 99 09
8y7$ 9" 8:1;

JQQ$:<$-

With the initial observation that < Jg :a >= @, this concludes the proof. O
Lemma 2.3 < .Jg:2>C Jo C<.Jg:a*>.

Proof. By Lemma 2.2,

0Q' Q' 9Q . _0Q' 99 09"

<Jorr =< e TS G By 0s

This follows since by the Euler relation

0Q aQ’ B aQ’ 1 oQ’ oQ’ oQ’
ox +Q ax—l_degreeQ"(x'ax—l_y'ay —I_Z'az)
Lemma 2.1 shows that z? - %—%/,xz : %—2/ C Jg, so we need to show that x? - 88—2/ € Jg. But

:1;-(:1;-%—%—%@’)::1;-%EJQ,sosincex-Q’:QEJQ,:I;Q-%—%/EJQ. O

aq’ 8"
L2 _ 1 2Q’ “—|y=0 9Q’ lz=0
Lemma 2.4 < JQ . >= JQI ‘|‘ z (W . BT ~ 5. T a

), where G =

GCD(QQ o= 07 2Q’ |z o)‘

dz

Proof. As in the proof of Lemma 2.2, we have

890’ aQ! aQ

<Jp:xz>Nx < 37 > Nx + x5

<JQ::L'2>: @ = % 9z )
x x

So, we need to obtain < Q 82/ > Nz. It is clear that it contains 22" and

5 99" 1 we write
y

dz



Q" _

5, — DP1v+p2,

%—2/ = 1%+ g2,
where py = %%hzo and ¢ = 88—2/|x:0, then the remaining generator of < aaﬁ, 882 > Nz 1s
2. (g + q) — % (piz 4 p2). Note that = - (%—%/ : % — 882/ : %%/CLHO) = qla_ci’c_;pl 882/. O

Lemma 2.5 Let p be the ideal of the point (0 : 0 : 1) € P?, and write Q = LoLp, where

Lp = [I(aw + bx) and Lo = [[(z + ciy + dix). Then (Jg), =< 22, aé:—yp Zp-

Proof.
3 8L
% = SELy + 8L0 < Lp
3 8L
8—2 = =t Lo + 8L0 LP
2@ _ 8L oL
Er . LO + 820 L

Since % vanishes, and both Ly and 2 ZO are units in R, reducing and applying the Euler

relation yields the result. O

m—1

Lemma 2.6 Let L, = [[ (y+ aix), Lp = x - Lp, a; distinct. Then the sequence

=1

6L§3 6L§3 2 aLp aLp aLp 8 P 2
0— R/ < ar oy >— R(2)/ < — 9 Ty >— R(2)/ < Er ,xt >— 0

18 exact.

Proof. The sequence

dLp OLp

(Lr OLp OLp dLp OLp
ox " Oy

9 &t
0— R/ < — )" >— R(2)/ < e oy >— R(2)/ < —— 5 ay,x >— 0

7



is exact. Since Lp has no repeat factors, the partials are relatively prime (similarly for L),

oLp 9Lp oLy oL
dxr ? Jy > and < dxr ? Jy

so < > are complete intersections, and the Hilbert series for the

respective quotients (before twisting) are given by

1 — th—l + t2m—2 1 — th—Z + t2m—4
and
(1—1)° (L—1)?
The relation
JOLpr OL
< 8—P’ a—P,x2 >=< a2 zy™ L y" ! >
T Y

implies that the Hilbert series of R/ < %&£ ke 32 5 g
dx ? dy ?

1 — 2 —9otm—l 4 9pm
(1—1)° ’

so by additivity, the Hilbert series of R/ < (aé:—xp, aé:—yp) cx? > s

t—2 _ th—?) + t2m—4 t—2 — 1= th—?) + th—Z 1 — th—Z + t2m—4

(1—2)?° - (1—2)° N (1—2)°
An easy check shows that < ag—lp, aéz_'P >C< (aé:—P, 85:_13 >: 2% >, so we have
T Yy x Yy
oLy dl dLp OLp
R/ < =L P> R/ < (==, —==):a”
/ oy / (6x’ay)x

Comparing the Hilbert series shows that this must be an isomorphism. O

Lemma 2.7 < Jg:a?> [Jg is a module of finite length.

Proof. We need to show that (< Jg : 2* > /Jg/), = 0 for any codimension two associated
prime p of Jg:. In fact, since both z and G annihilate < Jg : 2* > /Jg/ (by Lemma 2.3

8



and the remarks at the end of Lemma 2.4), p must correspond to a singularity of Q" lying
along x, so we may assume that p =< z,y >. Patching together the short exact sequence |

(twisted by 2) with the short exact sequence
0 — R/ < Jg:a? > R(2)/Jo —s R(2)) < Jg,2% >— 0
yields the exact sequence
0 < Jg:a?> [Jo —2 Rl Jo -= R(2))Jo — R(2)) < Jo,x? >— 0.

Localize this sequence at p and apply Lemma 2.5. Comparing this sequence to the local-
ization (at p) of the sequence of Lemma 2.6 shows that ¢, must be the zero map, hence

(< Jg:a*> [Jgr), vanishes. O

In order to apply Brylawski’s theorem, we must obtain Do(A’) and Do(A”). If we simply
take Q)'|;=0, we do not obtain Q”; what we obtain is Q" with some factors repeated (see

Example 1.5). However, we have:

Lemma 2.8 Q" =/Q’|.-o

A two arrangement B is completely determined by the number of distinct hyperplanes (all
two arrangements are free, and a two arrangement consisting of d distinct hyperplanes has
m(B,t)=(14+(d—1)t)-(141)). For such a two arrangement, the Jacobian is a complete
intersection of two polynomials of degree d — 1, so Do(B) is isomorphic to R(—d + 1) (recall
how the grading works), and ¢;(Do(B)Y) = 1 + (d — 1)t, as desired. Thus, to understand

9



Do(A"), we only need to obtain the degree of ). This is encoded by the short exact sequence

I1.

Lemma 2.9 The resolution of R(—1)/ < Jg : x,2 > is given by:

R*(=d) R*(=d+1)
R(~2d+2+a) B @ % @ NOR(-1) = R(-1)/<Jg:iz,z> — 0,
R(-2d+ 3+ a) R(-2)

where d — 1 — a is the degree of )",

Proof. The radical of a single polynomial may be obtained by dividing it by the greatest

common divisor of the partials (see [2]), so if G = GCD(Q%%, a@é#)? then

"__ Q/|l’=0

This relates to the resolution in the following way. Let a denote the degree of GG. By

Lemma 2.2, < Jg 1 2 >=< %—%/,88—2/,% > . Reducing by z allows us to kill off % (just

expand it, and then use the Euler relation), so that

0Q’ 0Q’
<Jg:z,x>=< 8—Cy?|1:0’ a—ghzo,x > .

The structure of the resolution is now clear. The map ¢, is < Jg : x,x >; if we write:

8 !
a?/ |e=0 = Gu
8 !
82 lo=0 = G,

10



then

v z 0
o = —u 0 x
0 —Gu —Gv

and ¢3 = (z,—v,u)’. O

Corollary 2.10 FEazt*(R(-1)/ < Jg:z,2 >, R)~ R(2d—2—a)/ < z,G >, where G is as

i Lemma 2.9.

Proof.
0 v wu voo—u 0
ker(¢f) = uw x 0 im(¢h) = = 0 —Gu
v 0 —x 0 = —Gvu
O

3 Main Theorem

Theorem 3.1 If A is a three arrangement, then w(A,t) = ¢;(Do(A)Y) - (1 +1).

As noted in §2, the proof will be by induction on the number of hyperplanes of A, and
will use the deletion/restriction lemma. The short exact sequences of §2 relate the sheaves
Do(A), Do(A"), and Dy(A”). We first recall a few facts about the Chern polynomial; for
more information, see Hartshorne ([4]).

11



Lemma 3.2 [f0 — A — B — C — 0 is a short exact sequence of sheaves, then
ca(B) =c(A) - a(C).

Lemma 3.3 ¢(Opn(d)) =1+ dt.

Lemma 3.4 If M is a sheaf on P™, then c,(M) € Z[t]/t"T'.

Lemma 3.5 If F is a sheaf on P?, and if

m m—2
0 —>]—"—>@O(ai) — @O(bj) — 0,
7=1

=1

then ¢,(F(1)) = c(F)+ 2t + (O a; — Dby + 1)¢?

Proof. (Main Theorem) We exploit two facts about the short exact sequences of §2. First,
none of the modules appearing in those exact sequences has support in codimension one.
Thus, when we take the long exact sequences of Ext*(—, R) modules, the Ext"’s all vanish.
Second, once we sheafify the sequences of Ext modules, the Fxt*’s all vanish (since they

have support in codimension three, see [3]). To prove the theorem, it suffices to show
ci(Do(A)") = c(Do(A')") + tei(Do(A”)").

Let @, @', and Q)" be the respective defining polynomials, and let G be as in Lemma 2.9.

The cokernel of the Jacobian of A has a resolution of the form:

m—2 m
0 — P R-5) 2 @ R(—ai) 2 B 25 R(d — 1) — R(d —1)/.Jg — 0.
7=1

=1



Dualizing, computing homology, and sheafifying (henceforth, all modules will be sheafified),

we obtain the short exact sequence
0 — im(dh) — Do(A)Y — Ext*(R(d —1)/Jg, R) — 0.
This yields
ci(Do(A)") = eilim(dy))e( Bat®(R(d — 1)/ g, R)).

Since Ext'(R(d —1)/Jg, R) vanishes,
im(¢h) = (R) [ker(dy) ~ R*[im(¢y) ~ R*[ ],

and thus ¢;(im(¢})) = I

ﬁ. Next, we need to consider ¢;( Ext*(R(d — 1)/Jg, R)). From

the short exact sequence I1I and the vanishing of Fxt! and Ext?, we have
0 — Ext*(R(d—1)/ < 2,Q" >, R) — Ext*(R(d—1)/Jg, R) — Ext*(R(d—2)/ < Jg :x >, R) — 0.

Applying Lemma 3.2 to this, and consolidating the expression, we find that

1

ci(Do(A)Y) = TF(—d

e Bxet*(R(d—1)/ < 2,Q" >, R))-c;( BExt*(R(d—2)/ < Jg : @ >, R)).

Lemma 3.6 ¢,(Fzt*(R(d—1)/ <z,Q" >, R)) = W.

Proof. = does not divide ', so < x,Q)' > is a complete intersection, with resolution
0— R(-1) — Rd—2)&R— R(d—1) — R(d—-1)/ < z,Q" >— 0.

Since Fzt*(R(d — 1)/ < ,Q' >, R) ~ R(1)/ < z,Q" >, to compute ¢;( Ext*(R(d — 1)/ <
z,Q" >, R)), we tensor the above exact sequence by R(—d + 2) and apply Lemma 3.2. O

13



The short exact sequence 11, the vanishing of the Fzt' and Fzt® modules, and Lemma 3.2

shows that ¢,( Ext*(R(d —2)/ < Jg : @ >, R)) is equal to:
ci(Bxt*(R(d —2)] < Jg:x,2 > R)) - c(Ext*(R(d —3)] < Jg : 2> >, R)).

Lemma 3.7 ¢ (Ext*(R(d—2)/ < Jg:z,x >, R)) =1 — at?, where a is the degree of G in

Lemma 2.9.

Proof. By Corollary 2.10, Fxt*(R(d —2)/ < Jg : ;@ >, R) ~ R(d —1—a)/ < 2,G >.
Since < x, G > is a complete intersection, take the obvious resolution (twisted by d — 1 — «a)

and compute. (If G = 1, the module vanishes, and the formula for ¢; yields 1) O

Putting together everything, we have:

(Dol A)) = 1= <11_ d)t'(l +f)+(1<z+ _(161)3 D) (1= at?) e Bot(RUd=3)] < Jq : 2* >, R))

Lemma 3.8 c(Ext*(R(d—3)/ < Jg:a® >, R)) = Sl ef(Do(A)V(1)).

Proof. Lemma 2.7 and the short exact sequence I imply that
ci(Bxt*(R(d —3)) < Jg :2* >, R)) = ¢,(Ext*(R(d — 3)/ Jg, R)).
Proceeding exactly as we did to obtain the identity
ci(Do(A)Y) = elim(dy))el Bxt®(R(d — 1)/ Jg, R)),

we obtain (but with a degree shift of one):

(1+1)°

DoAYV (W) = =7y

Ct(El’tz(R(d —3)/Jo, R)),

14



hence

L+ (d—1)t

ci(Ext*(R(d —3)/Jg, R)) = e

(Dol A) (1),

Combining Lemma 3.8 and the formula directly above it, and simplifying, we obtain

1+ (d—1)t)(1 — at?)

v _ |
ci(Do(A)”) = (1+8)*14+(2—-d)t)

~el(Do(A)'(1));

expanding the fractional part, and reducing modulo * yields
(Dol A)) = (1 =t + (d— a— 1)) - eo( Do A)*(1)).
By Lemma 3.5, if
=1

n n—2
0 — Do(A) — P Oa:) — P o(b;) — 0,
7=1

then
ci(Do(A)Y (1)) = ci(Do(A)Y) + 2t + (> _di — Y _ b+ 1)t

Thus,
ci(Do(A)) = (1 —t+(d—a— 1)) (a(Do(A)) 42t + (O di — Y b+ 1)t?).
Multiplying out, we have

ci(Do(A)’) = ci(Do(A')) + (2= e Do(A)))t+ (e Do(A))(d—a—1)+ Y di— Y bi=1)t*.

15



If we use the relation that

el Do(A)) =14+ (Y di =Y bt + (Y dd + Y 6.+ 3 67 = db)e,

r<s t<u 5,U

then when we reduce modulo #?, we obtain
ct(Do(A)Y) = e(Do(AN)Y) +t + (d — a — 2)t?

As noted in §2, since degree Q" =d — 1 — a, ¢;(Do(A")Y) =1 + (d — a — 2)t; so the above

expression simplifies to:
ci(Do(A)") = ct(Do(A)") + Lel( Do(A")).

By induction on the number of hyperplanes in A, this proves the theorem. O

4 Algorithm and Examples

Theorem 4.1 [f A is a three arrangement, and the resolution for the cokernel of the Ja-

cobian is given by

m—2 m
0 — P R(-5) 2 @ R(—ai) 2 B 2 R(d— 1) — R(d —1)/Jg — 0, then
7=1 =1
m m—2 m,m—2
(DoAY ) =14 (> ai= Y B+ Y, aast > Bbu— D aft’
=1 7=1 1<r<s<m 1<t<u<m—2 i=1,7=1



From this short exact sequence, we obtain a long exact sequence of Kzt modules:

0 — Do(A)Y — é R(oi) — 6 R(B;) — Ext'(Do(A), R) — 0.

Tracing through the exact sequences, we find that Fat!'(Dy(A), R) ~ Ext*(R(d—1)/Jg, R).
As noted in §3, Fxt*(R(d — 1)/Jg, R) is supported only at < z,y,z >, and so when we

sheafify the sequence, it disappears, yielding the short exact sequence:

m m—2
0 — Do(A) — P O(en) — P O(8;) — 0.
=1 7=1
m m—2
Since the map from @ O(«;) to @ O(F;) which is induced by ¢} has no cokernel, we can
=1 7=1

split the map, so Dy(A)Y is a vector bundle on P2 Using the properties of the Chern

polynomial introduced in the last section, we obtain

a(@O0() [0 +al)  n s
ci(Do(A)Y) = —=L == = JJ +ait) [T (1 = 8t + 827) mod #*,
e D O(5)) 1;[1 (L+p8t) =t j=1

Corollary 4.2 If A is a three arrangement, with Jacobian as above, then

A A= (140 (VoS (Y aat Y AA - Y ad)d).

=1 j=1 1<r<s<m 1<t<u<m—2 1=1,7=1

Example 4.3 For the arrangement of Example 1.3, the resolution is:
0 — R*(—2) — R’ — R(4) — R(4)/Jg — 0.

Thus, we see that the Chern polynomial of Dy(A)Y is just 1 + 4t + 4¢* = (1 4 2¢)2.

17



Example 4.4 Consider the arrangement with defining polynomial Q) = 2yz(x+y)(y+2)(z+

z)(x 4 2y)(y + 22)(z + 2x). The resolution of the Jacobian of @ is:
0 — R(—T7) — R*(=5) — B> — R(8) — R(8)/Jg — 0.

We obtain ¢;(Do(A)Y) =1 4 8¢ + 19¢2.

Concluding remarks This algorithm is implemented as a Macaulay?2 script called hypertool,
available via anonymous ftp at cam.cornell.edu, in the directory /pub/schenck. Macaulay?2 it-
self is available at http://www.math.uivc.edu/Macaulay2. We are in the process of extending
these results to the P case; the situation becomes quite a bit more complicated for several
reasons. First, in general Dy(A)Y is not a vector bundle; this means that in the formula
for ¢;(Do(A)Y), the Chern polynomials of certain Fat modules will arise. Also, the higher
dimensional analogs of the lemmas used here become much more complicated. Nevertheless,

there seems to be quite a bit that can be proved in the case where n is arbitrary.

Acknowledgments [ thank Michael Stillman for suggesting that the problem of factoring

(A, ) was related to a question on vector bundles, and for many useful conversations.

References

[1] Brylawski, T.: A decomposition for combinatorial geometries. Transactions of the

A.M.S. 171, 235-282 (1972)

18



2]

Eisenbud, D.: Commutative Algebra with a view towards Algebraic Geometry (Gradu-

ate Texts in Mathematics, 150) Berlin Heidelberg New York: Springer 1995

Eisenbud, D., Huneke, C., Vasconcelos, W.: Direct Methods for Primary Decomposition.

Inventiones Mathematicae 110, 207-235 (1992)

Hartshorne, R.: Algebraic Geometry (Graduate Texts in Mathematics, 52) Berlin Hei-

delberg New York: Springer 1977

Orlik, P.: Introduction to Arrangements Providence, R.I.: American Mathematical

Society 1989

Orlik, P., Terao, H.: Arrangements of Hyperplanes (Grundlehren Math. Wiss. Bd. 300)

Berlin Heidelberg New York: Springer 1992

Rose, L., Terao, H.: A Free Resolution for the Module of Logarithmic Forms of a Generic

Arrangement. Journal of Algebra 136, 376-400 (1991)

Stanley, R.: Characteristic polynomials of hyperplane arrangements. Commutative Al-
gebra, Representation Theory, and Combinatorics, Conference in Honor of David Buchs-

baum. Northeastern University Press 89-92 (1997)

Yuzvinsky, S.: A Free Resolution for the Module of Derivations for Generic Arrange-

ments. Journal of Algebra 136, 432-438 (1991)

19



