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ABSTRACT. We show that there exists a separable reflexive Banach space into which every
separable uniformly convex Banach space isomorphically embeds. This solves a problem of
J. Bourgain. We also give intrinsic characterizations of separable reflexive Banach spaces
which embed into a reflexive space with a block g-Hilbertian and/or a block p-Besselian
finite dimensional decomposition.

1. INTRODUCTION

J. Bourgain [B] proved that if X is a separable Banach space which contains an isomorph
of every separable reflexive space then X contains an isomorph of C0,1] and hence is
universal, i.e., X contains an isomorph of every separable Banach space. He asked if there
exists a separable reflexive space X which is universal for the class of all separable uniformly
convex (equivalently, all superreflexive [E], [Pi]) Banach spaces. Such an X could not
be superreflexive since ¢y and ¢ are finitely representable in any space which contains
isomorphs of all ,’s for 1 < p < oc.

We shall answer Bourgain’s question in the affirmative. S. Prus [P] gave a partial solution
by proving that there exists a reflexive Banach space X which is universal for all spaces
with a finite dimensional decomposition (FDD) which satisfy (p, ¢)-estimates for some 1 <
q<p<oo.

Definition 1.1. Let (F),) be an FDD. (z,,) is a block sequence of (F,) if there exist integers
0=ky < ki <--- sothat for all n € N,

Tn € [Fi]ie(knﬂ,kn] = span{F; : kp—1 <i < kp} .

Definition 1.2. Let 1 < ¢ < p < oo and let C < co. An FDD (F),) satisfies C-(p, q)-
estimates if for all block sequences (z,,) of (F,),

o (S lenle) " < U all < 0 ()

We say that (F),) satisfies (p, q)-estimates if it satisfies C-(p, ¢)-estimates for some C' < 0o.
A basic sequence (xy,) is said to satisfy (p,q)-estimates if (F,) does where F,, = span{z,}
for n € N.

Terminology. In some of the literature an FDD satisfying (p, 1)-estimates is called block
p-Besselian and one satisfying (0o, ¢)-estimates is called block g-Hilbertian.

We shall prove that if X is uniformly convex then there exists 1 < ¢ < p < oo and a space
Z with an FDD satisfying (p, ¢)-estimates such that X embeds into Z. In combination with
Prus’ result we then obtain the solution to Bourgain’s problem.

Research supported by the National Science Foundation.
1



2 E. ODELL AND TH. SCHLUMPRECHT

Theorem 1.3. There exists a separable reflexive Banach space X which contains an iso-
morph of every separable superreflexive Banach space.

To accomplish this we shall characterize when a reflexive space embeds into a reflexive
space with an FDD satisfying (p, ¢)-estimates. Before stating our results in this regard we
need some more definitions.

Definition 1.4. If E = (E,,) is an FDD for a space X, by PF we denote the natural
projection of X onto E,,. More generally if I is an interval or finite union of intervals in N,
PF shall denote the natural projection on X given by PE(Y"e,) =Y, c; en (wheree, € E,
for all n). The projection constant of (E,) is sup{||PE|| : I is an interval in N}. (E,) is
bimonotone if its projection constant is 1. A blocking (Gy) of (E,) is an FDD given by
Gn = [Eilie(N,_1,n,) for some sequence of integers 0 = Ng < N1 < Np < ---.

Henceforth all Banach spaces will be assumed to be separable. Sx denotes the unit
sphere of X and Bx denotes the unit ball of X.

Definition 1.5. a) Tx = {(n1,...,n%) : k € N and n; < ng < --- < ng are natural
numbers}. Ty is ordered by (ni,...,ng) < (mi,...,my) iff k < £ and n; = m; for i < k.

b) A tree in a Banach space X is a family in X indexed by T,. A weakly null tree in
X is a tree (z4)acr,, € X with the property that for all & = (ny,na,...nk) € T U {0},
(T(a,n) )nn, is weakly null. (y;)$2; is a branch of (z4)aeT,, if there exist ny <nz < --- so
that yr. = z(,, .. n,) for all kK € N.

¢) If (za)aer,, is a tree and if 77 C T is such that for each a € 7" U {0} there is an
infinite N, C N so that (a,n) € T’ for all n € N, we call (z4)aer a full subtree. In this
case we can relabel (2, )qer iInto (24)aer,,. Note that every branch of a full subtree is a
branch of the original tree.

Definition 1.6. Let 1 < ¢ <p < oo and C' < co. A Banach space X satisfies C-(p, q)-tree
estimates if for all weakly null trees in Sx there exists branches (y;) and (z;) satisfying

(X lal) " <I awl and | arzl <0 (3 jar)

for all (a;) € R. X satisfies (p,q)-tree estimates if it satisfies C-(p, q)-tree estimates for
some C' < oo.

Theorem 1.7. Let X be a reflexive Banach space and let 1 < g < p < oco. The following
are equivalent.

a) X satisfies (p,q)-tree estimates.

b) X is isomorphic to a subspace of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

c) X is isomorphic to a quotient of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

Theorem 1.3 is a corollary of this (using Prus’ result [P]) since for every uniformly convex
space X there exists K < ooand 1 < g < p < oo such that every normalized 2-basic sequence
in X admits K-(p, q)-estimates ([J], [GG]). Indeed it is trivial to extract a 2-basic branch
from a normalized weakly null tree. Theorem 1.7 also solves problem IV.3 in [Jo].
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2. THE PROOF

The equivalence of a) and b) in Theorem 1.7 in the case 1 < ¢ = p < oo was established
in [OS]. We shall be using some blocking arguments established there and in earlier seminal
papers of W.B. Johnson and M. Zippin ([Jo|, [JZ1, JZ2]) which we shall recall as needed.
A key first step will of course be Zippin’s result [Z] that a reflexive space embeds into a
reflexive space with an FDD (in fact with a basis).

Before stating Theorem 2.1, which contains the central part of our main Theorem 1.7,
we set some more notation. If (E,) is an FDD then by coo(22, Ey,) we mean the subspace
of all x = > e, where e, € E, for all n and only finitely many e,’s are nonzero. If Z has
an FDD, F = (F,), and 1 < p < oo then Z,(F) denotes the Banach space obtained by
completing coo(Bp2;F7) under || - ||, given by: for y =3 yn, yn € F, for all n,

0 i P\ /P
Hy”zp:SUP (ZH Z Ys > 0=npg<ng <---
j=1

Z':TL]‘,1+1

Note that (F},) is a bimonotone FDD for Z,(F) satisfying 1-(p, 1)-estimates.

Theorem 2.1. Let X be a reflexive Banach space and let 1 < p < oco. If X satisfies
(p, 1)-tree estimates then

a) X can be embedded into a reflexive space Z with an FDD satisfying (p, 1)-estimates.
More precisely, if X is a subspace of Z, a reflexive space with an FDD (E,)
then there exists a blocking F = (F,,) of (Ey,) so that X naturally embeds into the
reflezive space Zy(F).
b) X is the quotient of a reflexive space with an FDD satisfying (p, 1)-estimates.

The proof of a) is much like the proof in [OS]. The proof of b) requires some new ideas.
Before starting the proof we need some terminology and preliminary results.

Definition 2.2. Let E = (E;) be an FDD for Y and let 6 = (¢;) with ; | 0. A sequence
(yi) C Sy is called a d-skipped block w.r.t. (E,) if there exist integers 1 = ko < k1 < --- so
that for all i € N,

1P oy = will < 6
Definition 2.3. If A C 5%, the set of all normalized sequences in X, and € > 0 we set

A. = {(z,,) € S% : there exists (y,) € A with ||z, — yn| < 2% for all n} .

A, denotes the closure of A, w.r.t. the product topology of the discrete topology on Sx.
The next result is Theorem 3.3 b) < d) in [OS].

Proposition 2.4. Let X be a Banach space with a separable dual. Then X is (isometrically)
a subspace of a Banach space Z having a shrinking FDD (E,,) satisfying the following:
For A C S%. the following are equivalent.

a) For all € > 0 every weakly null tree in Sx has a branch in A..
b) For all € > 0 there exists a blocking (F;) of (E;) and 6 = (&;), 6; | 0, so that if
(xn) C Sx is a d-skipped block w.r.t. (F;) then (x,) € A..

The following Proposition yields that in the reflexive case the equivalence (a) <= (b)
in Proposition 2.4 holds for any embedding of X into a reflexive Banach space Z with an
FDD.
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Proposition 2.5. Let Z and Y be reflexive spaces with FDDs E = (E,) and F = (F,),
respectively, both containing a space X, and let § = (6,,) C (0,1), with 6, | 0, as n T co.

Let C be the mazimum of the projection constants of (En) and (F,). Then there is a
blocking G = (Gy,) of (Fy,), so that every normalized 503 -skipped block of (Gy) in Sx is a
d-skipped block of (E,).

Proof. By induction we will choose 0 = My < M; < My < ... and N; < N3 < ...in N so
that for all k € N

0 i
I ¥ar) then HP[Nk 00) (l‘)| 5

(1) VzeSxVie{l,2....kk+1} if [Ph, @) < e
<O
2

(2) VreSxV¥ie{l,2...kk+1} if |P¥, (2) then [|PE . (2)]] <

I < o

= 5C2
Once accomplished we choose G}, = @ij‘iﬁ/{k,ﬁlFi- If (z,,) is a 6/5C3-skipped block of (G,)
in Sx, there exist 0 = kg < k1 < ko < ... such that for all n € N

1)
len = PG, gy @)l = ln = Py, ag (@)l < 2
Thus,

8

F n F

1P a1 (@)l < 502 and || Py, | ooy (@a)ll < ek
We deduce from (2) and (1) that

5, 5,
1PE g, @)l < 5 and [1PR, o) (@)l < =

which yields that (x,,) is a d-skipped block of (E;).

Assume that we have chosen Mj,_ for some k > 1. We need to find an N} which satisfies
(1). If such an N}, did not exist, we could find sequences (x;) C Sx and (¢;) C {1,2... k+1}
so that for any j > Ng_q,

;. 0;.
1Py )] < g amd [IPE gy ()] > 2.
Passing to a subsequence we may assume that i; = i for allj € Jand somei € {1,2...k+1},

where J is a subsequence of N. Since lim;_,_je || PE [7.00) P(FMk 1,00) P[] o) || = 0 we deduce
that

0; .
5 < limsup 1P ooy (@)l < limsup | Py o PR | ()]
Yeq YieT

< Climsup [Py, oo)(@))]l < ﬁ7
J]—00
jeJ
which is a contradiction, and finishes the proof of our claim.
Assume now that we have chosen N, but there is no M}, satisfying (2). We could choose
a sequence (x;) C Sx and (i;) C {1,2...k+ 1} so that for any j > Mj_;

di; di;
12851 < w75 and 1B wyg ()l > =
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After passing to subsequences we can assume that i; =4 for some fixed i € {1,2,...k+ 1}
and j € J, a subsequence of N, and that (x;);cs converges weakly to some x € Bx. Then
it follows that
. F
ol = i {17 oy ()| = lim lim ||P1jo( Al
JEJ

< limsuplimsup || B j(2;)I| + 125, ;1 (x;)]]

Jjo—oo  j—oo

jeJ
26;
<(1+4+0) hmsup 1P ()l < =
]EJ
and that
> LipE — L i | PE 5 O
|z = 5“ [l,Nk}(‘T)H = 5].1}010” [1,Nk]($j)H = 50"
jeJ
which is a contradiction. O

From Corollary 4.4 in [OS] we have

Proposition 2.6. Let X be a Banach space which is a subspace of a reflexive space Z with
an FDD E = (E;) having projection constant K. Let 6; | 0. Then there is a blocking
F = (F;) of (E;) given by Fy, = [Eilie(n,_,,n,] for some integers 0 = No < Ny <
with the following property. For all x € Sx there exists (x;) C X and integers (t;) with
t; € (N;— 1,N-] for all © such that

x = le

a

)
b) Fori E N either ||z;|| < d; or HPtl )
c) H (o1 1) — ;|| < &; for all i € N.
d) HxZH <K+1f0rz€N

e) ||[PEx| <& forieN.
Moreover the above hold for any further blocking of (Fy,) (which would redefine the N;’s).

Ti — x| < il

Parts d) and e) were not explicitly stated in [OS] but follow from the proof.

Proof of Theorem 2.1 a). Let X be contained in a reflexive space Z with an FDD E = (E;)
having projection constant K. Assume that X satisfies C-(p,1)-tree estimates. Let A =
{(zi) € S%: (x;) is 3-basic and for all scalars (a;), C|| Y aiz;]| > (3 ]ai[P)/P}. Choose
e > 0 so that if (z;) € A; then (z;) is 2-basic and satisfies for all (a;) C R,

/
20| Y asail = (3 Jai?) "

By Propositions 2.4 and 2.5 there exists § = (J;), d; | 0, and a blocking of (E;), which we
still denote by (F;), so that every d-skipped block w.r.t. (E ) is in A.. We then use § = (&;)
where 0; = 6;/2K to form a new blocking F,, = [Eilie(N,_1,N,,] satisfying the conclusion of
Proposition 2.6. We assume, as we may, that Y ., d; < 1. Note that any subsequence of a
S-skipped block w.r.t. (F}) is then a J-skipped block w.r.t. (E;).

Our goal is to prove that X naturally embeds into Z,(F). To achieve this we prove that
if z € Sx then, for some absolute constant A = A(K,C), (3. ||P¥z|[P)/? < A. Since the



6 E. ODELL AND TH. SCHLUMPRECHT

argument we will give would also work for any blocking of (F},) (see the “moreover” part of
Proposition 2.6) we obtain ||z||, < A which finishes the proof of the claim.

Let x € Sx and write z = Y 2; with (z;) C X and ¢; € (N;—1, N;] as in Proposition 2.6.
Let y; = P(t gt for i e N Let B = {i > 2: ||l > 6 and ||PE (o1 1) Ti — zi|| <

8il|z:]|}. Since (x;/|z;|)icn is a d-skipped block w.r.t. (E;) we know it is in A, and so
2C|| Y iep @ill = (e lzil[P)!/P. Also for all i € N,

lyill = 1PE _, oya — @i + Pla + il <28 + |l
by ¢) and e) of Proposition 2.6. Thus ||y;|| < K + 2 and

Dol =D Mgl + > wall? < D (26 + llal)? + Ny P + > (36:)°

i€B i¢B i€B i¢B
< 3P ailP (K +2)P +1 < 3PQROP D allP + (K +2)7 +1.
i€B i€eB
Now
1Y “aill < 1+l < 1+ [l | +Zé <K+3.
ieB i¢B
Thus

Z lyillP < (6C)P(K +3)P + (K +2)P+1=A".
Let z; = P(]?Viﬂ,Ni}x = PZFx = PiF(yi + y,’+1) for ¢ € N. Thus HzZH < K(Hyz” + ”yH-lH) and

SO
(> Hzi\lp)l/p <2K[AVP =4

To complete the proof of part a) we have the following easy

Lemma 2.7. Let F = (F;) be a shrinking FDD for a Banach space Z. Then for 1 < p < oo,
Zy(F) is reflexive.

Proof. Asnoted earlier, (F;) is a bimonotone FDD for Z,(F) which satisfies 1-(p, 1)-estimates
and hence (F;) is boundedly complete. Let l + 1% = 1 and set

{Z a; fi: (ai) € BZ , and (f;) is a (finite or }

" infinite) block sequence of (F)) in Sz«

If the above sum Y a;f; is a finite one, say > ., a;f;, then f, can be supported on
[F:m]me[j,oo) for some j. It is easy to check that F is a weak* compact 1-norming subset of
Zp(F)*. Thus X is isometrically a subspace of C(F), the space of continuous function on
F. Since every | - ||, -normalized block (z;) of (F;) is pointwise null on F, hence weakly
null, it follows that (F;) is a shrinking FDD for Z,(F). O

To prove part b) we need a blocking result due to Johnson and Zippin.

Proposition 2.8. [JZ1] Let T : Z — W be a bounded linear operator from a space Z with
a shrinking FDD (G,,) into a space W with an FDD (H,). Let ¢; | 0. Then there exist
blockings E = (E,) of (Gn) and F = (F,) of (Hy) so that: for all i < j and z € Sig,]

we have || PY ih TzH < ¢&; and HP )TzH <egj.

ne(i,7]
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Proof of Theorem 2.1 b). By Lemma 3.1 in [OS] we can, by renorming, regard X* C Z*
where Z* is a reflexive space with a bimonotone FDD (E}) such that coo(®52,E) N X* is
dense in X*. Thus we have a quotient map @ : Z — X. By part a) we may regard X C W,
a reflexive space with an FDD (F;) satisfying C-(p, 1)-estimates for some C. Let K be the
projection constant of (F}).

Choose § = (6;), 6; | 0, so that if (y;) is any J-skipped block of any blocking of (F;) and
(z;) satisfies ||z; —y;|| < 3K5 for all 4, then (z;) is 2-equivalent to (y;), is 2K-basic and (y;)
satisfies 2C-(p, 1)-estimates.

In addition we require that

1
(3) 23 K + 1)K < 7, fori €N, and 6/(1 - 2K6,) <7
i=1

and we choose ¢; | 0 with 6e; < §; for all 4.
By Proposition 2.8, blocking and relabeling our FDD’s we may assume

(4) For all i < j and 2 € S, we haveHP[llii)QzH <¢g; and ||P(]’;7OO)Qz|| <egj.

ne(ij]

For i € N let E; be the quotient space of E; determined by . Thus if z € E;, the norm
on Z (the equivalence class of z in E;) is ||Z]| = ||Qz||. We may assume E; # {0} for all i.
More generally for Z =) Z; € coo(®52, E;) with Z; € E; for every i, we set

[];?m,n]zH .

We let Z be the completion of (Coo(@?ilﬁi), Il - ). Note that if 2= >"2; € COO(@?ilii)
then setting Qz = > QZz; = > Qz;, we have ||QZ|| < ||Z||. Thus @ extends to a norm one
map from Z into X. Before continuing the proof of b) we need

Proposition 2.9.
a) (E;) is a bimonotone shrinking FDD for Z.
b) @ s a quotient map from Z onto X. More precisely if v € X and z € Z with
Qz=u=x, ||z|| = ||z||, and z = 3 2 with z; € E;, then 2 =Y. % € Z, ||Z]| = ||2|| and
@Z =z.
¢) Let (%) be a block sequence of (E;) in Bz and assume that (QZ) is a basic sequence
with projection constant K and a = inf; |Q%]|| > 0. Then for all scalars (a;) we

have
~ . 3K ~
1Y " aQE) < 1wzl < v 1) aiQz] -

Proof. By definition E = (E;) is a bimonotone FDD for Z. We will deduce later that it is
shrinking. To see b) let Qz = z with ||z|| = ||z|| and write z = >_ z; with z; € E; for all i.
Then for ¢ < j,

m
lezem—, sup QD _zo)ll < sup HZZ@H—HZZ@H
{=n

i<n<m<j i<n<m<j

Thus " % converges in Z to some Z with, ||Z]| = ||z| and QZ = =.
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Next let (%) be as in the statement of ¢). Since ||Q|| = 1 we need only prove the right
hand inequality in ¢). Let (a;) € cpo and choose k < m so that

1S @zl = 10PE (> a2

For all 4, P[]*E m] Z; 18 Z; or 0 except possibly for 2 values of 7, denoted by iy < 1. Thus

QPR O aizll < laig Izl + 1 Y @@l + laiy | 1zl < %H > aiQE)|

i€ (io,i1)
using that (@(iz)) has projection constant K and is bounded below in norm by a.

It remains only to prove that (EZ) is shrinking. Let (Z;) be a normalized block sequence
of (F;) in Z. Then (Q%) is a bounded sequence in X. Moreover since coo(BLLEF) N X*
is dense in X* (sz) is pointwise null on X* and hence weakly null in X. We pass to a
subsequence Wthh we relabel as (Qz,) which is either norm null or satisfies inf; HQz,H >0

and is basic. In the latter case (2;) is weakly null by part c¢). In the former case, given n
we can find a subsequence (Z;)7_; with ||QzZ]H <Llif1<j<n Thenifz=1 w2 Zijs
for some k < m and jy < j;

S 15PE < || LopE s &
121 = IOPE 2l < | -QPE 5, <n

n

1~ 5 .
+ HEQP[kym}zih

1 ~
[z X e
J€(Jo.d1)

Thus in any case every normalized block sequence ~(2@) admits a convex block basis which
is norm null and hence (2;) is weakly null and so (F;) is shrinking. O

We shall produce A < oo and a blocking H = (]?I ) of (E (NQ) with the following property.

Let z € Sx. Then there exists 2 = > 2, € Z with z,, € H,, for all n, so that if (wn) is
any blocking of (Z,) then (3 [|@n|IP)/? < A. Moreover ||Qz —z| < 1. Thus if Zp =7 (H)

then Q Z — X remains an onto map. Moreover Z is reflexive by Proposition 2.9 and

Lemma 2.7 and (H,,) is an FDD for Z satisfying 1-(p, 1)-estimates. To accomplish this we
need

Lemma 2.10. Assume that (4) holds for our original map Q : Z — X. Then there
exist integers 0 = No < Ny < --- so that if we define blockings Cy, = [Eilc(n,_, N, and
Dy, = [Filie(N,_,,N,] we have the following. Set for n € N,

Rn:{ieN:ani>W} ,
Ny + No_
Ln:{iEN:Nn_1<i§%} ,

Cn.r = [Eilicr, and Cy 1 = [EilicL, -

Let x € Sx, i < j, € > 0 and assume that ||P12M]C>O x| < e. Then there exists z € By
with z € [C;r U (Co)re(jy U Cj L] and [|Qz — z|| < K[2e + 6;].

Proof. By [Jo] (see Lemma 4.3a [OS]) we can choose 0 = Ny < Ny < --- so that if z € By
with z = )" z;, z; € E; for all j, then for n € N there exist r, € R,, and ¢, € L, with
l|zr, || < en and ||zg,] < sn Define C,, and D,, as in the statement of the lemma and let
r € Sy and i < j with |PP iUl,00) :17|| <e. Let ||z =1withQZ=2and 2= zj, z; € Ej
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for all j. Choose r; € R; and {; € L; with [z, || < e; and ||z;[| <ej. Let 2=}
Thus ||z < 1 and 2 € [C; gr U (Co)re(i ) U Cj Ll
Now

SE(T’i,fj) Zs-

i) ”Pln jm)QzH <&, +eg;-1 by (4).
Alsoifw=z—2= Zsi(n 0) % then again by (4) and our choice of r; and ¢},

ii) ||P[ Qw|| = ||PF o0 (ZK” Zs + 2 + 24, +Es>zj zs)| < Kler, +€i+€j +e¢,41]-
From our hypothesw on z,
iii) ||P[]’;7Ti)u[€j7oo):n|| < 2Ke.

Combining i)-iii) we have, since Quw =z — Qz,

1Qz — 2|l < NP 10,000 @2 = D) + I1BF, 0, (Qz — 2)|
<eé&p + €e;—1 + 2Ke + K[Em +e+¢ei+ Ezj+1]
< K[2e 4 6¢;] < K[2e + §;]
since by (3) 6g; < J;. O
We let (C),) and (D,,) be the blockings given by Lemma 2.10. Finally we block again using
Proposition 2.6 for (6;) and (D) to obtain Gy, = [Dilie(k,_, k,) for some 0 = ko < kg <---.
We set for n € N, Hy, = [Cilic(k,_1 on]-

Let € Sx. Then by Proposition 2.6 there exists (z;) C X with z = Y z; and for all
i € N there exists t; € (kij_1, k;] so that

a) either ||z;|| < &; or || PP @,
b) |||l < K + 1.

Let B ={i € N: HP A 2| < &llwi||} and y = > ,cp @i Then |lz — y| <
> ign lwill <320 < 1/4 by (3). For i € B set T; = z;/||z;||. From Lemma 2.10 there is a
block sequence (z;);ep of (E,) in Bz with
(5) ”sz — .’,i'ZH < K[Q(;Z + (5,#,1-71] < 3KY; .

Indeed the lemma yields that

T — il < Gl

€ [Ctifl,R U (Cf)ée(ti,l,ti) U Cti,L]
which ensures that the z;’s are a block sequence. From our choice of (§;) (right before (3))
and (5) we have that (QZ;);cp is 2K-basic, is 2-equivalent to (Z;);ep, and (Z;);cp satisfies
2C-(p, 1)-estimates.
From Proposition 2.9 ¢) we have that

H Z a;Q%]|| < H‘ Z a;Z;
i€EB i€EB

< 7K Y 0z
1€B

mf uczz I HZ Q%

i€B
(We have used that inf;cp H@EJH >1—2K6; from (5) and % < 7 from (3).)

Let Z=)",c 5 ||lzi||Z. Then from (6), Z € Z and moreover since y = Yien lzillTs,

107 — 9l < 3 el 192 — il < 30K + V3K < ¢ (by (3))

i€B 1€EB

(6)
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Thus |QZ — z| < 1/2.

Finally we show that [|Z]], < A where A = T0CK Zand | - », denotes the norm of
Zp(H).

Write Z = ) w; where (w;) is any blocking of (||x;||Z)iep. Say w; = Zielj ||z ||2; where
Iy < I < --- is any partition of B. Then by (6) if y; = Zielj x;,

(7) O @ IM'YP < 14K (Y llyI7)V? < 14K -20|y|| < 35CK

since (Z;) satisfies 2C-(p, 1)-estimates and ||y|| < 5/4.
It remains to show that if we write z = Zh where h,, € H, for all n and gn) is any
blocking of (hy,) then

(8) (3 Gal?)V? < T0CK? = A |

As in the proof of a) there exists a blocking (w;) of (||z;]|Z;)icp with g, = P( 1] (Wn +

Wn41) for some 0 = jo < ji <+ and 5o [|Gn|| < K([|@n | + [[@n+1]]). Thus (8) follows.
This completes the proof of Theorem 2.1. O

We need some last preliminary results before proving Theorem 1.7.

Lemma 2.11. Let X be a reflexive Banach space and let 1 < ¢ < oo and % + % =1. If X
satisfies (00, q)-tree estimates then X* satisfies (¢',1)-tree estimates.

Proof. By [Z] we may assume that X C Z, a reflexive space with a bimonotone FDD (E,,).
Note that if (f,) € Sx- is weakly null then there exists a subsequence (f,,) of (f,) and
a weakly null sequence (z;) C Sx with lim; f,,(z;) = 1. Indeed let (y,) C Sx with
fn(yn) = 1 for all n. Choose a subsequence (y,,) which converges weakly to some y € X.
Then fn,(yn;, —y) — 1. Since (E,) is bimonotone, ||y,, — y|| — 1 and thus we may take
i = (Yn; = Y)/Yyn; — yll-

Now let (fa)aer,, be a weakly null tree in Sx+. Using the above observation by succes-
sively replacing the successors of a given node by a subsequence we obtain a full subtree
(9a)aers, Of (fa)aer,, and a weakly null tree (z4)aer,, in Sx so that for all a € To, U {0},
fa,i(Tai) — 1 as i — oo.

Let ¢; | 0. By again replacing each successor sequence of nodes by a subsequence we
obtain two full subtrees (f/)aer,, and (z),)acr,, satisfying: For all branches («;)$2; of T
and for all 7,j € N with i # j,

4] < ey 2 fh (a) > 5
Let (z},,)52; be a branch of (24)aer,, satisfying C-(oo, ¢)-estimates. Let (b;)72, € Se,, and
choose (al)zzl € Sy, with 1 =37, a;b;. Then || >_a;jzg, || < C and so

S uiti|| = Cvise )3 ajel)
>Zalb foal oal Zz‘ftxl oaj

1=1 j#i

>1—215Z+Z&7j —
=1

j>t

provided that the €;’s were taken sufficiently small. O
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Proposition 2.12. Let F = (F;) be a bimonotone FDD for a Banach space Z and let
1<q¢g<p<oand C < oo. If (F;) satisfies C-(00, q)-estimates in Z then (F;) is a
bimonotone FDD for Z,(F) satisfying C-(p, q)-estimates in Z,(F).

Remark. Prus ([P, lemma 3.5] obtained this result with weaker estimates. As written this
result is stated with C' = 1 in [JLPS]. The clever proof we present was shown to us by
W.B. Johnson and G. Schechtman.

Proof. Let z = Y z; € coo(®52,F;) with z; € F; for all i. Let k € Nand 0 = ng < ny <
-+ < ny < oco. For some choice of £ and 0 = mg < my1 < --- < my we have

¢ mj p\1/p
I, - (51,2,
P j=1 i=mj_1+1
) k " p| /P
DDA S |
j=1 s=1 i=mj-1+1
, . m;j p/q71/p
o £
P g i=mg-1tl
. ' m;j q/p11/q
CE (e E T
s=1 *j=1 t=mj-1tl
by the “reverse triangle inequality” in Elg/q
. ' a/ry1/q
=C [Z ( HP(P;nj1,mj}(P(1:ls1,"s]z)Hp> }
s=1 *j=1
k 1/q
<o(Smr )
s=1

0

For the next lemma and the proof of Theorem 1.7 we adopt the convention that for
1<p<oo,p isdefined by 1/p+1/p =1.

Lemma 2.13. [P] Let (E;) be an FDD for a reflexive space Z. Let 1 < q < p < oo. Then
(E;) satisfies (p,q) estimates iff (E}) satisfies (¢',p") estimates.

Proof of Theorem 1.7.

a) = b). Let X be reflexive and satisfy (p, ¢)-tree estimates. By Lemma 2.11 X* satisfies
(¢’,1)-tree estimates. Thus by Theorem 2.1, X* is a quotient of a reflexive space Z* with
an FDD F* = (F;) satisfying 1-(¢, 1)-estimates. Hence by Theorem 2.1 X embeds into
Zy(F) and, by Lemma 2.13 and Proposition 2.12, (F},) satisfies (p, ¢)-estimates.

b) = ¢). By Theorem 2.1, if X satisfies b) then X is a quotient of a reflexive space with
an FDD satisfying (p, 1)-estimates. Thus by Lemma 2.13 X* is a subspace of a reflexive
space with an FDD satisfying (oo, p')-estimates. By Lemma 2.11 X* satisfies (¢, 1)-tree
estimates and thus, by Theorem 2.1 and Proposition 2.12, X* embeds into a reflexive space
Z* with an FDD satisfying (¢/, p’)-estimates. Hence X is a quotient of Z, a reflexive space
with an FDD satisfying (p, ¢)-estimates, again using Lemma 2.13.
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c) = a). We assume that X is a quotient of a reflexive space Z having an FDD satisfying
(p, q)-estimates. Thus X* C Z* which by Lemma 2.13 has an FDD satisfying (¢, p)-
estimates. In particular X* satisfies (¢’,p’)-tree estimates and so by Lemma 2.11, X has
(p, 1)-tree estimates.

Furthermore it is easy to see that if () : Z — X denotes the quotient map then given a
weakly null sequence (z;) C Sx there exists a weakly null (z;) € 2Bz and a subsequence
(w5;) of (w;) with Qz; = =;; for all j. Thus a weakly null tree in Sx can be pruned to
obtain a full subtree (x,)aer,, and a semi normalized weakly null tree (z4)aer,, € Z with
Qzo = 4 for all a. Since the FDD for Z satisfies (p, ¢)-estimates it follows that some
branch of (z4)aer,, admits an upper ¢, estimate with an absolute constant. O

Remark 2.14. The following equivalences can be added to Theorem 1.7.

d) X is isomorphic to a subspace of a quotient of a reflexive space Z having an FDD
which satisfies (p, ¢)-estimates.

e) X* satisfies (¢, p')-tree estimates.

f) X is isomorphic to a subspace of a reflexive space Z having an FDD which satisfies
1-(p, q)-estimates.

Indeed f) follows from the proof of a) = b) in Theorem 1.7 since Z has an FDD (F})
satisfying 1-(o0, ¢)-estimates and so by Lemma 2.13, Z,(F') satisfies 1-(p, ¢)-estimates. Thus
we obtain a solution to a question raised in [JLPS]| after the statement of Proposition 2.11.
We refer the reader to [JLPS] for the relevant definitions.

Corollary 2.15. Let X be a reflexive Banach space and 1 < ¢ < p < oo. The following are
equivalent

a) X embeds into a reflexive space Z having an FDD satisfying 1-(p, q)-estimates.

b) X can be renormed to be asymptotically uniformly smooth of power type q and X
can be renormed to be asymptotically uniformly convex of power type p.

c) X can be renormed so as to be both asymptotically uniformly smooth of power type
q and asymptotically uniformly convex of power type p.

The following remains open.

Problem 2.16. Let X be a uniformly convex separable Banach space. Does there exist a
uniformly convex space Z with an FDD (or even a basis) so that X embeds into Z?
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