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Abstract We study some questions concerning the structure of the set of spreading models
of a separable infinite-dimensional Banach space X. In particular we give an example of a
reflexive X so that all spreading models of X contain ¢; but none of them is isomorphic to
¢1. We also prove that for any countable set C' of spreading models generated by weakly null
sequences there is a spreading model generated by a weakly null sequence which dominates
each element of C'. In certain cases this ensures that X admits, for each o < wy, a spreading
model (@Ea))i such that if o < 3 then (Z; il )) is dominated by (and not equivalent to) (& Z(ﬁ )) :
Some applications of these ideas are used to give sufficient conditions on a Banach space for
the existence of a subspace and an operator defined on the subspace, which is not a compact

perturbation of a multiple of the inclusion map.

1. INTRODUCTION

It is known that for every seminormalized basic sequence (y;) in a Banach space and for
every €, \, 0 there exists a subsequence (z;) and a seminormalized basic sequence (Z;) such
that: Foralln € N, (a;), € [-1,1]" and n < k; < ... < k,

(1)

JNUZH < &,

basic sequence if (y;) is weakly null (see [4] and see also [3](1.3.Proposition 2) and [20]
for more about spreading models). This in conjunctlon with Rosenthal’s ¢; theorem [25]
yields that every separable mﬁmte dimensional Banach space X admits a suppression 1-
uncondjtional spreading model (Z;). In fact one can always find a 1-unconditional spreading
model [26]. It is natural to ask if one can always say more. What types of spreading models
must always exist? Sometimes we refer to the closed linear span of (Z;), as the spreading
model of (z;). By James’ well known theorem [12] every such X thus admits a spreading

The sequence (;) is called the spreadmg r%%gel of and it 1s%suppression—1 unconditi@al

model X which is either reflexive or contains an isomorph of ¢q or £;. It was once speculated
that for all such X some spreading model (#;) must be equivalent to he unit vector basis
of ¢y or ¢, for some 1 < p < oo but this was proved to be false Fﬂ] A replacement
conjecture was brought to our attention by V.D. Milman: must every separable space X
admit a spreading model which is either isomorphic to ¢g or £; or is reflexive? In section 2
we show this to be false by constructing a space X so that for all spreading models X of X,
X contains ¢y but X i pever isomorphic to /1. The example borrows some of the intuition
behind the example of [21]. That space had the property that amongst the £, and ¢, spaces
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only ¢; could be block finitely representable in any spreading model (Z;) yet no spreading
model could contain ¢;.

The motivation behind our example comes from the “Schreierized” version S(d,, 1) of the
Lorentz space dy, ;. Let 1 = w; > wy > ... with w,, — 0 and Z;’o: wy, = 0o. Then d,,; is the
sequence space whose norm is given by

lzll =) waz}
n
*

where z is the sequence (x,,) and (z}) is the decreasing rearrangement of (|x,|). One could
then define the sequence space S(d, 1) as the completion of cyy (the linear span of finitely
supported sequences of reals) under

n

|z|| = sup Zwlzcz

neNn<k; <ko<...<kn i—1

In this case the unit vector basis (e;) has a spreading model, namely the unit vector basis
of dy 1, which is not an ¢, basis but whose span is hereditarily ¢,. S(d, 1) is hereditarily
co so it does not solve Milman’s question. In order to avoid ¢y one may also define the
“Tsirelsonized” version T'(dy1) of dy1. T'(dw1) is the completion of ¢ypy under the implicit
equation

Jol] = max <||x||oo,sup2wi||Eix||*>
i=1

where the supremum is taken over all integers n, and all admissible sets (E;)?_; i.e.n < Ey} <
... < E, (this means n < min F} < max E; < min Fy < ...). Ex is the restriction of = to
the set E;. It may well be that T'(d, 1) has the properties we desire but we were unable to
show this. Thus we were forced to “layer” the norm in a certain sense (see section 2 below).

In Section 3 we consider in a wider context SP,(X), the partially ordered set of all
spreading models (Z;) generated by weakly null sequences in X. The partial order is defined
by domination: we write (Z;) > (g;) if for some C' < oo we have C|| > a; %] > || > a:uil|
for all scalars (a.). We identify (%;) and (g;) in SP,(X) if (%;) > (4;) > (Z;). We prove (in
Proposition %TZjTlﬁ_afif C' C SP,(X) is countable then there exists (#;) € SP,(X) which
dominates all members of C'. This enables us to prove that in certain cases one can produce
an uncountable chain {(:igo‘))i}a@,1 with (iga))i < (fgﬂ))i if « < 8 < w;. The example
of the previous section and the above yield a solution to a uniformity question raised by
H. Rosenthal. The question (and a dual version) are as follows: Let a separable Banach
space Z have the property that for all spreading models (#;) of normalized basic sequences

’Z T; /n =0 (respectively, limHZ:T:i = oo) .
i=1 =1

Does there exist (A,) with lim \,,/n = 0 (respectively lim \,, = co) such that for all spreading

/)\n:oo>?

lim
n

models (Z;) of normalized basic sequences in Z

)Z@ / Ap =0 (respectively, limHZ Z;
i=1 i=1

2
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We give negative answers to these questions. The example that solves the first question is
the space X of section 2. Moreover every subspace of X fails to admit such a sequence (\,,).
We do not know of a hereditary solution to the second question.

In section 5 we consider the problem: if |[SP,(X)| = 1, i.e., if X has a unique spreading
model up to equivalence, must this spreading model be equivalent to the unit vector basis in
co or £, for some 1 < p < 00? The question was asked of us by S. A. Argyros. It is easy to
see that the answer is positive if the spreading models are uniformly isomorphic. We show
that the answer is positive if 1 belongs to the “Krivine set” of some spreading model.

C di
Definition 1.1. Let (z;) be a 1-spreading basic sequence (see (2875.1rea2 he Krivine set of (z;)
is the set of p’s (1 < p < o0) with the following property: For all ¢ > 0 and n € N there
exists m € N and (A\r)j~; C R, such that for all (a;)} C R,

@)l < Hzazyz

(1 +¢)ll(ai)iz [l

where y; = Y 1 MZi—ym+r  for i=1,...,n, and || -||, denotes the norm of the space {,.
The proof of Krivine’s theorem %4] as modified by H. Lemberg Hﬁ5]) (see also h%], Remark
I1.5.14 and [18]), shows that for every 1-spreading basic sequence (z;) the Krivine set of

(x;) is non-empty. It is important to note that our definition of a Krivine p requires not
merely that ¢, be block finitely representable in [z; : ¢ € N] but each £, unit vector basis is
obtainable by means of an identically distributed block basis.

An immediate consequence of the fact that the Krivine set of a spreading model is non-
empty is the following:

Remark 1.2. Assume that (x;) is a seminormalized basic sequence in a Banach space X
whic%ézézs a spreading model (Z;). We can assume that for some decreasing to zero sequence
(e:) is satisfied. Then there is a p € [1,00] such that for all n and all € > 0 there exists
a finite sequence (A\;)™, C R so that any block (y;) of (x;) of the form

yi=_ NTa@, withn(1,1) <n(1,2) <...<n(l,m) <n(2,1) <...n(2,m) <n(3,1)...
j=1

has a spreading model (3;) which is isometric to the sequence (Z;n:l AjZ(i—1ym+; )ien and has

the property that its first n elements are (1 + €)-equivalent to the unit vector basis of ty. For

ip € N large enough (or passing to an appropriate subsequence of (x;)) we also observe that
(Yk,)j=1 is (1 + 2¢)-equivalent to the £ unit basis whenever ig < ky < ... k.

In Section E%e give sufficient conditions on a Banach space X for the existence of a
subspace Y of X and an opegator T': Y — X which is not a compact perturbation of the
inclusion map. W.T. Gowerg[l9] proved that there exists a subspace Y of the Gowers-Maurey
space GM (constructed in FI’U]) and there exists an operator 7' : ¥ — G'M which is not a
compact perturbation of the inclusion map. Here we extend the work of Gowers to a more
general setting. For example suppose that X admits a spreading model (Z;) which is not
equivalent fo.the unit vector basis in ¢; but such that 1 is in the Krivine set of (%;). Then

(Theorem )FI')_’chere exists a subspace W of X and a bounded operator T': W — W such

that p(T) is not a compact perturbation of the identity, for any polynomial p.
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Cspreading

Our terminology is standard as may be found in %6] All our Banach spaces will be
considered spaces over the real field R. If A C X, where X is a Banach space, then span(A)
is the linear span of A and [A] = span(A) is the closed linear span of A. If S is a set, cgo(.5)
denotes the vector space of finitely supported real valued functions on S. If S = N we write
coo = coo(N). Sx is the unit sphere of X and By is the unit ball of X. A basic sequence
(x;) is block finitely represented in (y;) if for all € > 0 and n € N there exists a block basis

(zi)i, of (y;) satistying

(14+¢)7t

n n n
> a|| < Hzam §(1+€)Hzaix@-
1 1 1

for all (a;)} CR. ¢, is block finitely represented in (y;) if the unit vector basis of ¢, is block
finitely represented in (y;).

Let (z;) be a basic sequence and C' > 1. (x;) is called C-spreading if for all (a;) € coo and
all choices of ny <mny < ...in N,

(2) é” ;ilaixi < H ;ilaixm < CH ;ilaixi

and (z;) is called C-suppression unconditional if for all (a;) € cpo and A C N.

[oe) x
H g a;x; ECH g a;x;
icA i=1

We say that (x;) is C-subsymmetric if it is %,?Gpreading and C-suppression unconditional.
Here we slightly deviate from the notions in [16], where C-subsymmetric is defined to be
C-spreading and C-unconditional (with respect to changes of signs). We say that (z;) is
spreading, unconditional, or subsymmetric, if for some C > 1, (z;), is C-spreading, C-
unconditional, or C-subsymmetric, respectively.

We thank the referee for his or her painstaking effort which saved us from some embar-
rassing glitches.

’

2. SPREADING MODELS CONTAINING {; WHICH ARE NOT /;
Let us start with an observation which will be used several times through out the paper.

Proposition 2.1. Assume that (f;) is a normalized subsymmetric basic sequence. The fol-
lowing conditions are equivalent.

a) (fi) is equivalent to the unit vector basis of (1.
b) There is an r > 0 so that |31, f;|| > rn, for alln € N.

c) There is a C > 0 such that for all p > 0 there exists an (agp)) € coo N[—p, |V, so that

Hiagp)fi

Proof. Clearly (a)=(b)=-(c). To prove the converse, we first assume w.l.o.g. that (f;) is
1-subsymmetric. Let f; *) is also a 1-

=1 and Z\aﬁp)\ <C.
i=1

*. 1 € N, be the coordinate functionals. Since (f;

subsymmetric basic sequence, we only need to show that the partial sums (>, f7), are
bounded in the dual norm.
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Let p > 0 be arbitrary but fixed. Choose z} = > b(-p)f* € Sspan(f;:z'eN) so that

1’* Z Z b (P)

By unconditionality we can assume that sign(bgp )) = sign(a Ep )) =+, for s = 1,2,.. and
deduce that
0 s 2P (o)) < 1
p-Hi:b Z%}|> Z a; b7 =1— Z a;"’b; 25-
ieNbP) >1/(20) ieN,b” <1/(20)

This implies, again by the fact that (f/) is 1-subsymmetric that
BA 1
. b(P
Sirel ¥

iENDP >1/(20)
and finishes the proof, if we let p — 0. U

Theorem 2.2. There exists a reflexive Banach space X with an unconditional basis such
that the spreading model of any normalized basic sequence in X s not isomorphic to cy or
(1 and is not reflexive.

For x = (x;); € coo we write supp = = {i : x; # 0}. For x,y € ¢y and an integer k we say
that < y if max supp < min supp y, and we write k < z if k& < min supp z. (e;) denotes
the unit vector basis of c¢.

In order to prove Theorem b‘m will construct a space X Wh'%@_ais certain properties
as stated in the following result, which will easily imply Theorem 2.2

Theorem 2.3. There is a space X with the following properties:

a) X has a normalized 1-unconditional basis (e;).

b) For any normalized block basis of (e;) having a spreading model (Z;) we have that (Z;)
15 not equivalent to the unit vector basis of £;.

c) For any normalized block basis of (e;) having a spreading model (&;) we have that ¢,
embeds into span({Z; : i € N}).

Proof of Theorem FCZI.l_Zm.Q_']%et X be chosen as in Theorem E%H%S%nce X has an unconditional
basis and does not contain a subspace isomorphic to ¢; or ¢y (otherwise a block basis of (e;)
would be equivalent to either the unit vector basis of ¢; or cg, both of which are excluded
by (b) and (c)), X must be reflexive.

Since X is reflexive every normalized basic sequence in X has a subsequence which is
equivalent to a block basis of (e;). Therefore (b) and (c), and the fact that ¢; has a unique
subsymmetric basis, imply that all the spreading models of normalized basic sequences in X
are neither reflexive nor isomorphic to ¢y or /4. ([l

Construction of the space X: First we choose an increasing sequence of integers (n;)
such that
k

! li for all 1
(n1 4o+ 4 ng)VP 2 ?l;)ooo oral p=>t

5
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lem2.3

eq2

lem2.4

®
w

q

eq4

1
In order to choose a sequence (n;) satisfying (E%ﬁrst choose a sequence (pg)r with pr \, 1
and then inductively on k£ € N pick (ny) to satisfy

k
1 n;
— >k
(711 +no+ ... +7’Lk)1/pk ZZI 3t
for all £ € N._ Now we choose a norm || - || on ¢y to satisfy the following Tsirelson type
equation (see ]FZS’ ):
k 1 n; ‘
lall = llzlloc v sup 5 2 1Bl
keN — 3 Z J

% 7j=1

k<E<ES)<..<EY) fori <k

Note that we do not require that E](-S) N E](f) = () if s # t. Henceforth in this section X will
denote the completion of cypp under this norm. It is easy to see that the unit vector basis (e;)
is a normalized 1-unconditional basis for X. It will be useful to introduce the sequence of
equivalent norms || - ||;, for i € N, as follows:

n;
lzlli = sup Y [|Ejz.
Ei1<E: <...<Enij:1

Note that we have
k
1
z|| = [|x]|le V su —||k, o0)x|];.
ol = el 300 3 il o)

thm2.
Proof of Theorem 12.3."a) is immediate.
b) We need the following auxiliary results. We postpone the proofs.

Lemma 2.4. For any normalized block basis (y;) of (e;) and for any € > 0 there exists
a subsequence (z;) and iy € N such that for any N € N and integers k, ji,...,jn with
10 < k< g1 <Jgo<...<jn we have that

(@) > ko) (% > x)

i=io
Lemma 2.5. Let (y;) be a normalized block basis of (e;) in X which has a spreading model
(7;) and suppose that N € N satisfies

<E.
i

1

(5) 99 < ||ﬁ@1+-~+§2N)H-

Then there ezists k € N and a subsequence (z;) of (y;) such that for all j; < jo < ... < jn,

(6) 96 < f:ng[k o) (%i@)

For the proof of b) assume to the contrary that there exists a normalized block basis (y;)
of (¢;) whose gpreading model (;) is equivalent to the unit vector basis of ¢;. Without loss
of generality [3](Proposition 4 in Chapter II Section 2), we can assume that (}53]75 valid for

6
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all N € N. Fop e.= .01 choose iy € N and a subsequence of (y;) which satisfies the conclusion
of Lemma 2.4. Choose N € N with

an< 01.

3 lem2.4
Since (E%‘és!alid, by Lemma BB here exists & € N and a further subsequence (x;) which
satisfies (6). Now let j; < jo < ... < jy with k¥ < j; and let © = (1/N) Zivzl zj,. We will
first estimate for ¢ € N the value of ||z[|;. Choose E; < Ey < ... < E,, so that

Izl =) 1B (x)
i=1

Since (e;) is 1-unconditional we can assume that the E;’s are intervals in N, that min F; = 1,
and that max F; = min £j — 1, for j =1,...,m; — 1.

For ¢ =1,2,...,n; put I, = {s < N :supp(z;,) C E¢} and I, = {1,2,.... N} \ U}~ Lk
and note that Iy = {3 <N 3,0y < ny, by # Ly, supp(zy) NV E, #0,t = 1,2}, and that
> t<n, ] < N. Moreover note that each E, can only have a non empty intersection with
the support of at most two z;,’s, s € [0. Therefore we deduce

2n;
(7) [ —ZHE« !<— Z!\xs\Jr’)Eg( x)) <1+
lem2. 4 ) . -
By Lemma 2.5 we have (the second term below on the rlght disappears if k < ig)
t0—1 k 1
Z o)l + 3 ik o)
= eq2
< Z—Ilwll +.01 (by [ Since k < jy)
i0—1
12n; + N 3
<Y ST o< 01+ 5401 = 52 (by (7

=1
which is a contradiction.
c) Here we need the following result whose proof is again postponed:

Lemma 2.6. Let (2;) be a normalized block basis of (e;) with spreading model (Z;). Then
for every Ky € N there exists a Ky > Ky and (w;), an identically distributed block basis
of (2;), which has a spreading model (w;) (which is a block basis of (Z;)) such that for all
e N: 98 < |we <1 and

Ko

(8) S Sl ooyl > 4

i=Ki1+1

Let (z;) be a normalized block basis of (e;) haying a spreading model (Z;). By passing to
a subsequence if necessary we can assEre;Ilnez that (IT)1s satisfied for some sequence (g,) which
converges to 0. By applying Lemma 2.6 tepeatedly, there exists an increasing sequence of

integers (K,), (K1 = 0), and for every n € N there exists an identically distributed block
7



basis (wgn))i of (z;) having spreading model (@gn))i, which is also a block basis of (Z;), such
that for all n, ¢ € N, .98 < [|[w!™|| < 1 and

Kn+1 1
) > FlKne, 00w > 4
i=Kn+1

Choose a sequence (m;) of integers such that (1}7,(7?1) is a block sequence of (Z;);. We claim that

('&75,2) is equivalent to the unit vector basis of £;. We show that for N € N and (a;)Y, C R,

N N
=1 =1

2) (N)

M W@

JN+1 JN+2 Tt J2nN

Let j; < j2 < ... be such that w](-l) < w;
ey)
w

J2N+1

<< wyy
< .... Then, since (z;) satisfies (E’%lt follows that

N
Sost]-
1=1

If we choose ¢ such that Zn 1 w () is supported on [Ky,1,00) then

l 1)N+n

<w

N
[KN-H’ )Z a”wj((z) DHN+n ||,

eq7 10 HZan L

Kni1 1
> Z 3@
i=
Kn+1

>Z|an| S oyl > 4 Z|an| (by (5%

i=Knp+1

g

lem2.3
Proof of Lemma 12.7. Since for all i and j we have 1 < [Jy;; < n;, by a simple compactness
and diagonalization argument there exists a subsequence (x;) of (y;) such that

ea8] (11) il |

i <j.

Now we claim that

1 3
(12) > gl <5

Indeed, otherwise there exists k € N such that

k

1 3
(13) > §||9Uz‘||i >3

1=1
8



Choose j > k such that x; is supported on [k, 00). Then
5] = Z ||[k, 00) ]l

k
1
= Z o llzjlli  (since z; is supported on [k, c0))
parls
o B Gnce 5
> Z 3—(sz|] 1) (by (IT) since j > k)
i=1
1 eg%o

3z

3

i=1
which is a contradiction. Thus (}T%% is established. Now choose ¢y € N such that

(14 > i+ Y <<

i=ig 1=1g

Let k,71,...,J8 € Nwith i <k < 7y <j2<...<jN. We have

k N
> gm0 3w ZZBMH

1=10 s=1 1= 0

< ZZ (lleilli + 1) (by (ﬁ%% since k < j)

s=1 i=ig

< Ne (by (83,

lem2.4 3
Proof of Lemma 2.5, Trom (E%there exists a subsequence (z;) of (y;) such that

[\
1]~

1
(15) 98 <otz an+z + 2+ 42y

forall N < j; < g2 <...<jn. Let K be the maximum element in the support of z). Now
for ji<jo<...<jnletu=(xn+...42x5)/N,v= (2, +...+2;,)/Nand w = (u+v)/2.
By the definition of the norm of X there exists k' € N, which depends on ji,...,jy, such
that

k/

1
lwll = 5 lIIK, co)wll:
1=1
I%i we have that .98 < ||w|| and thus ¥’ < K. By the triangle inequality we obtain
1o 1
98 <5 Z S, co)ul+ Z i [ c0)ull;
=1

k/

< Sl + 23 2K, o)l < 5+1§k/31||[k:'
— U — OOUZ‘_. — — X))V
- 2 2 3¢ ’ 2@,:131

i=1



Thus

96<Z

Now by Ramsey’s theorem %4 (see also FZO there exists a subsequence (i) of (zi)i>nayd
k < K such that k'(j1, j2,...jn) = k for all choices of j; < jo < ... < jy, and, thus (%_?—IS
valid for all j; < js < ... < jn. O

lem2.5
Proof of Lemma }72.75._]?et us first note that neither £,, p > 1, nor ¢y are finitely block rep-
resented in X. Indeed, if (z;) for i = 1,...,ny + ...+ ng (for some k € N) is a normalized
block basis of (e;) which is 2-equivalent to the first ny + ... + ny unit basic vectors of ¢, for
some p > 1, then if supp x; > k, it follows that
ni+.. +nk
2(ny + ...+ ng) P > H x;

=1

ng

Z |z;||  (by definition of the norm)

S

"1

R

which contradjcts (E?’l Similarly the case p = oo is excluded and thus the conclusions of
Remark [-2 Told only for p = 1.

Let (z;) be a normalized block sequence in X having a spreading model (Z;), and let
K; € N. Choose N € N such that

2 &
(16) ~ Zn < .01

By Remark h_Z_lt—lTlere exists édentlcally distributed block basis (y;) of (z;) having reﬁtq;mg
model (g;) which satisfies (TB%and (9e) is a block basis of (%;). Thus by Lemma ere
exists Ky € N and a subsequence (x;) of (y;) such that ()631“15 satisfied for k = Ko and for all
jl <j2<...<jN. Let

1
= N ZZL‘N(g_l)_H' for ¢ € N.
j=1

3
Since (E) is satisfied, by passing to a subsequence we can assume that .98 < ||wy|| < 1 for all
0. Let (w;) be the spreading model of (w;). Then for all £ € N,

- 1
=5 Z
Thus (wy) is a block basis of (2;) and

K>
1
(17) 96 <) 5 11K, 00)weli
=1

10



mainlemma

. . eg3a
Note also that by with the same argument as in the proof of (7 i,
Ki—1 Ki—1

1 120, + N .
(18) > FillKe 0wl < Y m =5 <01+ 5= 51 (by (7855

i—1 i=1
4 5 5
Now (el 1) and (el%i immediately give (E% O

3. THE SET OF SPREADING MODELS OF X
We recall the standard

Definition 3.1. Let (x;) and (y;) be basic sequences and C > 1. We say that (x;) C-
domianates (y;), if C|| >, aix;|| > || X aiysl| for all (a;) € coo. We say that (z;) dominates
(y:), denoted by (x;) > (y;), if (x;) C-dominates (y;) for some C > 1. We write (z;) > (y;),
if (z;) > (yi) and (y;) 2 (x;). If B is a set of basic sequences and (z;) is a basic sequence,
then we say that (z;) uniformly dominates B there exists C' > 1 such that (z;) C-dominates
every element of B.

The set SP(X) of all spreading models generated by normalized basic sequences in X
is partially ordered by domination, provided that we identify equivalent spreading models.
SP,(X) denotes the subset of those spreading models generated by weakly null sequences.

Our first result in this section shows that every countable subset of SP,(X) admits an
upper bound in SP,(X).

Proposition 3.2. Let (C,) C (0, +00) be such that > C;' < oo and for n € N let (xi”))l be
a normalized weakly null sequence in some Banach space X having spreading model (:ign))Z

Then there ezists a seminormalized weakly null basic sequence (y;) in X with a spreading
model (g;) having the followmg properties.

a) (g;) Cn-dominates ( ) for alln € N.
b) If for non € N, (& Z("))Z is equivalent to the unit vector basis of {1, then (g;) is not

equivalent to the unit vector basis of (1.

c) If (z;) is a basic sequence which uniformly dominates ( ) for alln € N, then (z;)
dominates (7).

ainlemma
In order to prove Proposition E‘ZWﬁTst need to generalize the fact that spreading models
of normali ed ggkly null sequences exist and are suppression 1-unconditional.
Lemma ?% 3 1s actually a special case of a more general situation %ﬂﬂ] The results could
also be phrased in terms of countably branching trees of order mn and proved much like the
arguments ineﬁl%%n

Lemma 3.3. Let n,m € N and ¢ > 0. Let (z E ))Z, (x@))i, e (x(n))l be normalized weakly

7 (2
null sequences in a Banach space X. Then there exists a subsequence L of N so that for

all families of integers (k(Z )it =1 and (E(Z it =1 in L, with EY < k2 < < gl
<Y << B << Y andf(f) <0 < <t <) <<t and
(a(j))?i’ijzl C [-1,1] we have

HZZGJ):CW) ”ZZGJ) (J

=1 j=1 =1 j=1
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Proof. This follows easily by Ramsey’s theorem. Let (al]))Z 1j=1 € [=1,1]. Partition
[0, mn] into finitely many intervals of length less than €/2. Partition the sequences of

Vo< k: ) k:%n) < k: (1) < kW of N, according to which interval
[DIHED DS () 1) NG [ belongs Thus by Ramsey s theorem for some infinite subsequence L of

length mn, k:(

N these expressions belong to the same interval, if ki(J € Lfori=1,....mandj=1,...,n.
We repeat this for a finite £/4-net of [—1, 1] endowed with the ¢/ norm. O
Lemma 3.4. Letn,m € N, e > 0 and (:vgl))i, e (xgn))l be normalized weakly null sequences

in a Banach space X . Then there exists a subsequence L of N so that for all integers in L,
ED < kP < W < BV <<l < < BN < < KD the vectors (x;@))ygﬁjzl

form a suppression (1 + €)-unconditional basic sequence.

Proof. By passing to subsequences, if Necessary, we may assume that the sequence (xgj ))7 i1

satisfies the conclusion of Lemma % 3 for ¢ replaced by /2 and L = N. Let 6 = ¢/(2nm).
We claim that for every jo < n and iy € N there exists i; > 7y such that for every func-

tional f € X* of norm 1 there exists i € [ig, ;] with |f(x§]°))| < 6. Indeed, assume that
such an 7; > 7o did not exist. Then we could find for each i; > iy an [ € Sx- such that

[ (xl(-jO))| > ¢ for all i € {ip,io+ 1,...41}. Let f* be a w*-accumulation point of the set
{f i1 >0}, Tt follows that | f *(xgjo))| > 0 for all 4 > ig, which contradicts the assumption

that (xl(-jO)) is weakly null, and proves the claim.
Iterating this claim we can pass to an infinite subsequence L of N With the following prop-

erty: Fork%l) < kf) <... < kin) < kél) k,(ff inL, I C {kl : 1 .. k(" kél ,...,kﬁg)},
and f € X* of norm 1, there exist ei” <0< <<V << €£n in N with
6 = K ik € Foand |f(@¥)] < 0 if kﬁ’ ¢ F. Let k" < kf’ < .Lo< kY <
kK <<k in L, PR R, R RS, kY, and () C [~1,1]) with

= 1. There exists f € X* of norm 1 such that

HZ@ IZ] 1 Zj)x(](J)
I Z aij)x;@)ﬂ = f( Z a(j)xg())>, and choosing (£1) as above,

(3

{(i):k eFy {(i,g):ki€F}
(ZZ@” r m) + onm
=1 j=1
g
D DD R FE
i=1 j=1

4

1 lem3.3d
Proof of Proposition f%azm [ellgllnr?g Lemma Elem, a diagonal argument and relabeling we can as-
sume that for all ¢ and all choices of ¢ < k:%l) < k‘§2) < ...k‘g) < k:;l) < ...k:éﬁ) the vectors

(xlij&))l <i,j < { are suppression 2-unconditional.

Let m; = 0 and for i € N let m;;, = m; +1i. Let (C;) C (0,00) such that > C; ! < oo.

By passing to the same subsequences of (xgn))i, for each n € N, we can assume in addition
12



that the seminormalized sequence (y]) where
2160 x 4 forall j €N,

has a spreading model (g;). It is easy to check that (y,) is weakly null since each (z E ))Z-:1 is
weakly null for each n € N.
Let ig,m € N and (a;)7; C R. Let n € N such that max(m, i) < n and

SXNAZC‘<;D)@W
i=n+1 j=1

In addition choose n so that 3| >7" 1ajx/° < 112205 a JZO < 2300, ajx, (ZO | and

1l > i aye |l < 11375 wad % < 2l > i1 aye || for all choices of n < £y <y < ... < Ly,
We have from Lemma 3.4 and our inequalities, if n < ky < ky < ...k,

(19) H > a0 > ajur,
P =1

1] o i
- > a16C )

j=1 i=1

m n m k;
1 —1,.(4) 1 : -1
1D S)IRUCTEIIN BES 9b SEITe
j—l i=1 j—l i=n+1
1 (io) (i0)
ZZ Zajlfic lxm(; +1o Zaj ’

~(i0)

I

1 .
- Z a;16C;, 7
j=1

This proves the part (a) of the proposition.
In order to show the remaining parts let m € N and (a;)7; C R, and first note that

] (20) H}j%%u—lmlu-MnHEj%ws

Jm—00

o . (
—E;mHJZ%ZMC””Z
E s m o1 = 500:16011 Em:a'si.g)

A%
Part (c) now follows from (bO) and the assumption that (C; ') is summable. In order to show
part (b) assume that for any n € N (#(™); is not equivalent to ¢; and let § > 0. Flrst choose i

so that 16Y.°°. . C;' < §/2. Then choose N large enough so that + HZ (24p),
13
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2.0 |Ax
fori=1,..., 4o (using Proposition B?ol ;, and finally apply (bO) form = N, a; = +, to obtain
N ~
vl 2 gl < 0. O
Remark 3.5. Using a similar argument we can prove the following:

a) Let C' = {(:ﬁE”’)i}neN be a strictly increasing chain in SP,(X). Suppose that (Z;); €
SP,(X) is an upper bound for C. Then there exists an upper bound (Z;); € SP,(X)
b) If (fin))l € SP,(X) forn < m € N then there exists (%;); € SP,(X) which is

equivalent to the norm given by

N ()
(@)l = mex|[ > aii”)|

An analogpus result for asymptotic structure of spaces with a shrinking basis is o0b-
tained m%ﬁg] (Proposition 5.1).

Proposition 3.6. Suppose that (x;) is a normalized weakly null sequence in a Banach space
X which has a spreading model (Z;) which is not equivalent to the unit vector basis of {;.
Assume that 1 belongs to the Krivine set of (&;). Then for all sequences (\,) C R, with
An /00 and lim, n/X\, = oo there is a normalized block sequence (y,) of (x,) having a
spreading model (§,) which satisfies:

lim sup n/HZ Ui
" i=1

n
= lim sup HZ Ui ||/ An = 0.
" i=1
Moreover, the set of all spreading models, in X, which are not equivalent to the unit vector
basis of {1, and are generated by weakly null sequences, has no mazimal element (with respect
to domination).

Note that the space X constructed in Section 2 is reflexive and satisfies the hypothesis of
the proposition (as does every subspace of X).

Proof. Using lim - = oo, choose a subsequence (ng) of N such that ng/\,, > 21k for all

k. Since 1 belongs to the Krivine set of (Z;), for every n € N there exists a block sequence
(n)

@

;)i of (x;) which is identically distributed with respect to (z;) and it has a normalized

(n) L reml. .
;)i as given in Remark [I.2 (for p = 1 and € = 1) satisfying

ng
ng ~(k
S <10
=1

Since (x;) is weakly null and (Z;) not equivalent to the unit vector basis of ¢; we have that
(n)

¢;. We can a.lso assume without loss of genE%ailril‘% that (z{™); is normalized. Let (yz) 'be E}é?nlemma
sequence which is provided by Proposition 8.2 for C), = 27%. By part (b) of Proposition 3.
we have that (g;) is not equivalent to the unit vector basis of ¢; thus

spreading model (Z

for all n € N, (xgn))l is weakly null and (Z;"); is not equivalent to the unit vector basis of

limsupn/|| > gl = oo
" i=1

14



rop2.0 ainlemma
by Proposition 2.1T.Also, by Proposition 35 wo have that

N ng
~ ~(k Ny
A D T
j=1 i=1
Thus for all £ € N,
ng
~ N
j=1 "

which shows that .
limsup || Y §ll/An = oo,
. o sitioy BEE:3 .
and finishes the proof of the first part of Proposition B.6 once we normalize (y,,).

To prove the moreover part, given a spreading model (Z;) € SP,(X) not equivalent to
the unit vector basis of ¢; use the first part of the Proposition to get (g;) with (choose

MNe = || o0, Zi|, for k € N)
I 2m gl

I &l

Therefore (Z;) is not maximal. O

lim sup

In some circumstances we will be able to conclude that SP, (X ) admits a transfinite strictly
increasing chain. The logical part of the argument is a simple proposition.

Proposition 3.7. Let X be a separable infinite dimensional Banach space. Let C C SP,(X)
be a non-empty set satisfying the following two conditions:
(i) C does not have a maximal element with respect to domination;
(ii) for every (X,)nen € C there exists X € C such that X,, < X for every n € N.

Then for all o < wy there exists X@ € C' such that if o < 3 < wy then X©® < X©).

Proof. We use transfinite induction. Suppose that X (@ have been constructed for o < 3 <
wi. Then X® is chosen using (i) and (ii) if 3 is a successor ordinal and (ii) if 3 is a limit
ordinal. 0

Remark 3.8. (1) The set C = SP,(X) satisfies condition (ii) by virtue of Proposition %’%w
Hence if SP,(X) does not have a mazimal element, then it contains an uncountable increas-
ing chain.
(2) Suppose SP,(X) contains (Z;) such that 1 is in the Krivine set of (Z;) but (Z;) is not
equivalent to the unit vector basis of 1. Let C be the set of all elements of SP,(X) which

alnlemma
are not equivalent to the;unit vector basis in {1. Then it satisfies (ii) by Proposition 3.2 an
. . . ro b . . . .
(i) by Proposition 10?6 T'herefore C' contains an uncountable increasing chain. Ezrgmples of
such a space X are the space constructed in Section 2, Gowers-Maurey space GM ]) and

Schlumprecht’s space S 1)

3.3
The following result is a strengthening of Proposition 5. First recall that if (x;), and
(y:)~, (n € N) are two basic sequences then the basis-distance between them is defined by

iy () ()0) = sup { Lzl Pl Zazyz =] szyz = 1}

15



m Proposition 3.9. Let (z;) be a normalized basis and C' < oo. Let X be an infinite di-

mensional Banach space. Assume that for all n € N there exzsts a normalized weakly null
sequence (z'); in X with spreading model (Z; 7 ))i such that (Z; ))Z . C-dominates ()}, for

alln € N. Assume also that (z;) C-dominates ( ) for eachn € N. Then for every A, /" 0o
there exists a normalized weakly null sequence (yz) in X with spreading model (g;) so that

lim inf dy (<y1>z=)\17 (zi)izl)

Proof. Since \, 00, We can 1%}111[1%336.& sequence (nk)‘of integers such that k2F < )\% for
all k. Apply Proposition E%l 2 to obtain a seminormalized Weakly null sequence (y;) in X

with a spreading model (y;) such that (7;) 2k_dominates (7*), for all k € N. By part (c) of
Proposition E% 2 we also have that there exists C' < oo such that (z;) C’-dominates (y;). Let

k € N and (b;);*, be a sequence of scalars. Then

szzyzH > 2" ’“HZV”’“H > 27°C” 1HZMH

Thus for k € N, if (a;)1*, and (b;);*, are finite sequences of scalars satisfying || Y7, a;2|| =
H Zz: b; zz” - 1 then

=0.

|| ankl az@z” Cl 1ok )\n

= < =CC"2" < k0.
| 320 bl — 27RO ~ ok

Hence dp ((9:)1%1, (21)1%,) /An, < k~'CC" which tends to zero. The result follows by normal-

izing (y;). O

pro3.3 . |pro3.3a
Propositions 3.6 and 8.9 motivate the following

Question 3.10. Which normalized subsymmetric bases (y;) (if any) have the following prop-
erty: If X 1is a separable infinite dimensional Banach space so that no spreading model of
X is equivalent to (y;) then there exists A, /" oo and a subspace Y of X such that for all
spreading models (Z;) of normalized basic sequences in'Y,

liminf dy ((Z:)]_1, (:)i=1) /A; > 0.
j
This question is a enegayzatlon of the following problem raised by Rosenthal (which is
solved by Proposition E% 0).

Question 3.11. Let Z be a separable infinite dimensional Banach space so that whenever
(Z;) is the spreading model of a normalized basic sequence in Z then

Jn=o.

. tion BESR2:0 o . .
(i.e. by Proposition [2.1, no spreading model in Z is equivalent to the unit vector basis of
l1). Does there exist A, /" oo such that lim, A\,,/n = 0 and for all spreading models (z;) of
normalized basic sequences in Z

-

;

T
1

6



ntsegments

The question asks whether all spreading models of Z must be uniformly distancing them-
selves from (3 fqr large enough dimensions. <t3.11

Question B.IT just asks if one could take (y;) in Question E.Tmbe the unit vector basis
of /1. Proposition 3.6 show Shat, phis is not true, even hereditarily.

The version of Question % [0 for the unit vector basis of ¢j is the following question. We
will give an answer in the next section.

Question 3.12. Let Z be a separable infinite dimensional Banach space so that whenever
(Z;) 1s a spreading model of a normalized basic sequence in Z then

n
>
i=1

Does there exist a sequence (\,) with A, /" oo such that for all spreading models (Z;) of
normalized basic sequences in Z

> /A= oot

i=1

The hypothesis of this question is equivalent to: no spreading model of Z is isomorphic
to ¢o. Indeed, suppose (Z;) is a spreading model of a normalized basic sequence (x;) with
liminf, || Y77, Z;]| < co. We then obtain, since (&;) is basic, that sup,, || > i, %] < K for
some K < oo. In particular, (z;) must be weakly null and hence (Z;) is unconditional. Thus
(Z;) is equivalent to the unit vector basis of ¢y. Conversely, if some spreading model (Z;) is
a basis for ¢y, then ((Z;41 — Z2i)/||T2i01 — T2i]|) is equivalent to the unit vector basis of cq
and is a spreading model of ((zg9;41 — ®9;)/||T2i01 — T24|)-

lim = 0.
n

lim
n

4. A SPACE HAVING SPREADING MODELS CLOSE TO ¢
In this section we give an example which solves question B.1Z negatively.

Theorem 4.1. There is a Banach space X with a normalized basis (e,) so that:

a) For every sequence (\,) C (0,00), with lim,,_,o A\, = 00 there is a subsequence (e, )
of (e,) which has a spreading model (Zy) for which

T | /A =0
=1

b) For every spreading model (Z,,) of a normalized block basis (x,) of (ey)

lim Hzn: 7
=1

Before defining X we need some notation. Let D = |J;— {0, 1}" be the dyadic tree ordered
by extension: s = (s;)7" 2t = ()} iff m <nand s; =¢; fori <m. If s = (s;)7" € D we set
|s| =m, |0] =0 and if s < ¢, [s,t] denotes the segment {« € D : s X a X t}. A branch  in
D is a maximal linearly ordered subset. If (3;)32, € {0, 1} we write 8 = (3;) to denote the
branch (8")°, where 8" = (8;),.

= OQ.

Lemma 4.2. Let (t,)52, be distinct elements of D. Then there exists a subsequence (t.) of

t,) and a sequence (s,) in D so that s1 < sy < -+ and ([s,,t.])22, are disjoint segments.
q nl/n=1 ] g
17



Proof. By passing to a subsequence (e.g., using Ramsey’s theorem) we may assume that

either ¢; < to < ---, in which case we take s; = ¢; for all ¢, or ¢; and ¢; are incomparable
for all i # j. In the latter case we let s; = (), ¢} = t; and choose sy with |sy| = |t}] so that
{t; : so < t;} is infinite. We let ¢, be one of these t;’s and select s3 with |s3| = |t}| so that
{t; : s3 < t;} is infinite and proceed in this fashion. d

Proof of Theorem %%:%or each s € D we shall define a decreasing sequence Vy = (Vi(1))52,
in (0,1. If s =0, Vi(i) = 1 for all i. Ifs = (), let {n:¢e,=1,n<m} = (m)r,
written in increasing order. If &; = 0 for i < m we let V(i) = 1 for all i. Otherwise for
i < mng, Vi(i) = 1/ng. I ny < i < njyq, set Vi(i) = Vi(nj) AL/(njp —ng). I @ > ny set
V(i) = Vi(ng). If B = (B;)° is a branch, naturally identified as a sequence of 0’s and 1’s, V3
is defined similarly. Clearly >~ V(i) = oo for all branches (.

If © € coo(D) we set

]| = sup Z Vi (@) (L))

where the sup is taken over all n € N, and disjoint segments [s1,1],. .., [Sn,t,] such that
|s1] < [so| <+ < |su] ||z]| > [|z]|oo follows bxdggygigggie%igtg]. The motivation for defining

the norm in this manner comes from Lemma 4.2 and Case I below.
The unit vector basis (e, )aep forms a normalized 1-unconditional basis for X, the com-

pletion of (coo(D), || - ||). We verify a). Let A\; T oo and choose integers ny < ny < --- so
that
(21) An; > 57
1 1
(22) < for all j

Mjt1 =M NG =M
(with ng = 0).
Let B,, = 1 for all j, B; = 0if i & {n1,ny,...} and B = (3). Let 3° = (3;)’_, and let
x; = egi for i € N. Let m € N. We will prove that if m € (n;y—1,nj,] and njy < ky <--- < ky,
then

(23 [ a| <o

N . eq:21
Thus if (Z;) is any spreading model of a subsequence of (z;), by (21),

[ < Jo+1
/\m (]0 - 1)2

and this yields a).
Let [s1,t1],- .-, [Sn, tn] be disjoint segments with |s1] < |so] < --+ < [s,] such that for

Tr = eril Thys
lll = Ve, ()] (k)] -
i=1
Since each V is a decreasing sequence we may assume that z(t;) # 0 for all i < n and hence

n < m. Also each t; is the support of some z;, and so the segments must lie all on 3. In
18



artigular while |s1] < ky is possible, |s;| > k; for ¢ > 2. Note that n < m < n;, hence by
(E%i for « > 2 the first n elements of Vj, are the first n elements of the sequence

1 1 1
™ X[l,nl], gy X(n1,n2] ) njy — Njp_1 X(njo—1,m50] .

23
Thus || Y07 x| <1+ 1 1=7j0+1, and (b%i is proved.
To see b), let (Z,) be the spreadmg model of a normalized block basis (z,) of (e,). By

passing to a subsequence of (x,) we have two cases.
Case 1. There exists € > 0 so that ||z,||o > ¢ for all n.

In this case, let Jx (L)L > € for some sequence (t;) C D. Passing to a subsequence, using
Lemma . z We may assume that there exist s; < so < --- with ([s;,#;])32, being disjoint
segments. It follows that for ky < --- < ky,

i=1
Let § be the branch determined by ( )21 Now > 2, ( ) oo by our construction and
there exists ko so that if kg < k then V; (i ) V(i) for i < m. It follows that

H i:;x > 5;%(@')

and b) holds.
Case 2. ||z,]|e0 — 0.

First note that there is a function §(m), with 6(m) — 0 as m — oo such that the
following holds: for an arbitrary x € coo(D) with ||z|| = 1, consider disjoint segments
[Slatl]a [827t2]7 ceey [Skatk] with ‘81| < ‘82| <o < |8k|7 such that

k
ol = Vi, ()la()

Then, whenever ||z||o < d(m) for some m, then there exists 1 < k' < k such that |sp/| > m,

k' > m and

Z Ve, ()|z(t)] > 1/2.

j=K
Using this fact, since ||z;|| = 1 for all i, and [|z;[|c — 0, we can construct inductively a subse-
quence (z,,) of (z;) (with ny = 1), and for all i, disjoint segments [s7, ], [s5,t5], .. ., s}, 1}..]

with [s}] < |sh| < - <|s], |, and integers k] such that

nq

|51l <o sl SNt I < I8Pl < < st < M < st

Uz 74
o S"'Slskf <

and
ki
(24) 1= |z,[ > ZVS;(% + J)|zn, ()] > 1/2

Jj=1
19



and such that the sequence k1, Ky +1,... K\ + ki, k5 k) 5,1, ... k) + ko, ... is increasing. Let
11 < --- <1, be an increasing sequence. Applylng (bii for each 11, 1 <1 <'m and using the
fact that the sequences Vi(i), ¢ € N are increasing, we get

ki,

SOY Vil o+ ki + ), ()] = m/2

=1 j=1

Since all segments [S?,t?] are disjoint, we deduce 3m < || >, Tn, ||. Hence the spreading

model (Z,), must be equivalent to the unit vector basis of ¢;. This completes the proof of
b). O

For all n € N it is easy to construct a space X for which the cardinality |SP(X)| =
|SP,(X)| = n. Indeed, X = (3.7, 4,,), suffices, where the p;’s are distinct elements of
(1,00). Also if 2 < p; < p» < ... then it is not hard to show that [SP,((372, 6y,),)| = w.
In this case one obtains an infinite decreasing chain of spreading models.

But we do not know what happens hereditarily. Let us mention some questions (among

many) concerning the “hereditary structure of spreading models”.

Question 4.3. Does there exist a Banach space such that in every infinite dimensional sub-
space there exist normalized basic sequences having spreading models equivalent to the unit
vector bases of {1 and ls? If such a space exists, must it contain more (perhaps uncountably
many) mutually non-equivalent spreading models? More generally, does there exist X so that
for all subspaces Y of X and 1 < p < oo, the unit vecto Jasts » (and of ¢y) is equivalent
to a spreading model of Y ? Is the space constructed in FZ‘l] or % such a space?

. st3.3 . .
In order to answer Question E.S, the answer to the following question may be useful:

Question 4.4. Can we always isomorphically (or isometrically) stabilize the set of spreading
models by passing to appropriate subspaces? i.e. for every Banach space X does there exists
a subspace Y such that for every normalized basic sequence (y;) in'Y having spreading model
(g;) and for every further subspace Z of Y, there exists a normalized basic sequence (z;) in
Z having spreading model (Z;) such that (Z;) is equivalent (respectively, isometric) to (y;)?
Is the space X constructed in section }QicounterexampleQ

Question 4.5. Letn € N. Does there exist a Banach space so that every subspace has exactly
n (isomorphically or isometrically) different spreading models? Does there exist a Banach
space so that every subspace has countably infinitely many (isomorphically or isometrically)
different spreading models?

Many problems are é),oeri concerning the structure of the partially ordered set SP,,(X) (in
the sense of Definition . We state a few of these.

Question 4.6. What are the realizable tsomorphic structures of the partially ordered set
(SP,(X),<)? In particular, for every finite partially ordered set (P, <) such that any two

elements admit a least upper bound, does there exist X such that SP,(X) is isomorphic to
(P, <)?

ainlemma increas
We note that by Proposition 35 and Remark B. b, 1 SP,( is infinite then one can

construct sequences (g7)2; and (w}")2, in SP,(X) so that

(@) < (@) < < (@) < (@;) -
20



Question 4.7. Suppose SP,(X) is finite (or even countable). What can be said about X ?
Must some spreading model be equivalent to the ynit vector basis in co or £, (1<p<o0)?
We address the case |SP,(X)| =1 in Section 1.

5. SPACES WITH A UNIQUE SPREADING MODEL
)
The following question was posed to us by Argyros.
gst4.1| Question 5.1. Let X be an infinite dimensional Banach space so that |SP(X)| = 1. Must

the unique spreading model of X be equivalent to the unit vector basis of £, for some 1 <
p <00, orcy?

One could also raise similar questions by restricting to either those spreading models
generated by normalized weakly null basic sequences or, in the case that X has a basis, to
those generated by normalized block bases.

We give some partial answers to these questions using our techniques above.

Proposition 5.2. Let X be an infinite dimensional Banach space so that all spreading mod-
els of normalized basic sequences in X are equivalent.

a) If all the spreading models are uniformly equivalent, i.e. if there exists D € R so
that the spreading models of all normalized basic sequences in X are D-equivalent,
then all spreading models of X are equivalent to the unit vector basis of £, for some
1<p<ooorcg.

b) Let (z;) be a normalized basic sequence which dominates a (hence every) spreading
model of X. Then there exists C' < oo so that (z;) C-dominates any spreading model
of a normalized basic sequence (z;) in X.

c) If p belongs to the Krivine set of the spreading model (Z;) of some normalized basic
sequence (z;) of X then (Z;) dominates the unit vector basis of C,,.

d) If 1 belongs to the Krivine set of some spreading model in X then all spreading models
are equivalent to the unit vector basis of (1.

Proof. 1If X is not reflexive thep there exjsts a normalized basic sequence (z,) in X which
dominates the summing basis [12]. By [25] (x,) has a subsequence (z,,) which is either
equivalent to the unit vector basis of ¢; or it is weak-Cauchy. In the later case (wp,,,, —
Tn,, )k 1 weakly null and thus by passing to a subsequence we can assume that it has
an unconditional spreading model which dominates the summing basis and hence must be
equivalent to the unit vector basis of ¢;. Therefore in either case there exists a spreading
model in X equivalent to the unit vector basis of ¢;, and it is easy to see that a)-d) hold.
Thus for the proof of a)-d) we may assume that X is reflexive. comi 1

a) Let (Z;) be a spreading model of X and let p in the Krivine set of (#;). By Remark IT.
for every n € N there exists a spreading model (£{™); of X such that (™), is 2-equivalent
to the unit vector basis of £;. Also (7;)iL; is D-equivalent to (fg"))?zl thus 2D-equivalent to
the unit vector basis of .

b) Let (z;) be a normalized basic sequence which dominates all spreading models of X.
Assume that the statement is false. Then for every n € N there exists a normalized weakly
null basic sequence (xl(")) in X, having spreading model (:T:E")), and there exist slcalars (az("))i,
such that ||, a™#™|| = 227 and ||32,a{ 2| = 1. By Proposition fhere exists a
seminormalized weakly null sequence (y;) in X, having spreading model (g;) such that (g;)
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2"-dominates (ign)) for all n. Thus || Y, agn)giH > 271>, agn)ign)ﬂ = 2", Hence (z;) does
not dominate (g;), which is a contradiction. ,

c) This follows from b) and Remark Ft

d) This follows from c). O

ro4.2

Remark 5.3. If X has a basis (e;) and the hypothesis of Proposition %7% changed to
“all spreading models of normalized block bases are equivalent” then one obtains a similar
theorem, while the conclusions are restricted to spreading models generated by normalized
block bases. The “X is not reflexive” part of the proof is replaced by “(e;) is not shrinking”.
If the hypothesis is changed to “all spreading models generated by normalized weakly null
basic sequences age equivalent” then one has two cases: Fither X is a Schur space, hence X
is hereditarily ¢, 25], or X does admit such a spreading model. And the proposition holds
in the latter case with the obvious modifications.

If X is a Banach space for which all elements of SP(X) are isometrically isomorphic to
each other it follows from Proposition b: at they must all be isometrically isomorphic to

for some 1 < p < o0, or to ¢y. In the case that p = 1 or in the ¢y case, it was shown in
@@%} that X must contain a copy of ¢; or ¢y respectively. But the following question is still
open.

Question 5.4. Let 1 < p < oo and assume that all elements of SP(X) are isometrically
isomorphic to the unit vector basis of £,. Does X contain a copy of ¢,

A problem cl gﬁly related to 4.1 has been considered by V. Ferenczi, A. M. Pelczar and
C. Rosendal in FGT Suppose that X has a basis (e;) for which every normalized block basis
has a subsequence equivalent to (e;). Must (e;) be equivalent to the unit yecfor basis of ¢
. . . . ro b
or some ¢,7 The authors obtain results analogous to those in Proposition E.Z.
Many additional questions remain about the structure of the spreading models of a Banach
space X.

6. EXISTENCE OF NON-TRIVIAL OPERATORS ON SUBSPACES OF CERTAIN BANACH
SPACES

In this section we give sufficient conditions on a Banach space X for the existence of a
subspace Y of X and an operator T': Y — X which is not a compact perturbation of a
multiple of the inclusion map. This property is related to the long standing open problem
of whether there exists a Banach space (of infinite dimension) on which every operator
is a compact perturbation of a multiple of the identity. Notice that if a Banach space X
contains an unconditional basic sequence then there exists a subspace Y of X and an operator
T :Y — Y such that P(T) is not a compact perturbation of a multiple of the identity for
all non-constant polynomials P. Indeed Y can be taken to be the closed linear span of
the unconditional basic sequence, and 7' a diagonal gperator with infinitely many different
eigenvalues, each of of infinite multiplicity. Gowers %mproved that there exists a subspace
Y of the Gowers-Maurey space GM (as defined in [10]), and an operator T' : Y — GM
which is not a compact perturbation of a multiple of the inclusion. Inﬁ it is shown that
there exists an operator on GM which is not a compact perturbation of a multiple of the
identity. It is also known that some of the asymptotic ¢; and hereditary indecomposable

spaces constructed by Argyros and I. Deliyanni admit subspaces on which non trivial
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1
rator can be constructed (unpublished work of Argyros and R. Wagner, see also hg%fand
. Our approach generalizes the idea of [9].

Theorem 6.1. Let X be a Banach space. Assume that there exists a normalized weakly null

34a

basic sequence (x;) in X having spreading model (Z;) which is not equivalent to the unit vector
basis of {1 yet 1 belongs to the Krivine set of (Z;). Then there exists a subspace W of X and
a continuous linear operator T : W — W such that p(T) is not a compact perturbation of a
multiple of the identity operator on W, for every non-constant polynomial p.

The proof uses a convenient auxiliary notation. Let F C [N]<*° be a family of finite
subsets of positive integers. For (a;) € cop we set

(@)l = sup { Sl F e f} .

el

Main3 . . .
Proof of Theorem [6.1. The main part of the proof is the following

Claim 1: For every ¢ € N U {0} there exists (wy))i a seminormalized sequence in X, an

(Z-i—l))

increasing sequence (M, (Hl)) of positive integers and a sequence (J; ; of positive numbers

with ). 5§”1 < 00, such that w§ ), w§ ), w(o), w(Q) wél), wéo), ... 1is a basic sequence in X, and
for every (ay))geNU{o}JeN € coo((NU{0}) x N) we have

e o o0
< <
(25) s 167 < U325 Z @)l
where for £ € N and (a;); € coo we define

4
(26) Ia)ille = sup 8l (as)sl,, goy = sup sup 67> lasl,

ieN peg®  ih
and where for ,7 € N we set QZ-(E) ={FCN:|F|< Mi(g)}.
Once Claim 1 is established, let W = span{w](-z) : ¢ € NU{0}, j € N} and define a linear
map 7': W — W by

1
T(w”) =0 and T(w “*”)—Ww for all £ € NU {0} and j € N.

Since (wz("))neNU{o} ien 18 a basic sequence in X, T is well defined. Let (a‘g-g))geNu{O}’jeN €
coo(NU{0}) x N) and v =372, 5%, agz w(e € W. We have

- 1 =1 34
7ol =132 3 0 2wl < 37 Sl e by (3))
/=1 j=1 €:§4
< max [|(a);le < [lo] by (55).

T 1<t<oo

Thus if W denotes the closure of W then T extends to a bounded operator on W.
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Let p(t) = ant™ + ap_1t" ' + - -+ + a1t + ap be a non-constant polynomial. We show that
p(T) is not a compact perturbation of a multiple of the identity operator I on W. Indeed,
for any i € {1,2,...,n} and j € N we have

n

i (n) _ i—l]‘ (n—1) __ 121 1 (n—2)
ij =T 2—nwj =T o o= W, H

=n— Z

Thus for every scalar A and 7 € N we have:

(p(T) = A yw)™ (Zam )J) Zaz< H ?> W 1 (ag — Nwl®.

k=n—i+1
Since w%o), w§ ), wgo), wf), wél), wéo), ... is a seminormalized basic sequence in X, there exist
j1 < j2 <--- inNsuchthat (37 a;([T_, iy 27)w; (n D+ (ag /\)w](-:l))s is a seminormalized
block sequence of w, (0) wil),wg)),w?),wé ),wéo), e Wthh proves that p(T) — Al is not a

compact operator.

Claim 1 follows from

Claim 2: There exists a subspace Y of X with a basis and for every £ € NU{0} there exists
a seminormalized weakly null basic sequence (ul(-z))i in Y, an increasing sequence (Mi(gﬂ))i of
(¢+1)

< 00, such that
the vectors u ) forn € NU {0} and ¢ E N are disjointly supported with respect to the basis

in Y, and for every ¢ € NU{0} and (a! a; ))me{o’ly___vg}’jeN € c0({0,1,...,¢} x N) we have that

0 00
e 2w @) < | 303 < a2 Z” il

m=0 j=1

positive integers and a sequence (5(”1 )i of positive numbers with ), (5

34

(recall that || - ||, was defined in (bﬁ%) Once Claim 2 is established, %??ssing for every n € N
to a subsequence of (uz("))l (which does not affect the estimates in (

perturbations if necessary, we get (wz(n))i such that w%o), wgl), w(o) w%m, wél), wgo), ... forms a

block basis in Y and for all (ay))geNU{o},jeN € coo((NU{0}) x N) we have

29 DS < 1Y ) < 23 ).

=0 j=1 =0 j=1 =0 j=1

37 39 34
Obviously (b?) and (ES) imply (EB) and thus Claim 1 follows.

)) and making small

Now we prove Claim 2. We construct the space Y and inductively on ¢ € N U {0} we
construct the sequences (u@)i, (M, (z+1))i and (5(£+1)) which satisfy (27). The upper and

(] (] 1
lower estimates are based on the following two lemmas of independent interest, whose proofs

we postpone until the end of the section.

Lemma 6.2. Let X be a Banach space and (x;); be a normalized weakly null basic sequence

in X which has a spreading model (Z;) not equivalent to the unit vector basis of ¢1. Then
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upperbound

37b

for every (6,)n>2 C (0,1) there exists a subsequence (z,,,) of (z;) and an increasing sequence
My < My < --- of integers, such that for all (a;); € coo we have (put 6; = 12)

(29) I Zazxmz | <sup sup I, Z ||

neN FCN||FI<M,  op

Lemma 6.3. Let X be a Banach space and (z;); be a normalized weakly null basic sequence
in X which has spreading model (Z;); such that 1 belongs to the Krivine set of (%;);. There
exists a subsequence (z}); of (z;); with the following property.

Given any infinite subset J C N, any subsequence (M,,), of N, and (6,), C (0,00) with
Yoo 0, < 00, there exists a seminormalized weakly null basic sequence (y;); in the span of
(2})jes which is disjointly supported with respect to (2})jes, such that for all (a;) € coo and
all y in the span of (2});¢; we have

(30) Sup on [ (@i)lles gy < fly + > aill-

with G, :={A CN: |G| < M,} forn € N.
Furthermore, if (Z;) is not equivalent to the unit vector basis of {1 then no spreading model
of (y;) is equivalent to the unit vector basis of (;.

We now return to the proof of Claim 2.

Since 1 belongs to the Krivine set o 1(%), we can use Lemma 6.3 and assume w.l.o.g. that
(x;) satifies the conclusion of Lemma 6.3, as stated for (2}).

Let Ky, K1, Ks, ... be disjoint infinite sets of positive integers. For all £ € NU {0} we will
construct disjointly supported uy) € span{z; : j € K}, (52@)@-@\; and (Mi(g))ieN (satisfying
the conditions as stated in Claim 2) so that for all (agm))me{mmg},jeN € co0({0,1,...,¢} xN)

and y € span(z; : 1 € |J,., K,) we have that

(31) HZZa““’ ™ <ar Zn sl

m=0 j=1

(32) 2 masx [[(a{™);lm < |y + S alug

1<m<¥¢
m=0 j=1

37
(which yields (}‘27) if we put y = 0).
Construction of (ugo))i, (6 )ien and (M™M);en: Let (5-(1))2-22 C (0,1) such that ., 61(1

7 7 7
oo. Since (Z;); is a spreading model of (2;)jer, which is not equivalent to the unit vector

basis of ¢; we may apply Lemma 6.2 To obtain a subsequence (z,,,) of (2;),ek,, an increasing
sequence (Ml-(l))ieN of positive integers and 5(1) > () such that for all (a;) € cpo we have

(33) 1> aiwm,

37
where G\ = {GCN: |G| < My 2 }. This yields (b‘l‘% for £ = 0 while (}5’2% is vacuous.
The inductive step - Construction of (u; ))Z-, ((5-(Z+1))i and (M-(ZH)): Assung? that we, have

3 7

constructed (ul");, (MZA(erl))Z and (J; m+1)) form =0,1,...,¢ — 1 so that (lST% and (B2) are
25
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K
satisfied when /¢ is replaced by ¢ — 1. Apply Lemma %%lvfor J = Ky, (M;); = (Mi(g))i and
(0;); = (2(556)% to obtain a disjointly supported seminormalized weakly null basic sequence
(uy))i in span{z; : j € K,} satisfying: for all (a;) € coo, and y € span{z; : j & K,} that

l
(34) 25up 80| (@)l ggo) < lly + 3 e

where G\ = {G c N: |G| < My(f)} for n € N. By passing to a subsequence of (ulw)i and

relabeling we can assume that (u(*)); has a spreading model (ﬂy)). By the “furthermore”

part of Lemma 6.3 we have that (@ (z)> is not equivalent to the unit vector basis of ¢;. Let
(¢4+1) s %gél_etlg )

(6; " )iz2 C (0,1) such that ., 9, < o0o. Apply Lemma 6.2 To obtain a subsequence

of (uy))i (which we still call (uy))z) , an increasing sequence (MZ-(Hl))ieN of positive integers,

and (55”1) > 0 such that for all (a;) € cgp we have

£)
(35) 13 a1 < Gl @llens = 55003 @)l gty

where G\ = {G c N: |G| < MYV} for n € N.
37 370 ' (m)
We now show that (b‘l% and (E’Z%are satisfied. Let (a;" )me(o,1....03.5en € co0({0,1,..., £} X
N) and y g span(y; : i € U, Ks)-
From (bﬁ) and the induction hypothesis it follows that

/—1 oo S —

|$ S S

o Sl

1 m
<35> H(a§- Dillmr,

m=0

|

M2
Pﬁ

which yields ( b’l% By the 1nduct1ve hypothesis for y replaced by y + > ¢

estimate ||y + Zm 02521 ﬁm) u; || as follows:

2 ;Z) we can

J1J

/—1 oo

2 max(l(a)” ”mSHy+Za a4 3> e

m=0 j=1

4 37
which, together with (}'371), implies (b?% O

If we are interested only in the construction of an operator on a subspace which is not a
compact perturbat%&rlln%f a multiple of the inclusion map, then the spreading model assump-
tions of Theorem %.I can be significantly relaxed and the argument would be essentially
simpler.

Theorem 6.4. Let X be a Banach space. Assume that there exist normalized weakly null
basic sequences (x;), (z;) in X such that (z;) has spreading model (Z;) which is not equivalent
to the unit vector basis of {1, and (z;) has spreading model (Z;) such that 1 belongs to the
Krivine set of (Z;). Then there exists a subspace Y of X and an operator T : Y — X which
1s not a compact perturbation of a multiple of the inclusion map.
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:nonelll.O

:nonelll.1

:nonelll.2

:nonelll.4

111
Sketch of proof. Let (0,)n>2 C (0,1) such that >, 4, < co. Using Lemma )BH?ZHewe obtain
a subsequence (Z,,,); of (z;), an increasing sequence M; < My < --- of integers and §; > 0
such that for all (a;) € coo we have

132 st | < sup 8l a0

K
where G, = {G C N: |G| < M,} for n € N. Then by Lemma )6.r3nive obtain a seminormalized
weakly null basic sequence (y;) in the span of (z;) such that for all (a;) € coo and ky < kg < ...
in N,

1D as|l > Sup Sull (@) lles () -

Thus for every (a;) € coo we have || > a;xy,,|| < || ay;||, and passing to subsequences
if necessary we may also assume that x,,,, Y1, Tmy, Y2, - . . is a (seminormalized weakly null)
basic sequence. Thus the operator T" defined on span{y; : i € N}, the closed linear span of
(vi), by T(y;) = x.,, for all 4, is a continuous operator. Also for any scalar A the operator
T — Al (where I denotes the inclusion operator from span{y; : ¢ € N} to X) is non-compact,
since (T"— M )(y;) = @m, — Ay; which is a seminormalized weakly null sequence. O

. nonelll Kriv
We now give the proofs of Lemmas %.2 and )6.3.

nonelll

Proof of Lemma }'6_2_(1?,1) is weakly null and thus has a subsequence which can be renormed
with a 3-equivalent norm to make it bimonotone basic. Therefore if we proved the claim for
d =4 and ¢/, = 6,/3, for n > 2, assuming that (x,) is bimonotone basic, the general claim
would follow for §; = 12 and (J,,)n>2.

Secondly, we can assume that for every p > 0 there is an M = M(p), so that for all
r =), ax; of norm 1,
(36) {i e N:fa| > p}l <M .

Otherwise we prove the claim for the sequence () (which dominates (x,)) defined by

n
oo oo , 1/2
Hg a,r || = max [g an} :
n=1
E:nonelll.O0

o0
D antn
Thus assume that (z,,) is bimonotone basic and satisfies (36 ;, and let §; = 4.
We choose a sequence (g5)32; C (0, 1] so that

for (a;) € cop -

o0

(37) <

j=2 7

2.0
By Proposition b we may choose a decreasing sequence (p;) C (0, 1], with } . \/p;(j+1) <

1/4 such that
(38) Zazﬁcl < €j Z \aj|, for (OJZ> S [—\/E, \/E]N M coo with Zazzﬁz € SSpaH{ii:ieN}-

. . E:nonelll.0
Finally let M; = M(p;) satisty (36).

Using the definition of spreading models, we also can assume that for all /' C N, with
Jj < F and |F| < M; and all (a;) € cqo it follows that

(39) %HZ%’EZ < Hzaz‘fz‘ < QHZWEZ‘
icF i€F icF
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Let (a;) € coo, with || > a;zif| = 1, and let j € Nj > 2. .agd consider the vector § =

D isjops<lasl<py 1 Qi (|7l = \/pj=1 we can apply ( 38; to the normalized vector §/|7|| to

obtain
_ _ y N |ai
=190 o | < lalless D2 Er=ea X lad

i>j,p5<]ai|<pj_1 Hy” i>7,p5<]a;|<pj—1

Thus, we get, in general (i.e., without the condition ||g|| > \/p;—1)

:nonelll.5| (40) 19l < \/pj—1+¢€j-1 Z |

i>j,p5<|ai|<pj_1

Therefore we deduce that (letting pg = 1)

1= H Zaixi
< Z H Z a;T;

=1 ip;<lail<pj-1

o0
=D SRR E 1[I0 SRR E5 31 D S
i,01<]a;| <1 J=2  i<g,pi<lail<pj_1 J=2  i>j,pi<|ai|<pj1
_ > ~ E:nonelll.4
< sw Z\az-wszuwZH > | oy B
FCN,|F\§M1 ; j=2

j=2 i>j, Pj<|ai‘<Pj71

< sup Z|az|+ +22m+225] ) Z ai| (by (E:%onelll.s

FCN||F|I<M .
CNIFISM e i>j,p5<|ail<pj—1

sup mezf“ S al

F N,|F|<M .
CN|F[< LieF i>7,p5<|ail<pj—1

1 1 111.1
<—-+—-sup sup J; Z|aZ (by ( lg?;oine

2 2 jeN Fon|Fl<M;

IN
[\DIH

which implies the claim. O

reml.1

Proof of Lemma 6 L? Since 1 belongs to the Krivine set of (Z;), we can use Remark and

pick for every n € N a normalized block sequence consisting of identically distributed Vectors
(w](."’)j C [z :ieN], forj =1,2,..., such that for any subset £ C N with |E| = n, (wj."))jeE
is 2 equivalent to the unit vector basis of ¢7. We denote the common length of their support

by K,. R

Using Schreier unconditionality theorem (%}, also %] or &O]) we may pass to a subse-
quence (z) of (z;) such that for any finite subset /' C N such that |F'| < nK,, and n < min F,
for some n € N, we have

(11) [>

iEF

<3| Zazz |, for any scalars (a;).
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Fix J, (M,) and (d,,) as in the assumptions. For any n € N, let ( ) be equidistributed

vectors in the span of (2});c; with the same distribution as the elements of (w; " )), and
supported after z/. We may also assume that for any subset £ C N with |E| = n, the
sequence (w(n)) jer 1s 3 equivalent to the unit vector basis of /7. We may additionally chose

J
the w](- "5 so that wi", w® WS, W, ... form a block basis with respect to (z0)ies and Hw H

is uniformly close to 1.
For j=1, 2, ..., set

= Z 5nw§-M”).

From (lZ[SCI “we have tmax, 6, < |ly;|| <23, 6, for all j. Also (y;) is clearly weakly null
from its con%};uction since ) 6, < 0o and each (wﬁM")) ; is weakly null.

To prove (B0), pick (a;) € cgo and a vector y supported outside of J. Fixn € Nand G C N
with |G| < M,. Noting that the supports of w M) with respect to (z}) have cardinality

schreier (M) .

Ky, by Schreier unconditionality (lZIl ; we can isolate the w;"""’s from the expression for
y; to get (note that the support of the vector > ., ajénwj M) with respect to (z}) has not
more than M, K, elements and starts after the M,-th element)

Mn
lv+>" 0| = /3)| 3 @™ || = (1/9)6. 3 layl
J JjeG JjeG
Taking into account the definition of G, and of the norm || - ||¢,(g,) this completes the proof

if we replace the original d,,’s by 99,,.
To see the “furthermore” statement, note that if (Z;) is not equivalent to the unit vector
basis of /1 then the same is true for the spreading model (w; (m) ) of( ) forn € N. Using HEIS
s ro 2.0
Proposition 2.1 and the definition of (y;) it is easy to Verlfy that b) holds in Proposition
for any spreading model of (y;). O

It is proved in ﬁ that e spreading model of the unit vector basis of the Gowers-Maurey
space GM as defined in , 1s 1s etglc to the unit vector basis of Schlumprecht’s space S
as defined in [27]. Thus Theorem immediately gives the following:

Gowers| Corollary 6.5. There is a subspace Y of GM and an operator T on'Y such that p(T) is
not a compact perturbation of a multiple of the identity, for any non-constant polynomaial p.
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