Homework #1. (Due Feb. 2)

Let K = [0,1] and set P = Py(K). Define & = 0, & = 1, & = 1 and
consider the following linear mappings (i.e. reference degrees of freedom)
from P to R defined as follows: for all p € P,

61() = 0(&), 32(p) =P(&). 31() = P(&1) + Pl&2) — 20(&).
Set i = {31,32,83}.
Question 1
Prove that {K, P,%} is a finite element.
Question 2

Compute the local shape functions, i.e., the functions $1,<$2,<$3 € P such
that 6'\1((25]) = 51']‘ for 1 < ’i,j < 3.

Question 3

Define the mapping 7 : CO(IA() — P be such that

3
Iz(0) =Y Gi(0)¢;, Ve C(K).
i=1
Prove that Zpp = p for all p € p.
Question 4
Let II% :C0 (I? ) — P be the Lagrange interpolation operator based on the
nodes {{1, 22, 23} What is the relation between IIQ{ and Z57
Question 5

Let (a,b) be an interval in R. Let 7, = UM_, I,, be a mesh of the interval
(a,b). Denote by z1,, and za,, the extremities of I, and let x3,, be the

midpoint of I,,,. Construct a linear mapping that maps K to I,,. Denote by
T, this mapping.
Question 6

Starting from 1, give a number to all the nodes of the mesh. Observe that
there are J = 2M + 1 nodes. Denote by j : {1,2,3} x {1,...,. M} —
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{1,...J} the connectivity array. For k € {1,...J}, define the functions
b1 0 T} ifthereis I € {1,2,3} s.t. k= j(I,m)
Pl = {0 otherwise.
Prove that functions {¢1,...¢s} are continuous.
Question 7
Prove that {¢1,... ¢} is linearly independent.
Question 8
Prove that {¢1,...¢s} is a basis for
P, € CO(Q);vpl1, € Po(In), VI, € Tp}.



