Homework #6. (Due March. 30)

Question 1
Let €2, be a smooth bounded domain in R3. We denote a-b = Z§:1 a;b;.

(i) Prove that if u and v are smooth vector fields, then

/Q(VXU).'U:/QU.(VXU)_/BQ(UXn).U_

(Hint: Use V-(uxv) = (Vxu)-v —u-(Vxv).)
(ii) Prove that if u is a smooth vector field and p is a smooth scalar field,

then
/u~Vp:—/pV'u+/ p(u-n).
Q Q o0

(Hint: Use V-(pu) = pV-u + u-Vp.)
Question 2

Let Q, be a sooth bounded domain in R3. Let j be a smooth vector field
in [L2(Q)]3. Let u and o be two scalar-valued, positive, and continuous
functions on 2. Assume that there are pg, @1, 09, and o1 such that

0 < po < p(z)<p <oo, 0<o01<o(x) <o <oo.
Consider the problem:

uH +Vx(oVxH)=3j; Hxn|r=0.

(i) Write a weak formulation for the above problem. (Hint: use previous
question).
(ii) Prove that your weak problem is wellposed.

Question 3

Let ©Q, be a smooth bounded domain in R%. Let 3 be a smooth vector field
in [C}(Q)]%, and assume that V-3 = 0. Let a and v be two scalar-valued,
positive, and continuous functions on 2. Assume that there are ag, a1, 7o,
and v; such that

0<ay<alx) <a < oo, 0<vy <~v(x) < < .
1
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Consider the following problem where u is a vector-valued function and p is
scalar-valued:

au + (B-V)u — V?u + Vp = f,
ulapn = 0.

(i) Write a weak formulation for the above problem. (Hint: use previous
question).
(ii) Prove that your weak problem is wellposed.



