Oct 31 Homewor k

Some of the problems below don’t really fit into chapter 11t that's ok,
this is a course on mathematical problem solving, and thesalbmathematical
problems!

1. A fascinating result from probability theory is that if ystart with ANY
probability distribution, take N random samples and avertgm, and re-
peat this many times, if N is large, these averages will ithste them-
selves around the meanwith a "normal” distribution. More precisely,

the variablez = U‘j\‘/‘ﬁ whereo is the standard deviation of the original

distribution, will have a normal distribution(z) = e~**/2/1/2x. In other
words, no matter what shape the original distribution hlag,distribution

of averages will be nearly a normal curve, with the same aseraut a
standard deviation/N times smaller. (Hence, a poll of 400 voters has
about half the margin of error that a poll of 100 voters hashov that

I = [> e */2dz = \/2m, so thatn(z) is really a probability distribution.
(Hint: write I? as a double integral, over the entire plane, and convert to
polar coordinates.) It seems quite remarkable that the tast famous ir-
rational numbers in mathematiesandr, both show up in the "central limit
theorem” of probability, which seems far removed from theure habitat

of e (calculus) or ofr (geometry).

2. Schumer problem 11.6 (a-c).

3. As mentioned in the text, Colin Percival computetb 10'® binary digits,
in 2000.

a. Calculate how many terms N of the series for arctan(1pjMould
be required to get that much accuracy. Express your answiiein
form 10™. (Hint: For a monotone alternating series, the error after N
terms is always less than the next term, in absolute value.)

b. Calculate how many terms N of the series for arctan(1/3)levbe
required to get that much accuracy. Express your answekifotim
10™ again. Since the expansion of arctan(1/3) is the slowereromy
series, this shows that the work to calculatesing the Hutton formula
from problem 11.6¢ is dramatically less than for the strdagivard
arctan series (11.6).



4. A set of numbers is said to be "countable” if you can lisnthed! in a (pos-
sibly infinite) sequence. For example, the integers are tadm because
you can list them all as follows: 0,-1,1,-2,2,-3,3,... Te¢af all real num-
bers between 0 and 1 is not countable, because if you give gnésamof
these numbers, | can find one which is nowhere in your listteasut the
decimal representation for each number (which will be itdiyi long in
many cases), and | can construct a number which differs ifidtelecimal
place from your first number, differs in the second place fyamar second
number, and so on, and thus is different from every numbeounr ijst.

a. If you try to use the above proof to show that the set of dibnal
numbers between 0 and 1 is not countable, what goes wrong?

b. In fact, show that the set of rational numbers between Aasdount-
able, by indicating how one can list them. Thus althoughefzee an
infinite number of rational numbers between 0 and 1, and anit@fi
number of irrational numbers, in a real sense there are mamg m
irrational numbers.

c. Is the set of points in the xy plane of the form (p,q), wheeang q are
rational numbers between 0 and 1, countable? Justify yawem

5. (Extra credit) Consider the functiatix, y) = x+y, and notice thagi—; = 1.
Now make the change of variables:

r = p
= Pty

and note thati(p,q) =2 +y=p+ (p+¢q) = 2p + ¢, SO thatg—z = 2. But
sincez andp are always equal, how c%% be different from2%2?

6. (Extra credit!) In our text, the claim is made that the BBPriula for,
shown on page 113, allows one to "jump” to ¢ hexadecimal digit, since
the series is of the forf>2, & If the a,, were integers it would indeed
be easy to jump to a given hex digit, but most of the coeffisientdo not
even have terminating hexadecimal representations, soihdveasier to
extract thent” hex digit of 7 using the BBP formula, than using any of the

other formulas in this chapter?




Since writing the above, a student has pointed me to an extabemnof the
use of the BBP formula, at:

http://en.wikipedia.org/wiki/Bailey-Borwein-Plouffermula

Certainly, saying this formula allows one to "jump” to thé& hexadecimal
digit is an exaggeration. Basically, if you want, say 1060000 hex digit
of 7, you multiply both sides of the BBP formula on page 1131699,
then thel000000™* hex digit becomes the first digit after the decimal point,
so to find this digit you simply throw away the integer part atk of the
first 2000000 terms in the new series (the remaining termshaile no
integer parts). But you still have to compute the contritnsi of the first
million terms to the fractional part, and an unpredictabtf@ number of
terms beyond that. Normally one or two beyond the milliorthmt will be
sufficient, but if you are very unlucky and the sum of the firgtion terms
has fractional pad.8FF'FF'FFFFFFFFs then you may need to com-
pute another 10 terms or so before you can be sure whethershédix
digit is an 8 or 9. Further, even though you have thrown awayirtkeger
parts of each term in the series, the sum of the fraction& pall probably
not be between 0 and 1, so at the end, you still have to add érastilan
integer to make it between 0 and 1.

But the above procedure could be used to computd @he000** digit of
7 using any rapidly convergence series, so what is specialtdhe BBP
formula? After the series has been multiplied19y°°°*°, the contribution
of the k™ term (let’s just look at the first of the 4 parts of the BBP fota)u
to the fractional part is computed &b 16%9999°7%), 111y /(8k + 1), but
it isn’t obvious, and isn’t explained in the "wikipedia” efence, how one
can compute this without resorting to very long (4000000 integer data
types, as normally would be required, or why the fractiorat$ of these
terms are easier to compute than the fractional parts ofdimest of say,
series (11.7), after multiplication by6%9%%%°. Extra credit for you if you
can now explain how the BBP formula makes computing the omth digit
of 7 easier than formulas such as (11.7). (Hint: this is relatesl problem
in your Sept 26 homework.)



