Section 1.1: Vectors
A B

Quantities that we measure that have magnitude but not direction are called sealars. o
—— __4
‘eC '\5“\ B
DEFINITION 1. A vector is a guantity that has both magnitude and direction. A
— A

Vectors are drawn as directed line segments and typically are denoted by a boldfaced character or a

' . . —
character with and arrow on it (i.e. a or d ).
A Z-dimensional vecfor is an ordered pair a = {ul__ﬂ:g}. The mumbers a; and as are called the

components of the vector a.
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DEFINITION 2. Given the points Ala,.a;) and B(by, b)), the vector a with representation AB is

E (b — ay. e'h—rig (‘“&m‘l‘%. s A\
' — (formally | AB =08 -OR

The point A here is initial point and B is terminal one.

A vector with the initial point located at the origin is called the position vector (or we say that a

vector is in standard position). Vectors are equal if they have the same length and direction (same slope).

1
1"TY Y OC=AB

Title : Jan 16-11:41 PM (Page 2 of 16)




EXAMPLE 3. Graph the vector with initial point A1, -2) and terminal point B{2.1). Find the compo-
nents f;ffl_ﬂ) and BA.
(P

AB=<2r1, 1-(2Y L] el
=<, 3

— -
A = DC
V?v;s\\"\w vedoY

<

}3: (l-l’ “l“)’("l,"})'

—
—
DD: %\BQ

v
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Vector operations -\5,< " 3) = ( -\‘i. %?

o Scalar Multiplication: If ¢ is a scalar and a = (a;, uu.;r}., then .L l 3
S 37 = <°z.-3.>
e = clay,a;) = (cay, cas) .

DEFINITION 4. Two vectors a and b are called parallel if b = ca with some scalar c.

If ¢ = 0 then a and ea have the same direction, if ¢ < () then a and ca have the opposite direction.
e

<—2|—L{7 \\ < ql 8 > ) BQM <"(|2 73 ‘2<‘2|-‘1>

- = ?)
- < 4,8y X e paxalel ,Yhen <2, 4y = C<Y,
<2 X S«smc.'\‘\-’m a=4§c = c.--g-_

\ v 373

<6 02 < 3.0 4= gC =Nec=-L *
<5, 00 N <3, %7 % o cont-

EXAMPLE 5. Show that the vectors a = {m—ﬂ'? — 1,47 +2y + 1} and b = -(:lmr — 4. 4y + 1}3} are Y“‘%

parallel.

Cobo= Sulx-d, (g y = (X))
'\B,. = 4 dTX-1, U 4wy =42

T X
- + Y+ 4|

1 o -
gwx-4 (3 +0) H W)

Wey

A
q
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o Vector addition: If a = (ay,as) and b = {by, by} then 3 N
/ b
a+b= {rll +bl,ﬂ2+b2).

— - =
AB+RC = AC
Triangle Law Parallelogram Law

Q\-& b\ a + b is called the resultant vector

EXAMPLE 6. Let a={-1.2) and b = (2.1, —0.5}. Then 3a+ 2b =
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EXAMPLE 7. Given the following five points on the plane:

Pi(1,1), P5(3.7), P3(2017, —23), Py(T11.7, 2333.5), P5(2, 4). Py

C ompute f3
r-"PlP-; - PQP; - P;P‘1 - P1P + 3PP =
\..-,—-

?‘h * 7\1’1 +?3_93 * ?3? * ?q ?'5 T ?S?l* PSPl +hs ?n =
hh = [

- 3 =(3-2, 147+
"s"t“"n"z Fs Ci=2,\=4Y
=(1,3) +- 1,3
= {1 * (-, 3+ (3))
= 0,07 =
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Proofs of geometric facts via vector techniques.

EXAMPFPLE 8. A gquadrilateral has one pair of opposite sides parallel and of equal length. Use vectors
to prove that the other pair of opposite sides is parallel and of equal length. ( Lh odher Words )

prove Hat +Hhis qmc)\rienkxd\

» C L$ e pox o;\\Q.\DS\-am\ .
- - = ——
& Given: A®B = DS, =>\£j3: NN (i\
—_— —_—
v Show @ AD = BC

PNO -3 — —) — —) —%7"-"’3‘2’:
Yook AD = AC+HCD = AL BN =
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EXAMPLE 9. Use vectors to prove that the line segment joining the midpoints of two sides of a triangle
is parallel to the third side and half as long.

B — —
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EXAMPLE 10. Use vectors to prove that the midpoints of the sides of a quadrilateral are the vertices
of a parallelogram.

M,N, P, L ara midpoiwt %
pe, Bc, €D, DA rzsvechvc\\&

Prove MN = ?Q ond MN NP

ot worclS‘ PYO’\J‘L MN = P&_ o\\nc\ MQ*N

C G;VQV\ :

'FT AC (cav\stéexir\g b ABC) =)
Fa L L A Ccomsiter A ADC)

—

= MmN = P&
o= N ( W Ha obove
M@ = NP go\\ows %om ex. 10 or apply
o‘zg?foo&"\ to & ABD and ,B(C D\_
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Norm of a vector

The magnitude, the norm, or length of a vector a = {a1.as) is denoted by |al,

lal= {a? +o3 %

le ol = lc(a.,a,ﬁ\: \<CQ\,CQ:.>\

= {cay+ oy = Jat +fa?
={cHar+ar) = {& {oF+od= icl I

EXAMPLE 11. Find: |(3,— 3}|~|<::,£__s;£>|__|n| ] Ca\:m.\ a\

<3,-87] = | 3+ ¢ =Jq+6y =33

ol oy
\€|=\<o)o>\=o \’y

‘<__;L§OO

109 >\ = |- 2 ¢ 25, :>\ 00 251>

_ 100 [T
fL?;\leae
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Unit vectors

A unit vector is a vector with length one. Tlm\standard basis vectors|are given by the unit vectors

i={1,0) and j= {[']]'.:)1 along the x and v directions, respectively. Using the basis vectors, one
can represent any vector a = (aj,ag) as
4 a=ai+aj—
GL‘.'\"" 1 2.] <O~‘.)QQ’>
' .~
I 2 o 40\-\ 0
=S
; d=<a,ayy=<a,;,0y <0, &>
¥ ]
ol /- : = O <[,0Y ¥ Q,<0,17
L oa, X

P—
~—

”—O»lL +Qlt§

( - S B’
C3,-3>Y =3V =7
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EXAMPLE 12. Givena=2i—j, b= (5,-2). Find a scalars s and { such that{sa + th = —4j.
x 1
y=<o0,17

= - .
sa+ tb= -4y
s<2,~17 + £<5,-a7=—4 <o0,1”

{2s,-57+ <5¢ -2ty =<0, 747

— ' —
{2S +5t, —s-at7=<p, 9>

25 +5t=0 LS +51 =0
- =7+ _
-s=2% =-4 (x2) — 25 -4t =-8
L/‘\ - ‘-{ -'f"gj
—
- 5-a(-8)=-4
-5+ |6 =1

-§ = —20 =>{g—_°j
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I 1
S A d e lQ‘-“- a | =
T 2]
7 7 - -
Normalizing a vector 7 * - "15" l o ‘ = L
e e i [/ 8

Any vector can be made into a unit vector by dividing it by its length. So, a unit vector in the direction

of a is
ﬁ=i::_:_'\ : .'o?
2| ol

The process of multiplying a vector a by the reciprocal of its length to obtain a unit vector with the same

direction is called normalizing a.

Any vector a can be fully represented by providing its length, |a| and a unit vector & in its direction:

a= |a|&,

i.e. any vector is equal to its length times a unit vector in the same direction.

EXAMPLE 13. Given a= (2,—1). Find

-
(a) a unit vector that has the same direction as a; (qw}\l‘hﬁ*cg ) ho¥ MB" O.\
(@)= 12,12 ]= {2+ 0> = E‘ ,‘/7
- <=y _F (57

= (-I7 a\l'é‘ {s
TR = \ﬁé:’_,:v @Gg(i ]

(b) a vector b in the direction opposite to a s.t |b| =
e

- ~ —

b=ielb =18 =7 ¢R)=-18=
.'<:.T§ 572\("-!@ ‘lE)\,

Title : Aug 25-11:54 PM (Page 13 of 16)



L=

Vectors determined by length and angle ab-f"'w

If a is a nonzero position vector on the xy-plane that makes an anglc@with the positive r-axis then a

o g el : et _— =
can be expressed in trigonometric form as o=la \'a

‘ | a = |a| {cos#, sinf) = <‘Q¢‘ MO, |Q,\SW|8>\

q@;, '<C°)>0,ane> ’: {Cwie+3inLG=L

-] h“a:% és\
A% \

a = (cosfl, sinf)

For a unit vector this simplifies to

EXAMPLE 14. Write in component form the vector of length 5 and with direction 3= /4.
o=l Ken®, Sind 7= g (ws“' Sin ""> %

5("‘3' ‘&7 ::(— Sﬁ. A EY 3
° > ? >
EXAMPLE 15. Find the direction ﬂ_,l" the vector a= —i+j.

Q=4+ =<1

[ __ T+
tan®= - 3 <O<T

a7
-q.;
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Quantities such as force., displacement or wvelocity that have direction as well as

magnityde are represented by vectors.
v

The velocity of an object can be modeled by a vector, where the direction of the vector is the direction

-
of motion, and the magnitude of the vector is the speed. = ‘\r‘

EXAMPLE 16. Ben walks due west on the deck of a ship al 5 mph. The ship is moving north at o speed
of 25 mph. Find the_direction and speed of Ben relative to the surface of the water.
>

b is velouhy of Ben
18] = S mi/
§= $S<-1,07 =¢5 ,07
s is vebialy of the skip
12l=25 ™A
5=25<o)\Y = 0,257
the vesuliand velsihy ¥=T1+2 = (5,00 +£0,257= <5,

speed = (Pl =15<-1, 5> = slney] 5<-1,6>
= g\ - +5? =,E\El_é ""/;,\

O s diveddion °'(' Ay
tan®=T5 === -5 whew LAVAL

0 = areton (-5'\ =-782.69°+ (80°

=[Tol. 31°
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EXAMPLE 17. Two forces I7 and Iy with magnitudes 14 pounds and 12 pounds act on an object at a

point P as shown. Find the resultant force as well as it’s magnitude and direction.
= = \= L
L AERLLZ S CALREL
1y = T
. 9= 3T 0,= =
PR 3 ¢
e
y = = .
B v B= (Bl <c0s®)  sinBY
'@“ I % e ?v‘.‘\ LY 1
g /¢ _ I Sia 35S
e =14 <37, q

=1g<-& Gy
5 ) 2
Ff\ = <‘WG\ 1 ‘13>
~ _ c
Fa= 1R l<en @, sin 02)= [X<tATZ, SingD>

v otk ® Lr=<enm 6

A

LB R = <103, 7 <63 €7
__,_<,-]ﬁ,-+6\r§)7\’_l*é>
= <6\E‘—lﬁ) 7“7—*4)

H?\ - \$ (G\E—']ﬁ\"-f (’7\5_ +6Y"= - b

0% hion ok T
diceckon s o 1Rt6
bon & = ——— = @ =...
evz-72
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