Section 1.2: The Dot Product
DEFINITION 1. The dot product of two given vectors a = {ay,az) and b = {(by, b} is the number
a-b=ah+ady.  Component formule
EXAMPLE 2. Compute the dot product of a = (2, —3) and b = (3, —4).
3B =<2, 3ye<3 iy =23 + C) ()
=GtlL=I¥

[Rz o E = a,bt az2by
R> Q- (a2, 237 | b= <biykby bg>
- b =0t 02kt X3ba
TRh a:40,,00 ..., &nY , b= <bi, by ne ), bn D
- 12 o, by +a; bt b,
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Algebraic properties 0'“6.\“\\’7(,\\ 7
&
THEOREM 3. If :fb gld C ge vectors and a ia a scalar, then

(a) a-b=b-a C:mmque._P'_i"_L- (Q) '3.-?:= a|h"’azb;_

(b) a-(b+c)=a-b+a-c Distibutive = by th o= >
(c) a(a.b)_(aa).b_a.@;b) = <L., b,_> LG, A0 = b-a
= S
(d) a-a=af (B)l?i-(b+C?= o (<bry by ¥ + <C1,€2>)

() 0-a=0

) =<a,,qz$-<|9‘+c,) bz+cz>
Proof. (&) o(.CQ-b): _
el Ca|6| Y Qy bg,)= e (B\"' Cl) + a2 (b, “’C;_)
(ko) by +(ab= | = 016 ¥, ¢ + O by + @2 G
=<d oy olaz? <L|)h (a-\ b\"'“z.bz) + (oc) + QLC?A

._(c( O-) b "'(“'l ,C,_» <L\,B1> + <Qt,dz> <Cl)(a.>
= |a B + Q'Z

@) 2.5 =

- =2
=@ty <\1a\ -mL = (|
The property (d) of Theorem 3 implies a useful way of expressing the length of a vector in terms of
dot product: - N —
—~ —
:;.R'ala\ —=) ‘lal—\/a-a- |
a, =0,
@) 0= <0,07-<Q, @ >=0*0%

Q
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THEOREM 4. If a and b are two nonzero vectores and if 6 is the angle between them, then
/\W—-

)&

Q. b] Tay b).

cosf = = — (1)

ﬁlﬁ' {oreor - (BF+%
1
Note that the proof of the above theorem can be obthin by using the Lw« of cosines and the algebraic
properties of dot product.

always ros:h‘w_
LI0D @O0 is acuke

b
<O crd<p = D is Rluse

]
Qo
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EXAMPLE 5. Determine the angle between a = (2,—3) and b = (3, —4). \
Cor O = <2,°37+< 3, -4> _ 23+ D CH

—

[<a,-3]* \<3 SR BN PYEES i Py
|g - 18 - |gﬁ _ 18{13

-

s
4-; Sh3 [ rs ¢ &3
It will Gften be canvement to express (1) as (
ol
Cob © 7 T =7 F b= |a|\b|00b9Xsl omabric, formule_ (2)
where 0 < 8 < 7.
a—~
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b g=I
- . - . - - L
The dot product gives us a simple way for determining if two vectors are per]zendlcular (or orthogonal),
namely, = - - D
ol b &> ab=0

THEOREM 6. Two nonzero vectors a and b are orthogonal if and only 1f a-b = 0.

- -
Proof. @ GiVQh ?\_ _L_E . SL\OW -3 «b=0
4

@(;1-\...'. =0 . Show o l%
L R
0=0-b =T |b|es® = cov® = 0=y B=T
e <
¥
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EXAMPLE 7. What s the dot product of 12j and 11i¥

al
127. 12 B (@)= 0
Uv—-:.

EXAMPLE 8. Determine whether the given vectors are orthogonal, parallel, or neither. If the vectors

are non orthogonal and non parallel, then determine whether the angle between them is acute or obtuse.

S N— T N—
(a) (3,4), (-8,6)

34> <-8,67 = 3 (-8) +¥:£ =0 =7 <391 <-8:¢

(b) (~7,—4), (28,16)

- -4 <=7,-4>
238,167 = <-4, =447 = 4 !
< 6o, <7, 4> | <22,16>
e
( Also, Y Té)
(c) (~1,1), 2.-3) _ § <O
_*_-><u>)f<°? 32> 2@

2= 1,15v<2,=3> = —I-a +F () <O => O is obluse
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DEFINITION 9. The work done by a force F in moving cmx object from point A to point B is given
by . - 4
W=F D= F. AB
whe’re‘q :‘IB)I is the distance the object has moved (gr.displacement).

Question: If you push against a wall, you may tire yourself out, but you will not perform any work.

Why? -8=8 =) W= €8 =0 (u-"‘*s\

EXAMPLE 10. A wagon is pulled horizontally by exerting a force of 50lb on the handle at an angle 30°

with the horizontal. How much work 1s done in moving the wagon 10ft.

?Q 20® Given. |F1=504,
%_—_g i 0= 4 F,Ab = 3=
/IN) ) /7 =

5 [AB| = 104t
, Find W

W= Pp= IFl IAB] w5 &
=50- 10 s T = soog’-qsuﬁ{m
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EXAMPLE 11. A constant force F = 251 + 4j (the magnitude of F is measured in Newtons) 1s used to

move an object from A(1,1) to B(5,6). Find the work done if the distance is measured in meters.

Ap=<5"1, 671 7=<4, 57

J

W= F- ;\_E: {25,421 57
= 25 4+ 4.-5=120 J
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