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3.11: Differentials; Linear Approximations

4=402)

\
Differentials: If # changes from x; to xa, then the change in x is '
Ax =1y — 1y : :
If y = f(z) then corresponding change in y is :l ||
. Ay = f(e2) ~ fa). P

_Agxs- = ": (X) I );‘\-’;;*L *

DEFINITION 1. Let y = f(x), where [ is a differentiable function. Then the differential dx is an
independent variable (ie. dx can be given the value of any real number). The differential dy is then

defined in terms of dx by the equation
[o-rou]  ape)=f'eadx

ax= X% = 0:°!
EXAMPLE 2. Compare the values of Ay and dy if

y=fa)==" -2

X X

and x changes from 3 fo 3.01. Ilustrate these quantilies graphically.
i)

A\AD): £ (3.00) - $(2)

= 3.0i"- 2:3.0l - (3"‘-2-33 =i0.o‘!o[’

£'06) =202 DER)=23-2=19
d\b= £'(3) ax = y.o0.0/ =[0.0%

A\g@

REMARK 3. Notice that dy was easier to compute than Ay. For more complicated functions (for
example y = cosz) i

t_may be impossible to compute Ay exactly.
CONCLUSION: @rﬂvidcd we keep Ax small.

AX=dX
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EXAMPLE 4. A sphere was measured and its radius was found to be 15 inches with a possible error of
no more that 0.02 inches. If we use this value of the radius, find the following quantities:

(a) the mazimum possible error in the volume of the sphere;

r=\S, Av=o0.02
Vir Lare? S V()
AN =dV-= V(N dr =V Ar
AV(15) = V'(1S) At = 415+ 0.0 56. 5481

- Hiqr-sr’e yer>

r= IS"'_* 0.02"

_Fv'

498 15,02
(b) the relative ervor in the radius of the sphere; s v
A _ 0.0
v > 5 = 0.0013333 Vs)=1msk jygsin
‘ (c) the relative error in the volume of the sphere. V=M|3117 2 SC.5481

sV _ V'er _ A¥7Far _ @_r_‘)
VARREEY )%V\J 3 = «%-0.0013333=
0.00 %4949

Linear Approximation: The function

| La(=) = f(a) + ["(a)(x — a) 1

(whose graph, y = Lq(z), is the tangent line lﬁuﬁb&ﬁ= f(x) at the points (a, f(a))) is called the

linearization of f at a. The approximation|f(z) & L,(z){or

[ro~ @+ rwe—o \ m

is called the linear approximation or tangent line approximation of f at a.

\3 = \_A.("\

(nl

Rewriting the formula (1) when z = a + Az, we get the following “approximation by differentials”

o £0) % £0) + £ (o) (x-2)
x = 0+tAX = X'al-‘- AX
£ (0t ax)= (D) + £ (o) ax

AL()
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EXAMPLE 5. Determine the linaeriza
sin(0.000007).

tion and the linear approrimation for sinx al a = 0. Then find

foy = Sinx o a=0.
L, (x) = £(o) 7 &‘(03 (x~ O)

.F(_o): SinODTQO \
£'0) = X D F (0) = (n0 =1

=) Lo (X):' 0 +\X yz X
Lo (¥) = %
I
sinX x, X ~hteu 3ero.

sin (0. 000 OO7> ~, 0.00VOS ¢

EXAMPLE 6. Use a lincar approzimation (or differentials) or to find an approzimate value for sin31°.
—

2O U + 1) (x-a)
x=13|°

(‘g(,q = SinX

[Q':30°=T—
G
™ _
(;(a) = £(% —5'“z~
') = (sind) =eh%

\ ( — =3
D=4 (%) =% L
L_‘X_o\-;$\°-30°=1 = //

. o ( E ™
Sindly o z‘l-,;‘b o 0‘l§’§/15‘<

\b;,v-.g caladabhr:  siny|° 0. S1S032
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EXAMPLE 7. Use a linear approzimation (or differentials) to find an approzimate value for +/0.98.

£0d= Tx £l = (x¥)= g X7
a= 4 f@=§0m=4
x=0.98 x-a = 0.98-] = -0.02

£6) % f(o + £ @ (=)
{-(o“iﬂ:- L’,l 0.98 S A+ -%( (-0.0 l\

=4 -0.005% =lo.qqg {

\A.sina calewlator: "Jo,qx % 0.99Yq¢
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