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4.1: Exponential functions and their derivatives
An exponential function is a function of the form
flz)=a" a?0

where a is a positive constant. It is defined is the following manner:

e If © = n, a positive integer, then a" =a-a- --- -a L 22D... 2
N e
n factors R
8 times
e If + =0 then a® = 1.
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e . .y . -_n _ 1 = —

e If x = —n, n is a positive integer, then a™" = <. 75—

If = is a rational number, x = E , with p and ¢ integers and g > 0, then

e 3 '
a'r =4 = g aPl. 6 = 62'
If  is an irrational number then we define <

X
a® = lim a” &«m q =19

r—x x.a s
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where 7 is a rational number.

It can be shown that this definition uniquely specifies a® and makes the function f(x) = ¢ continu
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horizontal asymptote: Y=0 horizontal asymptote: Yz @
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PROPERTIES OF THE EXPONENTIAL FUNCTION:

If a,b > 0 and =,y are real then

1L 0" =afa¥ 2. 5 v =" 3 (I)y—a”" 4. (ab)® = a®b".
. A 53 .

3¥0_ 3. M 3-4_ st : 3= 3.3
5 =58 5 's"» (sJ) )(57)57
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EXAMPLE 1. Find the limit:
(ﬂ) hm —T _3 4&,7\/\, (,1 3) &hv( > O - 3@

&’“:’O

(b) Jim, (;) i 0

() Jlim («*-7)" = Q
w5

W= oo

@

There are in fact a variety of ways to define e. Here are two of them:

et —1
2. e is the unique positive number for which| lim =1
h—=0 h %
It can be also shown that Y= e
ev4 x
i=¢

—_— !
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x"” - le;w. € = a0
X D=-on
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EXAMPLE 2. Find the limit:

4
e \
(a) lme*=T — m~ €
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Derivative of exponential function.
EXAMPLE 3. Find the derivative of f(x) = e*.

k.ao ‘\r k2o h

h X X/ \ W
e g R -¢ e,(e —{\ x& e -4
= . — - :Q VA, ——— =T
h=0 h &:\o N —

* X
=4 =¢
CONCLUSIONS: | b'4

e _ ¥) =2
1. e® is differentiable function. M“ JK

L du

2. If u(z) is a differentiable function then by Chain Rule: die“(z) =ele--
T T

(&) = T = ¢t
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EXAMPLE 4. Find {h{' derivative of the function f(z) = 507,
WAt

2'() = <)<Sm xs|nx(xsmx\

stinx( sinX + X cwxb.

-—
-

EXAMPLE 5. For what value(s) of A does the function y = e* satisfy the equation

y'+2y —8y=07?
[ § —

J&Huu\kal q\m*\ on

A x 3“ -P}e
§=¢ + 13 =aA Q hx

‘6' = pe* -2y = ¢ "
3 = AzQAX 0 —e_ (A +2A-8)

¢W

L

Condumen'. P\l-*'A/\"S-“-O
The fomdions WA= Q and yR=e ﬁw}(A—z\-o
ML,&SO.\J&,_J‘-M \A:-L(; P‘-‘-l.—‘
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