4.3:Logarithmic Functions o.>0 =) G,x >0

DEFINITION 1. The erponential function f(x) = a® with a # 1 is a one-to-one function. The inverse of
this function, called the logarithmie function with base a, is denofed by f~!(x) = log, =.

log, = =y a¥ = 1. (&,at —X()q 55

In other words, if & > 0 then log,(z) is the exponent to which the base a must be raised to give .

Namely,

EXAMPLE 2. Evaluate

(a) log, 16 = L‘ ( Dsq = lG)

o= (3@ ) o)
=5

(c) logys5 = 'Lb ( | asS 353 = 3 126 =5 = lZ.S' S=
(d) log; 125 UU\&Q:({\MA (o 13
(e) log,1 =0 ( o’ = ‘)

CANCELLATION RULES: ‘F L ’a - ‘eo q‘ X% , .‘? \(X\ - 0. X
o log, a*=rforallre R
e 0B = ¢ for r = (). 4] {({-‘(X\) =X
- -
L%a.lq =4 5 (“"“ =X

1‘»1;"

!
=



Graphs of logarithmic functions y = log, x :

=1
Y

=<a=<1

-
Domain: (O | °°>
Range: \K

lim log, r = o®

I—+D0

lim log, r= - &0

r—+
Vertical asymptote: X S0

Horizontal asymptote: yy oY) €@

Domain: (0 ) 00\)

Range: (R
lim log, & = —= o®

I—0

lim log, r = o©Q

0%
Vertical asymptote: A=0

Horizontal asymptote: vNONQ_




Properties: Assume that a # 1 and =,y > 0. &3 - G - ‘Qn%_' p] + &3_’
log,(xy) = log, x + log, y —
(“%1 6 = dog 3" g, 4

log, = log, r — log, y

log, (%) = ylog, = 33(-'- 903."*(038‘ ""‘e“h@
[n particular, tog, V3 __%x %1 8| - "l &313

log, vx =J‘I.\ eo%‘-x

Notation: Common Logarithm: logx = loggx. (Thus, logxr =y < 10¥ =x.)

——
= E

Natural Logarithm: In(z) = log.(x). (Thus, ln.r =y < =)

s

Properties of the natural logarithms:

%
e In(e’) = ‘&3‘ e« = X 3 w\ccu.&ifo'\ \WS
o T

Ine= {4 (_e,1= e')

Inx
e log,r= — where a > () and a # 1; BM'L C\MGL G"'MW‘& .

limg oo Inzx = OO ‘ 671
lim, g+ Inr = = b'.' ed\)f




EXAMPLE 3. Find each lirnit:

(a) lim In(z® —x) — L Lok = oo

F—00 (V)
\t:- —x = x (x-1) i_%woj
w~

—2 O

{h] lim I{JE. '1-]11.1- ‘6,,«, Qo% w=-cA

z—+0* u=0*

W= Sinx — 0

lo> | "
3= \°5|o




EXAMPLE 4. Find the domain of f(z) = In(z* — x).

3(3- X >0
< (x*>-1) >0
X Qx-n\c:c-\\ > O
e~

-'\ (o) \ y B x
oR. X \

-\ ¢ x <O

Dom (.?\:: (—I,D) U O\, o )

au
ww>o



EXAMPLE 5. Solve the following equations: ‘
9 o b=C

(a) logg:(log(x +120)) = -1 C
— 5 y (v '—b
\o«zs (x-Hza) = 0.5

\og (x+120) = L

X+\20 = o~
X = '00-\20

X = "'2.0‘

ver fy Hod Xx=-10 soM sfieh the
%\'\l% 'e(t\.uo.k on.

Ramoarlk.



{h} E'5+?I='fl
G4+ aX =0n Yy
ax = by -5
= A

i
x= Wnh" -

p'\l\ p\\l‘) ?)w

|t




(¢) log(z— 1)+ log(z + 1) = log 15

\o«ka-D ) = Jog, 15"

(x—\) (x+1) = 15
N

x = |6

- = -
X= L‘ o ot o;qso\u.h'ﬂ\

becoune log (x-1) ¥3
\M\Kﬂ..(—n\-co( o x—_-."‘l,




£o)=Lnx
EXAMPLE 6. Find the inverse of the follounng functions: ,‘: =€

(a) flx)=In(x+12)
k&: ‘h (x + \7-3

¥
xtlL=2¢2 -




£6)=10"

Ny
(b) /() = Jor £ 6= log x
y - 10* -1
107+ |
(\o"ﬂ)v& = 10"~
0"y +u =10
Yl = (07107 Y
y+ = lo* (1)
X _ Y+l
o= 3
_ y |
X = \O% Ty
y = o 3

| 70 - Loy 2 |




Change of Base formula:

logy, =
loy = .
Bat log,a
In particular,
Inx
lﬂguf = m.

EXAMPLE 7. Using calculator and the change-of-base formula evaluate log, 15 to four decimal places.

Solution.

In15
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