@Dr Oksana Shatalov, Spring 2013 1

13.3: Double integrals over general regions

All functions below are continuous on their domains.

Y
Let D be a bounded region enclosed in a rectangular region
R. We define
x
flz,y) if (z,y)isin D
F(z,y) = . - : 0
0 if (x,y) is in R but not in D.

If F' is integrable over R, then we say F' is integrable over D and we define the double integral of

f over D by
//Df(x,y)dA—//RF(x,y)dA

FACT: If f(x,y) > 0 and f is continuous on the region D then the volume V of the solid S that lies
above D and under the graph of f, i.e.

S={(z,y,2) eR*| 0 <2< f(x,y), (x,9) € D},

V://Df(x,y)dA.

// V16 — 22 —y2dA
D

where D = {(x, y) € R?| 22 + 942 < 16} by identifying it as a volume of a solid.

is

EXAMPLE 1. Evaluate the integral
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Computation of double integral:
A plain region of TYPE I: A plain region of TYPE II:
D=A{(z,y)la<z<bg(z) <y<gz)}. D={(z,y) c<y<dm(y) <z<h(y)}.
Yy Yy
x T
0 0
Yy Yy
x x
0 0
Y Y
x T
0 0

THEOREM 2. If D is a region of type I such that
D ={(z,y)] a <2 <bgi(x) <y < ga(a)} then

] raamai= | b /g fjf(w) dydz.

THEOREM 3. If D is a region of type Il s.t. D =
{(z,y)l c<y<d,m(y) <z < ha(y)} then

[ ramai= | ' / h(:’) f(z,y) dady.
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EXAMPLE 4. Evaluate I = // (x 4+ y)dA, where D is the region bounded by the lines
D
r =2,y =x and the hyperbola xy = 1.
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EXAMPLE 5. Find the volume of the solid bounded by the cylinder 2 + y*> = 1 and the planes
xr=0,y=2,2=0 in the first octant.

EXAMPLE 6. Evaluate the integral by reversing the order of integration:

1 gl
I:/ / 2% sin(y?) dydz.
0 Jz2
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EXAMPLE 7. Sketch the region of integration and change the order of integration:

//fxydA // xydydx+// l(zQ)f(my)dyd:v
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EXAMPLE 8. Evaluate the double integral

I_//eidA
D

y=LlLy=2,x=-y,x=y.

where D is bounded by the lines
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Properties of double integrals:

e If D = DU D5, where D; and Dy do not overlap except perhaps their boundaries then

//Df(x,y)dA:/le(x,y)dA-}-/DQf(x’y)dA'

e If @ and f are real numbers then

[ [ @i s semar=a [ [ separes [ [ oepan

e If we integrate the constant function f(x,y) =1 over D, we get area of D:

//DldA _ A(D).

EXAMPLE 9. If D = {(z,y)| 2% + y* < 25} then

Jf o



