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11.1: Three-dimensional Coordinate System m

Cylindrical surfaces

Note that in R? the graph of the equation involving z and y is a curve. In R® an equation in z,v, 4
represents a surface.(It does not mean that we cant graph curves in R3.)

EXAMPLE 1. Sketch the graph of z° +vy*> — 1 = 0 in R%, R?.
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An equation that contains only two of the variables x,y, 2z represents a cylindrical surface in R3.
How to graph cylindrical surface:

1. graph the equation in the coordinate plane of the two variables that appear in the given
equation;

2. translate that graph parallel to the axis of the missing variable.

EXAMPLE 2. Sketch the graph of (z + 2)% + Q— 4)?2 =1 in R?
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EXAMPLE 3. Sketch the graph of y = 2% in R3
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EXAMPLE 4. Let S be the graph of z® + 22 — 102 + 21 = 0 in R3.
(a) Describe S. CYQ;-“A":CAQ "Uﬂ'aFQO(
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(b) The intersection of S with th.f: Tz- p@f is
\Z
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(c) The intersection of S with the yz- plane is
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Spheres

¢ Distance formula in R*: The distance between the points Pz, 7, ;) and Q(x2, 3. 22) is

IPQ| = V/(z2 — z1)* + (w2 — 1)? + (22 — 21)%

EXAMPLE 5. Show that the equation x> +y* + 2% 4+ 2z — 4y + 82 + 17 = 0 represents a sphere, and find
its center and radius. — -
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In general, completing the squares in
2+ +22+Gr+Hy+Iz+J=0
produces an equation of the form
(z—a)+(y—0b2+(z—-c)l=k
e If k& > 0 then the graph of this equation is ﬂW‘ w"‘r( J d- (a \ Ll ‘3 ) r= ﬁ
o TR _PO; nt (a L b, c)

o If £ < 0 then no 1&?\\
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Regions in R?

EXAMPLE 6. Describe the set of all points in R® whose coordinates satisfy the following inequalif
2?2 + yY< )16

Tesh point (0.0)
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EXAMPLE 7. Describe the following region:{(z,y,2)|9 < 22 + y? + 22 < 16}

xtle -\:{‘-:0\ S‘)‘\m conlered at (e.O,o\ , =3
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11.2: Vectors and the Dot Product in Three Dimensions

DEFINITION 8. A 3-dimensional vector is an ordered triple a = (a1, as,as)
Given the points P(x1,y1,21) and Q(z2, ya2, 22), the vector a with representation @ is
a= (T2 — 1,2 — V1,22 — 21) .

The representation of the vector that starts at the point O(0,0,0) and ends at the point P(xy, 1, 21)
is called the position vector of the point P.
Vector Arithmetic: Let a = (a;,a2,a3) and b = (by, by, b3).

e Scalar Multiplication: aa = (aaq, aas, aaz), a € R.

e Addition: a + b = (a1 + by, az + b2, as + bs)

Two vectors a = (ay,as,as) and b = (b, by, b3) are parallel if one is a scalar multiple of the other, i.e.
there exists @ € R s.t. b = aa. Equivalently:

alb & —=—="—"

The magnitude or length of a = (a;.as,as3):

la| = /a2 + a2 + a2.

Zero vector: 0= (0,0,0), [0] = 0.
Note that |a| =0 & a=0.
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a
Unit vector in the same direction as a: a= W The process of multiplying a vectoe a by
a

the reciprocal of its length to obtain a unit vector with the same direction is called normalizing a.

Note that in R? a nonzero vector a can be determined by its length and the angle from the positive
o — —

a3 o= @ <w>d, sin®?
© — ’

) )

X A

In R? and R? a vector can be determined by its length and a vector in the same direction:

a = |a| &,

i.e. a is equal to its length times a unit vector in the same direction.

Standard Basis Vectors: i = (1,0,0), j = (0,1,0), k = (0,0, 1)
Note that |i| = |j| = |k| =1 and

a = (a1,a2,a3) = a1i + asj + ask.
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EXAMPLE 9. Find the components of a vector a of length \/5 that extends along the line through the
points M(2,5,0) and N(0,0,4).

SN — 0m = <0.0,1>—=<2,50]
=¢{0-2,% -5 ,4-07=¢-2,-5,¥)

[t - SVt - [45= 7S

= 3Js
<‘z,-$1 q)
XS
_
-2 -5 ‘_‘.7
2) 3, 3
i\
- _&A A LLQ
ST ) 3
Standard Basis Vectors: i = (1,0,0), j = (0,1,0), k = (0,0,1) % 5
Note that |i| = |j| = |k| =1 and >

a = (a1,a9,a3) = a1i + azj + agk.
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Dot Product of two nonzero vectors a and b is a NUMBER:

a-b:|a|-|b|cosf;f?\ : S >

where € is the angle between a and b, 0 < 0 < .
Ifa=0o0rb=0thena-b=0. -

Component Formula for dot product of a = {(a,as,a3) and b = (by, by, b3):

a-b= a.lbl + ﬂgbz + ﬂgbgj

If 4 is the angle between two nonzero vectors a and b, then

i B b a1b1 + azbs + asbs
al-|b| /e + a2+ ad/b3+ b2+ b2

DEFINITION 10. Two nonzero vectors a and b are called perpendicul:;r or orthogonal if the angle
S —

between them is § = w /2. a _L 'g p—
For two nonzero vectors a and b I ! __)

alb & a-b=0

and

w-vim s J@lAles 0 =
val

N \3\1
L
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‘EXAMPLE 11. Suppose that u and v are vectors in R3. Find the mazrimal possible and minimal possible
values of dot product v - u among all vectors u and v such that |u| =1 and |v| =5. Make a conclusion.

5 >
2\ max V-U
) w1
a \{7\:5 =)

-A \
) min Vvl = miabwnd = [ CAT =|-5
@11, O <O
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max is akained when
U omdV are in +he Same
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min olcutres w‘wn

-‘-: ahd :7 ove OPPQS‘)'\" -
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DEFINITION 12. The work done by a force F in moving an{objeet from point A to point B is given
by

W=F-D
where D = j is the distance the object has moved (or displacement).

EXAMPLE 13. A force of F = 7i — j + 8k Newtons is applied to a point that moves a distance of 10
meters in the direction of the vector v = 21 — 2j + k. How much work is done?
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11.3: Cross product

Determinant of 2 x 2 and 3 x 3 matrices.
A determinant of order 2 is defined by

b
i d l: ad — be
A determinant of order 3 is defined by
a; az as
by b by b by b
ol Gy = C2 03 = c:‘-l CS‘ il C1 c-‘2
B i B 2 C3 1 C3 1 C2

= aibacz —arbscy — asbics + asbscy + azbica — azbacy

or copy the first two columns onto the end and then multiply along each diagonal and add those that
move from left to right and subtract those that move from right to left.
e THE CROSS PRODUCT IN COMPONENT FORM:

a x b = (agbs — asba, asby — aibs, a1by — azby)
REMARK 14. The cross product requires both of the vectors to be three dimensional vectors.

REMARK 15. The result of a dot product is a number and the result of a cross product is a VECTORI!!!

To remember the cross product component formula use the fact that the cross product can be repre-
sented as the determinant of order 3:

1 k
axb=|a a a3
by ba b3
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Properties:

axa=0

axb=-bxa

(va) x b=ax (ab) =alaxb), acRk
ax(b+c)=axb+axc
(a+b)xc=axc+bxc

EXAMPLE 16. Ifa= (-2,1,1), b= (3,5,0), and c = {—4,2,2) compute each of the following:

(a) axb
axb= —izjkl =?\”\—‘Tblil4:r1‘
3 50 S0 > 0 3 5
= (I-O"l-'i'\— T (-2-0 ) K (Fas 1Y)
- SV 43y
??:‘ o L ﬁ3°\~c‘3?
(b) bxa = }1 r: :9 - | —J\_“ A 3
UES :\51’*—3‘3’ *\?B R,
((‘) a-(axb) =<-2,1,1><-5 3 ,-13>=10+3-13=0
(d) b-(axb) =0 (check it! ALso prove using the geometric definition of

cross product below.)
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e GEOMETRIC INTERPRETATION OF THE CROSS PRODUCT:
Let # be the angle between the two nonzero vectors a and b, 0 < 8 < 7. Then

1. |a x b| = |a| - |b|sinf =the area of the parallelogram determined by a and b;

2. a x b is orthogonal to both a and b;

e

3. the direction of a x b is determined by “right hand” rule: if the fingers of your right hand curl
through the angle 6 (which is less than 7) from a to b, then your thumb points in the direction of

axb.

FACT: alb & axb=0.

VR
T
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EXAMPLE 17. Given the points A(1,0,0), B(1,1,1) and C(2,—1,3).Find

(a) the area of the triangle determined by these points.

b - A=k A4 ABxAC]
hﬂ'c" AB=(0,0,1)

- A N
- L ) Kk - | Al0o |
Al = - 1 ~ |O
hB“A }° ’ ')'l )43)'))13}”‘)' -'/
I =) 3
N :L,i\"'A-’Z:<q>,‘-’)

>
o
<
»
D]

(b) Find a unit vector n ortho

unit gonal to the plane that contains the points A, B, C.
G ';‘ n A plane with ABC =
> =) ﬂ@”} =5 7\ [AB A
-
A n 1AL
R:AB"AC = (L7 y(a)
-
P n __ <4, 4+ A4 ]
N TR T e = {3530 3w/
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¢ SCALAR TRIPLE PRODUCT of the vectors a. b, c is

a-(bxc).

A
. _ i a yechor
Note that the scalar triple product is a NUMBER.
—————

FACTS:

l. a-(bxe)=(axb)-c

2. If a= (a1,a2,a3), b= (by,ba,b3) and ¢ = (c1,c2,¢c3) then a- (b x ¢c) =

A, W
b bo
¢y 63

3/|a- (b x ¢)| = the volume of the parallelepiped determined by a, b, c.

aL‘i value

licll cos ¢ =:49I5‘)L

£ase area

ke?g(«*‘—

> a humber

ag

C3

Volume =|a x b| | c| |cosg| = |(ax b)-cl.

L/Y\/
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EXAMPLE 18. Determine if the vectors
:<01111>' b:{l:"'l:_?}: C:<2:—1,'—1}

are_coplanar.' If they are not coplanar then find the volume of the parallelepiped that has the given vectors
as adjacent edges.

'that is they lie in the same plane

5\\\9\2 are c,o(:\c;nar'

lo « 1)
S /2 5 _ -1_.\‘7‘_"’
a.(bxc)z T -0‘,\: q) ||2H) 'L_,)l
2 -1 4
_0 - (4414)+ (-1-8)
- —18-9=]-a7 (#0
\ ig

nol @

Vo\ume(lf)“\ (TD)=1-27 <3 D
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