12.5: The Chain Rule

Chain Rule for functions of a single variable: If y = f(2) and = = g(f) where f and g ail

differentiable functions, then y is indirectly a differentiable function of ¢ and

dy dydg
dt  dexdt’

EXAMPLE 1. Let z = 2%, where z = t2, y = sint. Compute 2'(t).

2=7= (1) Patsn’+ worl_
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Assume that all functions below have continuous derivatives (ordinary or partial).

o CASE 1: z = f(z,y), where z = z(t), y = y(t) and compute 2'(t).

Chain Rule: € I‘MRAM
hain Rule dz  fzdx  Bzdy TREE D

E*mm+%m

2)( x + 27 Y' 2*/ \%Y
Xt f
SOLUTION OF EXAMPLE 1: 7((9{' 1Y@
t
Let z = x¥, where x = t?, y = sint. Compute 2'(t).
dr \ N Yoy bt
- 2, Xt 2 -\IX '2%‘1'7( ’ & >
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EXAMPLE 2. The radius of a right circular cone is increasing at a rate of 1.8 cm/s while
e—,
its height is decreasing at a rate 2.5 cm/s. At what rate is the volume of the cone changing

when the radius is 120 ¢m and the height is 140 cm.

Apply Chean Rule L e \
v (e, W) = -‘gr ) Y/ \h
[ |
dv
Zoovor v Vo bt
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e CASE 2: 2z = f(z,y), where z = z(s,t), y = y(s,t) and compute z, and z;.

Chain Rule: Tree diagram:

dz Oz0r  OJz0y 2

33:8$53+3y53 /\
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> 1 s <t

EXAMPLE 3. Write out the Chain Rule for the case where w = f(z,y,2) and x = z(u,v),
y = y(u,v) and z = 2(u,v).
w = f(5,3) = £(alw )2
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EXAMPLE 4. If z = sinz cosy, where z = (s — t)?, y = s — t? find z, + z.

: 2o= 2x Xs + 2y Vs ShopXCoby ) (s-tY-simx SaY 25
X/\Y +2 2xXQ"|’ 2, Y.[. = (Cob X Qob,( a(s-¢ Smlsmy(-lﬂ
A I\
> > 15. x SinY (S ’L’)

ZS*Zt =

- - Q(S‘k\ S;,\-;(S"‘y 2,
= -3 (s-4) sio o4 300 5F)
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EXAMPLE 5. Show that /7.‘\

3t
_ gt fu-astf-atsfat dstiys
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EXAMPLE 6. Ifu = iy + yg,,z where,x = rset, y =1+ s%e”t, z = rssint, find u, when

et —(1.,2.0)

A u/ u = Uy X¢ + US 35"' “tis
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Implicit differentiation: Suppose that an equation
F(z,y)=0

defines y implicitly as a differentiable function of z, i.e. y = y(z), where F(z,y(z)) = 0 for all =

in the domain of y(z). Find y":

famo = 5F (%) ym) 30 -

/\
f N Ft Fy oyl =
Ay 7 Ex _ -
WS, Y =- ’7L ‘}
EXAMPLE 7. Find y' if 2 +1* = 6e®.  Lmeiei¥

Y _
Fly) = 1"*‘1‘,'66‘ B

.?.,nd-fo'\
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F,= 2
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Suppose that an equation
Fla,p,2) =0

defines z implicitly as a differentiable function of x and y, i.e. 2 = 2(z,y), where

lF(Iyzx'y) JD

P

for all (z,y) in the domain of 2. Find the partial dern atives z, and z
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EXAMPLE 8. If z* + y3 + 22 + aye® = 10 find
FY ) =x ey 4242y €10 =0

vea
F = 1% + %
-33-:- .F_L:-' 3‘,1+er 2 J
373y, 224me

) Fx
ye*
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