13.8: Triple Integrals Pstnsk D m= ?V

Mass problem: Given a solid object. that occupies the region B in R, with
density p(x,y, z). Find the mass of the object.

Solution: Let I3 be a rectangular box:
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FUBINI’'s THEOREM:If f is continuous on the rectangular box
= [a,b] X [c,d] x [r,s] then i derafed ; nkgf,_,Q

J]] s 2rav = f/ffw iyt

and there m’e@othe?" possible orders in which we can integrate.
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EXAMPLE 1. Let B = [0,1] x [-1,3] x [0,3]. Evaluate _
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FACT: The volume of the solid E is given by the integral,
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FACT: The mass of the solid E with variable density p(z,y, z) is given by the

integral, o H P (x,9,2)dV

EXAMPLE 2. Find the mass of the solzd bounded by x =1y% + 2% and the plane

x = 4 if the density function is p(x,y, z) = \/y* + 22 povholoid
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A solid region of TYPE I:

E= {(:L‘,y,z)l(:c,y) € Dn@l(may} <z< ‘f)ﬂ(ms y)}
where D is the projection of E onto the xy-
plane.

A type | solid region
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EXAMPLE 3. Use a triple integral to find the volume of the solid bounded by
the surfaces z = 2> + y* and z = 5 — 4x% — 4y°.
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To determine D note that its boundary coincides with the line of intersection of two
given paraboloids:
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A solid region of TYPE II:

E= {(:E,y,Z)l(y,Z) € D:'{bl(y:z) <_: T 5 ¢2(y: Z)}
where D is the projection of E onto the yz-
plane.

X=dhy(y,2)

A type 2 region
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A solid region of TYPE III:

E= {(m,y,zﬂ(m,z] S D,¢'1(I,Z) < y < ‘i)?(:ra z)}
where D is the projection of E onto the xz-
plane.

A type 3 region
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EXAMPLE 4. Use a triple integral to find the volume of the solid bounded by
the elliptic cylinder 4% + 2> = 4 and the planes y =0 and y = z + 2.
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