Section 2.5:Continuity

DEFINITION 1. A function f(z) is continuous at z = a if lim f(x) = f(a). More implicitly: if f s

3 T—Fa
continuous at a then

1. f(a) is defined (v.e. a is in the domain of f);

2. lim f(x) erists.

3 ll_l;[}lf(.l] = f(a).

A funetion is said to be continuous on the interval |a,b] if it is continuous at each point in the interval.
—

Geometrically, if f is continuous at any point in an interval then its graph has no break in it (i.e. can

be drawn without removing vour pen from the paper).
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REASONS FOR BEING DISCONTINUOUS:
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f(a) is not defined f(a) is defined, but
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fla) is defined and lim f(x) exists,
T—ra

but lim f(z) # f(a)
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Classification of discontinuities:

infinite discontinuity removable discontinuity
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removable discontinuity

Jump discontinuity
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EXAMPLE 2. Explain why each function is discontinuous at the given point:

2x

£

1=

is undefined

(a) f(x)
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DEFINITION 3. A function f is continuous from the right at z = a if

lim f(z)= f(a)

r—at

and f is continuous from the left at a if

lim fiz)y= fia):

T—ra

REMARK 4. Functions continuous on an interval if it is continuous at every number in the interval.

At the end point of the interval we understand continuous to mean continuous from the right or continuous

from the left. P‘""“'“‘
>
o b

EXAMPLE 5. Find the interval(s) where f(x) = /9 — 2% is continuous.
2 x"‘ x"ﬁ 9
[x) < 3
-3¢k< 3,

L

—

4 -3, 31 -

£(2) is cont. on
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EXAMPLE 6. Find the constant ¢ that makes g continuous on (
22— if z<4
g9(x) =
cx?—1 if >4
™
== x| et x=4

R Rt C}""O
x(c- c)+c-—l -—OL e loc 1150
'6(64) +£;_l=0 —7 © (c -1 (c+1T1)=0
l6(c) + (c-)(c#) =0 QB Z”jz - @
(c-l)[lc, ¢ (c-ﬂ\:\‘:‘—o
(c_,() (C+11)=0
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{a- L)(a+s)=aQ*-b"
EXAMPLE 7. For each of the following, find all discontinuities, classify them by using limits, give the
continuity interval(s) for the corresponding function. If the discontinuity is removable, find a function g

that agrees with the given function except of the discontinuity point and is continuous at that point.

22 -9
(a) flr)=
Dow aiw “"‘F x4 &l = X = 23 discontinuities
Class:{j discont; LM fx) = lim. k] Y = \‘ ‘
X9 x13 (A1) g T TR

D x=£3 ave remowble discond. Lxists

Continuily interva] (- eo |- 3) Utz 3U(3,)

4(x\= £, xF 13 o
L A=X12 xq'*ﬂ

|8 )

Domain X # -12

(b) f(x) =

z+12

E)becanse i X<-12 = X+ 12 <0
=) &.’m £(x) = -co

X -1
S'M"‘rl'j Live f(x) = fon )

x> -u*

(})V\ClVLS\'Uh x=-12 15 inf.'nik discont.
Toerval of comting (=0, -12) U (=12, )
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Domain is T

2tz if v<2
(c) flz)=q 8~z if z>2
% if ©=2

Cenc 6
&mf(ﬂz L X €7 .Ss) &Mflx)=67é{(z);+

X922~ x92" e

Gm £(2) = o g-x=871:6
r ok X =7 i%vemov. Aisc.

()0‘(\'\-, \th‘\/a»Q', (_ oy )'2_) U ('L,*' 0‘))
X'+ X , X<z

%(ﬂ: & -% S x > 2
A ¥z 2
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Intermediate Value Theorem: If f(z) is continous on the closed interval [a,b] and N is any

number strictly between f(a) and f(b), then there is a number ¢, a < ¢ < b, so that f(c) = N.
\ 1f 'F(ﬂ is nhot cont.
20t $()=N \
i\{ f(m" T T
| I 4
T ,\/ N/_-O_ - _\T T J/ :
§(o) | — VArA ', .
a -/
b

EXAMPLE 8. If f(z) = 2® — 223 + 2% 4 2, show there a number ¢ so that f(c) = 1.

R
Ta other Fhow MH\Q equ.\sd-»'an
wor 57 xg—ZX'3+xl-\—z=’1
ha¢ a real vreook .

£ is cowt. everywhere

To a,"»l'a Tnt. Val, Theorem we have o #‘m’

a R b such that
£(0)>1 £Co) <1

X[o |1 ]-1 ], By Dok vala Theo rem
“‘mll L1 4 |-10 =) on (-2,71) tHhere ss
R A AP a wumber € Such that
flavey
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EXAMPLE 9. Show that following equation has a solution (a root) between 1 and 2:

323 — 222 —2x —5=0.

Define 1‘(x):3x3 -2x2 -2x-5. This function is continuous for all x.
Look for numbers a and b on [1,2] such that
f(a)>0 and f(b)<O0.

We have f(1)=-6<0 and f(2)=7>0.
Thus, by Intermidiate Value Theorem there is a number ¢ such that f(c)=0, i.e.

the given equation has a solution x=c on the interval [1,2],
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