3.11: Differentials; Linear and Quadratic Approximations
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Differentials: If x changes from z, to x5, then the change in z is ‘aal

Ar =m9 — a1, #e‘.\

If y = f(x) then corresponding change in y is

=

g(@

Ay = f(a2) — f(a1). /\

DEFINITION 1. Let y = f(x), where f is a differentiable function. Then the differential dv is an
independent variable (i.e. dx can be given the value of any real number). The differential dy is then

defined in terms of dx by the equation
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EXAMPLE 2. Compare the values of Ay and dy if
y=fla)=a—2

and x changes from 3 to 3.01. Illustrate these quantities graphically.
X\ Ky

= — < 0.0
NX = K- Ky - 23.01-3

dx = sx =o.0l

8%~ 5(7‘4) - y(A) = f (ol) - (3) =

- ol-qu
- 3,00 —2-3.0) —(i‘-a.z) = |D.

S~

o\‘j () = \5‘(3\ dx = (.'Lx-a\ \“3 0.0l =(¢—;).M=

xfe -F(ﬂ s X- aAx

o



REMARK 3. Notice that dy was easier to compute than Ay. For more complicated functions (for

example y = cos z) it may be impossible to compute Ay exactly.

CONCLUSI ON:provided we keep Axr small. This yvields the following “approximation by

differentials” formula:

fla+ Az) = f(a) + dy = f(a) + f'(a)Ax.

Indeed, assume z changes from r = a to = a + Axz. Then

£'(eydx = dy Ay = f (a10¥) - f @)

0 G athX




EXAMPLE 4. Use differentials to find an approrimate value for sin 61°.

.

(X)= SinT ™ _

A {: > 4T3, 2 ke
i
—1

/7 n‘lm\\ \ f?(od b?f\’,: £ (@) + f4(a) o

5w N R B
uo ;?(a,): f(%)c S\hB — 3

£ () = corx

oL
¢y = >3 = 3

° 3 L.
6in6l = f(-}.'}:"—;-o)s J_a: + 3 0 F 0.2746]

Nofe using calewlator  sing1%=0.8747<



EXAMPLE 5. Use differentials to find an approrimate value for +/0.98.
- - - +©
#c«b‘:"\b‘ , a=l, oX 0o

,f(a-tb*) = fla) + £l ey ax
£lo= fn="1=1
¢y ()= (37)
fl=t (N g

.,m _ 4(1_0.01) =4+ ..li..(.o.oa) = 0995

2
b7

Note! uging caleulator-  Wo92 = 0.9249¢



EXAMPLE 6. A sphere was measured and its radius was found to be 15 inches with a possible error

of no more that 0.02 inches. What is the maxzimum possible error and what is the relative error in the

volume if we use this value of the radius?
= 1S10.0% \
v S r=1$

e RN GEE T L L

AN =~ 4V = Vi(Ndr = Y Ardv = 4nrtar

aV(15)= UM 15" 002 =[5€.67 in® |
YT'25-0.03= 4. 4. 5= (27 »/3214

V(I15) = %1‘453 = 413717 in?

=\

NVote i actual voluma when i

v = M3 15T

RG‘QH\. errort

R yfr"b"'\ _ ?,w\ SN
Vs) Ay r=1$ Tl :

Conclusion: the relative error in radius: Ar/r=0.013=1.3%
produces a relative error in volume 0.004=0.4%.



Y= £69

Linear Approximation: The function (‘) .
, il
g/: LQ(X) = L(z)=fla)+ f(a)(z— a)j ‘ 3

(whose graph is the tangent line to the curve y = f(x) at (a, f(a))) is called the linearization of f at
a. The approximation f (7() = L X) \
£() = J(a) + f (@)~ a) {PH@= () (r-a)

is called the linear approximatfion or ftangent line appritimation of f at a.

X=at5X X-a = HX

£laton) = fCa) + £ (A
Y Y:{ll‘x}

BRTC




EXAMPLE 7. Determine the linearization for f(x) = /x +1 at a = 7. Use the linear approrimation
to approzimate the values of V/8.05.

£ = 3\‘Tl a=1 3J8.05 =3[1.05¢1 47-051

L(x) = $a) + .ﬁ'(a.)CX”QJ)
,F(o.) f(7)= J = Ws =&
{
£ = 3{;7 Y = ()= 3 ) >
: 'F‘()’(( ‘E /(3){: -
f (o) = 7)= 3 147) © = 3 (8 =32 -
\/[L(ﬂ =9 + ]L?:

\

(% =7
JNofC Hat y= L(x)

' hngcni- Line fo
1 He ’-r"l\ st Fix) atdF=T7

3[305
Ne(1.05) = L(ros) =2+ -‘-("-09‘7)
=2+ 33 5 0% _ 5 004167

Mk'. using caleuleto "ETS‘ ~ 7004 IS



EXAMPLE 8. Determine the linear approzimation for sinz at a = 0.

(Y= Sinx £(D = coror o

L)<= £(0)+ 4'(0) (x-0) = 0+ 4 ,E]

fote Lsm ~j 7\%\“%

L
4:: ~ 1 near x=0

c{. ewn




Q) = LX) + () (5 _ay-

Quadratic Approximation: If fisa ?Tmce differentiable function, then the quadsatlc approximation

to f(x) near a is TGO - a
flz) z?(a)+f!(a](:tr—a)‘+f z(a)(x_a)Q = Ax*sx*c-}

This formula can be obtained approximating a curve y = f(z) by a parab8la instead by a straight line.

EXAMPLE 9. Find the quadratic approrimation to cosx near a = 0.

£ (x) =cod™ $(0)=
£'(x) = -Sinx f'lo)=0

$n) = - | £'0)=-1

Q)= £00) + §'(0) (x-0) +

Q) = A+ 0% — 5x
Qe = 41— La

-F(S(

x-D)

Y=L(x)
i
T
Liweervyahon’ [(#)=1 -3 | \,;{ >

= V=8 ()
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