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Section 1.1: Vectors

(Quantities that we measure that have magnitude but not direction are called scalars.

DEFINITION 1. A vector is a quantity that has both magnitude and direction. A 2-dimensional vector

is an ordered pair a = (a1, a2) . The numbers ay and az are called the components of the vector a.

Ny ikio" chor
1 ) ?', \l"h /V [
QA A
_/,,4519 R

A
1 o

Typical notation to designate a vector is a boldfaced character or a character with and arrow on it
. . . Q +
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DEFINITION 2. Given the points Alay, as) and B(by, by), the vector a with representation AB is

_r‘-l_B"=l:b1—a1,b2—ﬂ2).

The point A here is initial point and B is terminal one.

A vector with the initial point located at the origin is called the position vector (or we say that a
vector is in standard position).

Vectors are equal if they have the same length and direction (same slope).

EXAMPLE 3. Graph the vector with nitial point A(1, -2) and terminal point B(2.1). Find the compo-

nents of_'ﬁ' and BA. 5 av
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Vector operations

e Scalar Multiplication: If ¢ is a scalar and a = (a1, az}, then

ca = c{ay,as) = {cay,caz) .
5<17,1>=¢35,52
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DEFINITION 4. Twe vectors a and b are called parallel if b = ca with some scalar c.

If ¢ > 0 then a and ca have the same direction, if ¢ < () then a and ca have the opposite direction.
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o Vector addition: If a = {a;,as) and b = (b, by} then

a+b={a; +b,as+bs).
3,47 +<-, 0) =<3+ -1, 440Y = <2,4>

Triangle Law Parallelogram Law
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a -+ b is called the resultant vector
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b‘ a = —-2 +h = "'( b

EXAMPLE 5. Leta = (—1,2) and b = (2.1, =0.5). Then 3a+2b =

3R vap= 3y + 221, -057
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Norm of a vector

The magnitude, the norm, or length ot a vector a = {a;,as) is denoted by |a|,

o Jars a2

7l ;/3
M.

q'\
EXAMPLE 6. Find: |(3,~8 <T'5V’;>||u|
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Unit vectors

A unit vector is a vector with length one. The standard basis vectors are given by the unit vectors
i={1,0) and j = {0,1) along the x and v directions, respectively. Using the basis vectors, one

can represent any vector a = {a;,as) as

3 a=ayi+ asj.
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EXAMPLE 7. Guwena=2i—]j, b= {h,-2}. Find a scalars s and { such that sa + tb = —4j.
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The process of multiplying a vector a by the reciprocal of its length to obtain a unit vector with the same
direction is called normalizing a.
Any vector a can be fully represented by providing its length, |a] and a unit vector a in its direction:

S|a=lala
~7

ie. any vector is equal to its length times a unit vector in the same direction.
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EXAMPLE 8. Given a = (2,—1). Find fo \
(a) a unit vector that has the same direction as a; I;
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(b) a vector b in the direction opposite to a s.t |b|=1T.
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Vectors determined by length and angle

If a is a nonzero position vector on the ry-plane that makes an angle # with the positive z-axis then a

can be expressed in trigonometric form as

a = |a| {cos#,sinf)
[

N
@)

(Col)e )Sin@)
Yl
x

E:({:us&',sinﬂ) \

EXAMPLE 9. Find the vector af length i that makes an angfeﬁ/«i with the positive r-azis.
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For a unit vector this simplifies to
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Application 1:

(Juantities such as foree, displacement or velocity that have direction as well as magnitude are represented

by vectors.
s peed

EXAMPLE 10. Ben walks due west on the deck of a ship at 5 mph. The ship is moving north at a speed

of 25 mph. Find the direction and speed of Ben relative to the surface of the water.
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EXAMPLE 11. Two forces F| and Fy with magnitudes 14 pounds and 12 pounds act on an object at a

point P as shown. Find the resultant force as well as it's magnitude and direction.

Given . _ ™
= \?\= paeb , 6= o
RAR - =l
Pl = 128, 927 7
al = .
Find E""F‘l F"
: \Fl, Sk
x §
K Sin = U< 2_>
C = IF) 4w ©,5in& 2 = luccar, > Al
= ¢z A=>
= - |
\T‘; = 12 <y sinE Y = 12<- w T, sinf>en¢ 33

N _ g .2+ 63D
E?:E?\“' = <z, W2 )t {6, 6'}3) =<1 V2 6)7—————’2-

|F\.. m—g)z i (1\‘-Z+Gﬁ)] Ma,n-hJe

7 Gr+3é3_

={Ha-z - 2 1VE6 3¢ LTRSS

1R +6ﬁ)
diveckion ©= tar ( Wr-6



Application 2:
Proofs of geometric facts via vector techniques,

EXAMPLE 12. A guadrilateral has one pair of opposite sides parallel and of egqual length. Use vectors

to prove that the other pair of opposite sides is parallel and of equ.tﬁ;ngth.c v.e, +his is a PQ"O‘“.
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EXAMPLE 13. Use vectors to prove that the line segment joining the midpoints of two sides of a triangle
is parallel to the third side and half as long.
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EXAMPLE 14. Use vectors to prove that the midpoints of the sides of a quadrilateral are the vcr.tz'cci)

of a parallelogram.
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