Section 2.2: The Limit of a function

A limit is a way to discuss how the values of a function f(z) behave when x approaches a number a,
whether or not f(a) is defined.

Let’s consider the following function:
A=0 195 not

fHz)= - (z in radians). in domeih oé, .f(i!'r)
sin 0
Note that f(0) = is undefined. {However, one can compute the values of f(x) for values of x close
*'n (=) - Sin¥ .
to 0. —_—————— "_F¢-x)= 5’_"‘.— = TIMY . Sax I-P(ll') evwen
x f(z) Y Lo SEn¥
+ 0.1 | 099833417 m =41
*D O

+0.05 | 0.99958339 SN

+ 0.01 | 0.99998333 < %

+ 0.005 | 0.99999583 0

=+ 0.001 | 0.99999983

The table allows us to guess (correctly) that that our function gets closer and closer to 1 as x
approaches 0 through positive and negative values. In limit notation it can be written as

sinx sina

lim = lim =1
r—=0— I r—0t I
which implies that \ .\ ?
\ lim 25 % 1. FAC—T
r—0 I
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DEFINITION 1.

e If lim f(z)= lim f(z)= L then lim f(x) exists and lim f(z) = L;
T—ra = r—raTt T—ra T—ra

o If lim f(zx)# lim+ f(x) = L then lim f(x) does not exist.

T+ T—a T—ra
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lim f(z) = 2. lim f(z) = DNE

r—1 r—1

TNC A

/

/
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A I

0 q 0
A=4 (S wok in 4 i h Lw f(0) = 4
4 © " omain of L oy -
USe lefd and Riglt hand Zwmids Livn £V = 2
n-=¥

'e(vv\ "(‘K\ = Q\w\ .C(K'\ =2

K=y | A= ¥
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xgﬂjzf(i) - OO(D a 4."0” _rl_lyn_lzf(T) = DNE
4 Y
AX=-2
19 verhical
asym bote /
- 0 -2 ;
.) h’n ‘("-— oo
A Lim f0A) =to0
T R 0= -0 x>-27
x-9-2¥ i £x)= —o0
A
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Limits of piecewise defined function. .
EXAMPLE 2. Plot the graph of the function -3
—-3—z if z< -2 -2
flz)=<¢ 2z if -2<x<?2
22—dr4+3 i z>2

4
Find the limits (using the graph above):
lim f(z)= O lim f(z) = 0O lim f{(
r—0~ 4 r—07F lf x—0
li r)== li ) = L o
lim _ f(z) im f() lim f(z)
r]if?— f(z) = 4 IJE; flz) =<1 Lim £

;r):O
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DEFINITION 3. The line x = a is said to be a vertical asymptote of the curve y = f(z) if at least

one of the following siz statements is true:

lim f(z)=cc It flz] =60 m fiz) =100
T—ra~ r—+at Tt

o
=
=
o
=

lim f(z)= —oo lim f(z) = —o0 lim f(z) = —o0
e r—at T—ra

0 ¥ 0 \a
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REMARK 4. The vertical asymptotes of a rational function come from the zeroes of the denominator.

EXAMPLE 5. Determine the infinite limit:

. * -
(a) .h-r?f .1“_4: -0 TE x> q = _‘x_‘( o
— 1
Vah’shai. T ,F »x <Y =) ;:-‘" <O

e
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15
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Il
L4
c
M
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.‘.0: e - - em=®

@ lm g -e@ 2 —

&y b2 g
e im ———— =
e—0t 24z + 4)
. =L
) B~ *®
(&) .l]'l.]_-l_c'm'.l'=&m‘-_s!m = o9

X
Deterumine sigm of y=Smxe when X <T (closed lh‘lr.)
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x—4
2 — 5z +4
(a) What are the vertical asymptotes of f(z)? o Sx + 4=0
2evoey of Hu denom. x 2_ = (x-1) (x-4)
rds x -5x* 4=
IV‘ o“o\' wo )

EXAMPLE 6. Given: f(x) =

X= 4 ,x:‘l

£(x) = il = A y*# 4 in He domain *f F

- I '
(-0) (4T At x’:'i\i “:: {5 ver¥ical aaymptR.

(b) How does f(x) behave near the asymptotes?

124 x21 1

N =+ AR
P i§oro = Xt

fix) = —°

= L~
::—-.\ <o ‘f et <=2\ T :\
z M *
_\K;
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