Section 2.3: Calculating limits using the limits laws

LIMIT LAWS  Suppose that e is a constant and the limits

g%f(m)et.l and limg(x) = L,
exist. Then
L. lim [f(z) £ g(z)] = lim f(x) £ limg(z) = L, F Ly e:;u(P‘\‘ + 63}
T—a T—ra T—a’ ¥ \\
2. 1im [ef(x)] = clim f(x) ?’;'2 3%):3%: §ex) Al $ B?;;: 3
8. lim [f(x)o(x)] = lim f(z) lim g()

flz) [mf(z)

4. lim = I=a if limg(z) #0
c—ag(x) }LH}AQ(L) r—a

5. lime=¢
r—ra

6) limz =a 4 4
T—ra
" Cm (5"" x) = Lom S"")
7. lim [_f(.r}]ﬂ = {linlf(l,‘)] , where n is a positive integer. X923
—a T—a X 3

8) limz" = a”, where n is a positive integer.
T—ra

9. lim {/ f(x) = p/lim f(x) where n is a positive integer and if 7 is even, then we assume that lim f(x) > 0.
I—ra r—ra r—a

104 lim {1/; = p/lima where n is a positive integer and if » is even, then we assume that a > 0.
T—a T—a Q - —
'\J o
REMARK 1. Note that all these properties also hold for the one-sided limits.

REMARK 2. The analogues of the laws 1-3 also hold when f and g are vector functions (the product
in Law 3 should be interpreted as a dot product).
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EXAMPLE SGpamputF the Ezmzt
lim (T:E —5) = " ‘Tx - O 5

r—+—1
x93 -\ x = -l
©) ® 3 |
5 = = . (- - =
@_’_.").Q,;Mx:‘—b _?(I) S; =
¥ -\

REMARK 4. If we had defined f(z) = 723 — 5 then Example 3 would have been,

1—..» *ﬂ' Jim f(z) = lim (72° - 5) = 7(- 5'_ ~19= f(-
Q&\o‘s
we s DIRECT SUBSTITUTION PROPEFTY

EXAMPLE 5. Compute the limit:
a? w41
o2 2310

REMARK 6. The function from Example 5 also satisfies "direct substitution property”:

lim f(x) = f(a).

r—ra

Later we will say that such functions are continuous. Note that in both examples it was important that
a in the domain of f.
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EXAMPLE 7. Compute Hw limit: D.S. P,

T —3 Ch“"’& ( i
lim — L & — T e -
r—3x2 — 9 b ¢ 3¢ ]
a3 Qw’ﬂms) a3 %3
EXAMPLE 8. Compute the limit:
r—1 ¢
11111“5.2?4‘14_[3 Cakﬂf e_m ¥ :e:m .‘—: ..L:--L
I—¥ ad v - -
% =\ }/l)) (x~ 3) x> 1 x-3 -3 2
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EXAMPLE 9. Given 5 : -3
e ‘1 lf £ E . x‘:b‘ g(ﬂ‘\z 2-

g(x):{z—:am it 7>-1 9
M

Compute the limits: -4

(@) limg(@) = lim (2-32)= 2-3- 4 = a-12=~10
x4

(b) lim g(x) = S

r——1

C—"7
e §() = 'C’”' (7‘1"' 4) = ("l)z-\-": s
o T \\
Lim 30 = Lo (2-22)= 2- 3:CN=35
X+ X9t
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EXAMPLE 10. Fwvaluate these limaits.

. | ;
271025
@ lin——— = (o

x|~
|
> L

r—+0

(b) lim S ik = ZM (?H S.).L— > ) K_ (X 45(-_‘2(7’("‘;"5)
T — .w' X

x> X %20

- eﬂ“— —5 (x+10) = e'lu. (x-ﬂo) —o+|D q’D l

X990 —— xX=>d

Title : Jan 31-10:57 PM (Page 5 of 10)




z—0- |z |z
/ C—/
Le ke L xX?0
| X , X>o0 Lo { =
A = =) Tl 1-L . x<o
©, X=o0 Vel =

L1
(d) lim g
z—=—1 4+ 1
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Conclusion from the above examples: Lo § ) -'F'("‘)
s an ${w
To calculate the limit of f(r) as r — a: écr sup ’r""}ﬂaﬂ e

¥PLUG IN r=a if a is in the domain of f. ol. ;S @ Commoy
g Otherwise "FACTOR" or "MULTIPLY BY CONJUGATE" and then plug in. (I'F ‘.';‘
; . - : e
’.Conmder one sided limits if necessary. L mMe et ¥ ﬁ-‘lla..
'-...Mh'l"

* Squeeze Theorem. Suppose that for all > in an interval containing a (except pu“rﬂg at r =)

we ‘\tﬂ')
Y= 9x)

g(xr) < flx) < h(x)

and 11‘12.‘119{:) - J - Jlﬂf';'i‘{“} Then L- -
lim f(x) = L.

Yz $or)

\ o
Corollary. Suppose that for all ¥ in an interval containing o (except possibly at © = a)
|flx)] < hi(zx) (equivalently, —h(x) < f(x) < h(x))

and limh{x) = 0. Then
—a

lim f{x) = 0.

EXAMPLE 11. Given 3¢ < fir) < 242 for 0 < r < 2. Find lim f(x)

L L x=)
3 3
fix) = 3
A= |

Title : Sep 18-4:10 PM (Page 8 of 10)



EXAMPLE 12. Fvaluate:

(a) ].1111.["‘1].!] — —-—O

x—=Ib
w8 Sfm-l— <) (Muit. &y )
Vad
-y = 'xs""’l-; - ~« = ©
00— Y
1/(3,7 Sqarane Theorew

(b) lilu{'f‘r’}cu:i“;{'%] = O

(L)(mb‘_' «Ff
_L‘i"m 1._‘*

-lil-f-b +

_zh"'-iP

° L% sqpunsge o

0
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