Section 3.10: Related rates

In this section, we have two or more quantities that are changing with respect to time t. We will apply

the following strategy:

1. Read the problem carefully and draw a diagram if possible. 1“"‘“{‘[ ﬂva.w\-:\-u‘cs

2.

(4}

Express the given information and the required rates in terms of derivatives and state your “find”

and “when”.

Find a formula (equation) that relates the quantities in the problem. (If necessary, use Geometry!

of the situation to eliminate one of the variables by substitution.) Don’t substitute the given

numerical information at this step!!!
S ——

. Use the Chain Rule to differentiate both sides of the equation with respect to t.

. Substitute the given numerical information in the resulting equation and solve for the desired rate

of change.

1 Useful formulas:
e Triangle: A= 1bh
V3 V35>

— Equilateral Triangle: h = 5 sdA="5

— Right Triangle: Pythagorean Theorem c? = a? + b

e Trapezoid: A= g(bl + ba)

e Parallelogram: A =bh &
e Circle: A=nr? C=2nr

e Sector of Circle: A= %1-39; s=r#

e Sphere: V = %Tr'r"g; A = 4mr?

e Cylinder: V =mr?h

e Cone: V = —mr?h

I:»-'gr—l
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EXAMPLE 1. A spherical balloon is inflated with gas at a rate of 25ft3/m'1n. How fast is the radius
et

changing when the radius is 2t ?

L= (° Q\AMB\“s : RG—'), V (¥)

~

". P Glven  v'(&) = as FOL

.
4
L4

e Find R'@ wuhen R=2pyg

\ (&) = % TR3MW)

4°  Use Chon Rule

'3_4.-’ (1wr3 ({~\>

{

a
s V (€)

N = 5;71\— YWRIE) RME)
S" Whew R = 2 g4 we. have.

15 = 4% -2 RV

—

\ (N =25 4ey

16 5%
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EXAMPLE 2. A ladder 25 feet long and leaning against a vertical wall. The bottom of the ladder slides
away from the wall at speed 3 feet/sec. Determine how fast the angle between the top of the ladder and
the wall is changing when the angle is § radians.

Quantikes :  O\&) , X(%)
Giver X' = 3 £4/gec

Find 9@ when 9=?§

\ASQ Chain Ru\e

\ - 3y
Conr O - B' (%) = —= X (%)

P\\\S n  We nhumerital information
-x
When o= 3 C»% By = 1.3
\

— 'k\-_—-;——
‘5-8( 25
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EXAMPLE 3. A water tank has the shape of an inverted right circular cone with height 16m and base

radius 4m. Water is pouring into the tank at 3m? /min.

(a) How fast is the water level rising when the water in the tank is 5 meters deep?

g ,..7.,,,.,, Quowkties V@), D)

voluwe .Q
WOALE in dank,

Given  \'(@) = 3 ™ /mip

DB Fnd D@ whew DE =gy,
Solwken ! Similar A

WNée Chain Rule

V() = & 3t D@
?\“3 in  the hwme\-\cd! tw o Fmation]

Whwen D= 95
Y= %-3.5" O
' -y
b(‘t\' D,T-ﬂ' /M\V\
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L
b) At what rate is the radius of the top of the water in the tank changing when the depth of the water
— ———

dr auanHHt&'. V, r

is b meters?

L Rad =5
A+ h=5
1 I NP
\'- S‘erk = \J— Swr ¥
w=4r (sua\owa\ \ = %ﬁrf?’

2 dv
Lé -3—:‘-: %‘/“w At

W\\f.h \\:5. W & L',Trr'l- é_?"_
L B g A= at
avr _ 3
Jt  qmr?
> he%
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EXAMPLE 4. Two people are separated by 350 meters. Person 4 starts walking novth at a rate of 0.6 .
. . S : ~rate of 0.6
m/sec and T minutes later Person B starts walling south af 0.5 m/sec. Al what rafe is the distance

: : . : e distance
separating the two people changing 25 minutes after Person A starts walking¥

&“&h‘h"h-!s
‘i_::o.é'“/s X, 1.5

X S
Ay " A RS
: s . I e t
T el & s
Vit \l" 43

—_— . =
ASMin=25-605 = 15004 /’C:‘:i/

P [( 1C___ 4 [%S"Dl g [NH«-‘IH\T]
7P SH’\}\‘S At

ix . dy
/3./59%; :_/X(X({']i'?(f\)(a—:*:i_{-_)l{,lﬂo

{:Im

Q-IWD = 0.6° et Lt

— (speed) hime N> g
K(IWO) (P B 5_.65‘-7){0 = SYom

= (speedB)ldimeB) = 0 —
%(\guo) (__ . = L (900+5Y0)
2 = | 35D +(1
o[ 1500) = {350 + (x+v) L* g (:’ iz

= 432 -5'-:—: (@00 + S40)- ( 0.640.5)
A

E—;;;-_ .07 '“/]

IR
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EXAMPLE 5. A #rough aof water 1s 8 meters long and its ends are in the shape of isosceles triangles
whose width is 5 meters and height s 2 melers. If the trough is filled with water at a constant rate of
——

Gm? /s, how fast the water level {the height of the water) changing when the water is 120cm deep¥
Laaa lam

Quantites: V} h

! dv m?
Given -.&_t. = 6 /.S

sl:n'h‘ _‘_"_'“__ = ?

1}
base: beizhd ’
2 = 2.

Sh =
p

L o

= _&. o) Sh=dw & we

5 Ve Y 5oh= o
‘ 2-
A via o)

dv dh
SV ijp-2h 2=
AL

b
k=it & G = 20°12 e yor .—.D.l‘sm/s
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EXAMPLE 6. A plune fling with a cowstand speed_of 360k hour passes over o vadar slalion ol an
_speent_of SO/ o
altitude of 2lan and elimbs af an angle of 30°, At what rate is the distenes from the plane fo the vadar
il e b e AR )

station fncreasing 1 minute latery
m—

x 2
‘1‘-’-‘-=5£O kh/a
dt +
a4z = 9
P - v 2
d JL:ZB“
o

ShgarEa B X0
Pl (%

Di ffeventiate .

4 P f‘_ [?‘iﬂ] 4+ J_xlﬂ“\
= (2] - (

ax

= 5*1-1-04-2
wandl v a0 g

dt
e

s ke g
A (&) = red) (6m) = 300" 35 = Gk

i
- - 1*'-1,-&1!‘(-}5
}(‘J;)FJ&(%YL
oy teural =2l wm

\g0 g0
)%\ﬁ%:;.g-sm * 336
7110 K
Ax = T =350 i
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