3.11: Differentials; Linear a==i=@Slsalls A pproximations

Differentials: If x changes from x; to x9, then the change in x is
— foo -~ —

Axr =19 — 21.
If y = f(x) then corresponding change in y is *(gh .
Ay = (@) — (). =

DEFINITION 1. Let y = f(x), where [ is a differentiable funclion. Then the differential dx is an

independent variable (i.e. dz candze:gAz)‘t(Jen the value of any real number). The differential dy is then

defined in terms of da by the equation

dy= f'(x)da.

EXAMPLE 2. Compare the values of Ay and dy if 0.0 %]{

y=flr)=2a> 2z

and x changes from 3 to 3.01. [lustrate these quantities graphically.

[ -
X, Xy
N5 = X, =7 = 3.0l — 2=0 O]

8% () = Y(3.eN=-Y(3) = 100 =230V = (3*-2-3)50.099/

dg(’:\) = \a‘(;) dx = 3‘(3) AX = 4. 000 =004
‘3'-.: ax=a = 3'(3): 2:-3-2=4

REMARK 3. Notice that dy was easier to compute than Ay. For more complicated functions (for
example y = cosz) it may be impossible to compute Ay exactly.
CONCLUSION: Ay = dy provided we keep Az small. This yields the following “approximation by

differentials” formula.
fla+ Ax) = f(a) +dy = f(a) + f'(a) Az,

Indeed, assume x changes trom x = a to x = a + Ax. Then A £(e)
Ay= £ (a+ s x) — f(a)

Yy o) o~ o Ce
5o 50 Yl = AL )

$la+sg| 7y =) f(a+4X) —4() %dﬁ(&)
Pla+ex) = (o) +dfla)
flo) |




EXAMPLE 4. Use differentials to find an approximate value for sin61°.
fCa+50 = f(a) + £ AX >
ax

£(x) =sinx =2 £ = x

> Sin(a+bx\~8ih(o~\ 1 conla) AX

Sin(6V) = sin (60 +1%) = Sm(—+ W)~s-n Q- LI
MNvad = |80
q‘— (-]
180 ted =l -~ , L2 . _E+‘Zf_ = 0.8747
- 7 2 180 > 360

Wsing Calle. oo %~ 58296



EXAMPLE 5. Use differentials to find an approximate value for v/0.98.
Flatax) = f(a) + §'(a) BX
$6Gy = VUx N G 5

3
L’ —
JO.‘Is = QJ—\I T LT o0z
._‘J 0.02 = Y ( )
DR
) .02 _ (- 0.00§ = 0998

:'—’/L—-__q/

Cf. Using caleuletor “Jo.93 =~ o.a=a¢



EXAMPLE 6. A sphere was measured and its radius was found to be 15 inches with a possible error

of no more that 0.02 inches. What is the mazimum possible error and what is the relative error in the
___-_-—"
L8
Vo

volume if we use this value of the radius?

C = |S £0.02L
aY \
Gaseraisor  aVedV= V(e AF
' = 4Tt AY
. 7.
sible A\ (\S') =q-T |s7-_ 0.02 ~G6. sYy8? ;.

O '0$
p\d,l e"\'ﬂ‘-

W(l‘:ﬂ‘-‘- %‘l"l‘:fs = 413717 in
r=\<

Note i achual velume when
Vv = 137,07 5.6 n*

€xplanation

L

Relative errort
AV(IS) _ gy av ?m\r\ LGN

Mg 0
v (15) Lyv

=15

Conclusion: the relative error in radius: Ar/r=0.013=1.3%
produces a relative error in volume 0.0@4 = 4%.



Linear Approximation: The function

y=Lee) @) = 1@) + (@)@ — )

(whose graph‘is the tangent line to the curve y = f(z) at (a, f(a))) is called the linearization of [ at

a. The approximation

f@) =~ f(a) + f'(a)(z — a)

is called the linear approximation or tangent line approximation of f at a.

X 1S in @ hQ'\s\s\or'\..J

+a
£6) ~L(¥)




EXAMPLE 7. Determine the linear approximation for sinxz at a = 0.
LX) = sinX =2 £C) =0
{
.?'(x\ = CHX = (o) =

Le) = £ v £ 0xm o)
a=9 -) Lea) = £ (o1 £ ) /9=8iu,\.

o N’
L(x) = X \T
_

FOr ex arny\e

Sin 0.000007 X L(a.°°°°°1\) T ©,000%07



EXAMPLE 8. Given f(z) = ¢/z + 1.

(a) Determine linearization for f ata=17.

g = 3w =g =2 o i
O ™ m g 47 56 s

L) = £¢D £ -1, 0o LD= A+ 5(x-1)
(b) Use the linear approzimation to approzimate the values of v/8.05.

3[ 805 = £(71.08) x L(7.05) =2+ {3 (105 -7)
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