4.3:Logarithmic Functions

DEFINITION 1. The exponential function f(z) = a® with a £ 1 is a one-to-one function. The inverse of

this function, called the logarithmic function with base a, is denoted by f~(x) = log,, .

Namely,

log,z =y

" =z. 50

In other words, if > 0 then log, () is the exponent to which the base a must be raised to give x.

EXAMPLE 2. Evaluate

(a) log, 16 = 20311 = 4

7_D=\c,

\ { -

gl 34

A
S =3\| 125 = 1as 3



L= = ) = (»ga_

CANCELLATION RULES:

£ (QCx\\ = X
o log.a" =xforallzelRR
LC5-) = x

o %% =y forz >0



Graphs of logarithmic functions ¥ = log, =

\’4

Y= ‘80%._7‘

Domain (0,-!- o)

Range: R

lim log, » = ©©
lim log = =
g log,z = - o0

Vertical asymptote: X=0
Horizontal asvmptote: A7 ©

Diomain: (°| 09‘)

Range: TR

lim log, 7 = — O

I—+DD

lim log, =% ©O

=i+

Vertical asymptote: XTo
Horizontal asvmptote: /\’O




Properties: Assume that a # 1 and =,y > 0.

(O log,(ry) = log, = + log, y

log, (j) =log, x —logy y

log,(z¥) = ylog, x

i} L=l0}
Notation: Common Logarithm: logx = loggx. (Thus, logr =y <& 10Y = )

Natural Logarithm: In(z) = log (z). (Thus, nzr =y << e’/ =ux.)

?foos of (). QD%“(RED = Qn%.. ¢ « ‘Qﬁg,_(%\

O\quk (x3) _ Q\Q.Q..oh + £aq o ()

- XB - q!n%..('a . QR%&(})

Comce\\m\-\oh ‘Ru\e \

xy = %24 (TRud.



. . . >
Properties of the natural logarithms:

e In(e”) = ‘(g%e (Q-,'\ =X Y=lax
o Ehlx: Q%ﬂg (%) = X N x>0 -

1 P
e Ine = Qogee = 4 \{

In @ . .
, where a > 0 and a # 1: Preo §
‘Ql\ o ‘QQ%&('K\ = Qv\ x

Lna ‘Qag(ﬂ QMx
e

e lim, grlnr==co ° -

tna 40 t)
(&)=
a Qus,_('-ﬂ - x

Ina

\ e log, =

e lim, .oolnr = o0




EXAMPLE 3. Find each limat:
(a) lim 111(.1.'2 —r) = -e..m Q’.u_ = o0
I

N )

= X'-Xx —> o0
*L-> o0

—

(b) llm logq(x — 13) =
13+ \l-bh'\'

U= X=-\% —» O+
% 1yt
<+
X2 5 x>\
X=-\3 >0

(c) lim log(sinx) = Lw\- 2-5-% (W = - o0

r—s0+ = ot
w= Sine.. —> 0%
x->0"




EXAMPLE 4. Find the domain of f(x) = In(z* — x).

D(‘Qm\&) ={‘~\\* >0} } N
1_3—1 1S o\g&;ngd 80!' a\\ >

x> =% >0

x (x* -4) >0

< x-\) (X 4) >0

D (& (1"-1)] = (-1,0) VU (1, + )



EXAMPLE 5. Solve the following equations:

(a) loggs(log(x +120)) = =1 >
| S —

&3 (x+ 120Y) .-.(o. S)”':(ll)" =9

’Q‘"a.o( x+120) = 2

S
Xx + 120 =)0

X = |oo —120 [

\')(':—10







(c) log(x — 1) +log(x + 1) = log 15

Q@}(( x-O(DH«D = Qp%\b\

’eo%(x - 1) :Qsaci\'?

= 1S
X'L: lé_

The frnal answer 15 [X=Y 7
'@—ngg = —4 doeyn't ee\owj
‘,‘D CIOMQ{nS G-g Y= /(,oj(x—-1> a“hc{j:eag(xi

'X:--ra_l

10



(d) Inz? —2Invi2 +1=1

Qo - @(JTMZ’ =
L xF = An (xT¥A) =1

bn 2 =1 =lune

W AA

’)Cl

AN

=&

')Ql = Q(Xl’v/\\

L
)le; e X + &
R

3&(\*63 - &

g2 <
i} <6
X - e

=) no SoWuWon_
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EXAMPLE 6. Find the inverse of the function:
(a) f(x)=In(x+12)
\8 = E/\/\ (x+| 2\

3
‘Q — X x \X

| domain | (Ran 9
| X> 2 =R
>

§

12



x _ |+5
10 ver
X _ 1Y
10” = Yy
Lo 1+
X = Sto \_b

13



Tn addilon,

DO\maih angg_

F R S (=1,1)
] Cnn R

Y- QS%\\D |t

\-Xx

14



EXAMPLE 7.
©+ 2y = 20.

EN

Find an equation of the tangent to the curve y = €2 that is perpendicular to the line

SloPe v(rTM Xx=a
m.r:‘a\(oh 7"‘)\ = ZQ

xA=4 L—

On Hhe other hand, T 1L L e

3) =-1
1q =—4q
20 -

Qa=Q N|az= o
i

Y(a)=yly =€ "=

,—L

Toh“geﬂ‘f QAM atr (o)

Y-y = 2 ( x—0)
\‘j: 21+/\3

15



Change of Base formula:

log, x
log, = = :
logy, a
In particular,
| Inx
0g, I = :
~ Ina

EXAMPLE 8. Using calculator evaluate logy 15 to 4 decimal places.

‘60% 15 —= @f\lf;
* P2 ~ Q06

16
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