4.6: Inverse trigonometric functions

™ s
e INVERSE SINE: If 5 LS =, then f(x) = sinx is one-to-one, thus the inverse exists,
denoted by sin™'(z) or arcsin z.
y — sinz y = arcsinz = Sin (x)
: T W
Domain { 2. = [-I> I\
K 7
Range [“) ‘_S [ Y™

Cancellation equations: ,F.‘( ,F(,r)\ = .F(.F"(,‘)\ = Y

arcsin(sinz) =z if —

-

i

<<'—
e 2

b |

and

sin(arcsinz) =2 if —-1<z<1.
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EXAMPLE 1. Find the eract values of the expression:

(a) sin™'0 =0 ,4Lecomse sin0O=0 Q@._

T e
a

(b) arcsin(—1) =~

(c) sin™'(0.5) = owesia :_L =

Rtk

i &2 L
Sh-g— 3

2
(d) arcsin (—i) _- -
2)=09

-1 ¢ % | = By Cancellation Rule_

9
(e) sin (arcam 7) =

/)Wﬁui = arcsin (— %\ =—%
(5 Way2 Using Cancellation Rule

or in(5F) = Sin T
(g) arcsin (Sin f) sin( 57 ) = Sin CT)
T g -V, <y

=T
B\a Cancellation R e arcsin( Sin g"_n) - arcsin (su(—:—r»-- T

(h) arcsin (sin (g)) = -
' Ry Cancellation Rule

i

Lecanse
X - <
e LT = I S
(1) arcsin (smT) T - < T?s% <™
é 2 e 2
f) tanfresin- | = tan =
(f) 5 )
=y
9 = Qresin S I
Sin® = % 2

8(
Vs~ 2% = {a;
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EXAMPLE 2. Sketch the graph of arcsin(x).

\

S Qrcsl: b 4
(ia.—a 1) q :'I 7-\
T ¢,
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e INVERSE COSINE: If 0 < 2z < 7, then f(z) = cosz is one-to-one, thus the inverse

exists, denoted by cos™!(x) or arccos z. %
-\
9 = COST Y = arccosr &= CoA (7‘)
Domain | [o,®} C-1,1)
Range c-,10 Co,m]

Cancellation equations:

arccos(cosz) =z if 0<z<nw

and

cos(arccosz) =z if —1<z<1.

Covered during the recitation.
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EXAMPLE 3. Find the exact values of the expression:

(a) arccos(

(b) cos™!1

(c) arccos(—1)

(d) arccos0.5

(e) arccos (— T)
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3
(f) sin (2 arccos E)

(g) arccos (c_-.us (;))
§
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T
l ol :' :‘ = :. -
(h) arccos ({Ob_G)

(i) cos(arccos2)

(.]) arccos (rﬂs (—g) )
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EXAMPLE 4. Sketch the graph of arccos(x).
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o INVERSE TANGENT: If -7 < 2 £ 7, then f(z) = tanz is one-to-one, thus the inverse

exists, denoted by tan~!(z) or arctan x.

y=tanzx y = arctan x ¢ tan ¥ x)

L
Domain | \" 5, = R

2y > -3 = ° % e

T = ¢
rage | R |CE, F)
Cancellation equations:
arctan(tanx) =z if — % ST é

and

tan(arctanz) =«  for all .
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EXAMPLE 5. Find the exact values of the expression:

(a) arctan0 = O eomze +anO =O
(b) arctan(—1) = ’_z'f Becaumse —en (—g): -4
1
¢) tan ! [ ——| = - L
(c) ( \/i) 2
n — = ‘—: ﬁ
TR
[\~ L
(d) tan(arccosz)=ton®= :
o ™
Gy 6 == % ';" .
2 >

e -

(e) arctan (ta.ni) = Qurela, ™\ _
4 P “(hQ)—% 6’3 Cancellatye,

Rul
Con )+ tan (7o) TN )
1L TL N
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EXAMPLE 6. Find the following limits:
L3 (b)

(a) lim arctanz=— lim arctanx=
T—F 00 2, T—+—o0

N (o
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EXAMPLE 7. Sketch the graph of arctan(z). — Y= tenx

“IL / sz/L

_'"'/

( A
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Derivatives of Inverse Trigonometric Functions:

EXAMPLE 8. (a) Find the derivative of f(x) = arcsinz.

= Greiwme
_ x 1
— S‘n = KN 1, w2
| Siﬁ%@= 2 \’7 2T X (ny = Ji-x*
Dif@rQnHaK ;MPQ,:dl-Qt:S &
(Sm\g(x)) = X
Py Chain Rule C
Cob 5(*3 \3‘(1\= A (Qrcsmx\ = TG
\ A |
(x) = 2 =
¥ () con —
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(b) Find

C‘\aiv\ RM\e. *
AU
——\;‘s o wt
9 (A

(cmsm ) - A1-(3a)*

W= OFCSialdxtl) = —

d 1
dr \ arcsin(3z + 1)/

A\ () T 3x ¢

( arcgin ‘ SY*'\\L

(o.rc. Sin (3x*l\)L

—

3
Jiy- (axu)-
(q.rc stw (Ix 4 \))L

3

JI- Q)" ave sin (Ix+4)
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TABLE OF DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

E arcsinx) = ! l<z<l
a(an_sma) = — <z <

1 1

L—(arcrcross ) = —— o —=l<z<1
Cl;lf A/ J_ —_ :1?2

1" 1

. (arctanz) = _ _

dx 1+ 22
ol ; ; 1

] (Ci}t_l;':{:) = —- :

dx 1+ 22

EXAMPLE 9. Find the derivative x) = sin” Harctan z) = W (arcta
9. Find the derivative of f(x) = sin™" (arctan x) ArC Sin ( \'\X)

/;‘%5 Chain™ Rule

1 _ A 4
; (<) = T vty & (arclenx)

A {
\‘ \- erc\-&n X\L L x*
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EXAMPLE 10. Find domain of the following functions:

(a) f(xz) = arcsin(4z + 2)

U = Yo +.2

ﬁ/ﬂ(/’(f/’n &z) = [:'/:7]-’//“/"”‘k é’f

-1 £ Yerosd

12 = Ix = 1-2
-3 £ Y=~y
S <
-2 < x = -1
7

Dl arcsin (%3¢ ) = [-;3 Yy 7
(b) f(z) = arctan(4z + 2)
Dlarclon «) = 7T
D (aretan 1+2) =
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