5.3: Derivatives and Shapes of Curves

Mean Value Theorem: Suppose a function f is continuous on the (closed) interval [a,b] and differen-

tiable on the (open) interval (a,b). Then there is a number ¢ such that a < ¢ < b and
=< b) —
Slop? of fangent ok e f(c) = M = slope of +he Secant AB
) — @

or, equivalently,

f(b) = f(a) = f'(c)(b— a).

f(b) — fla)

bh—a

[Mustration: m,, =

0
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EXAMPLE 1. Find a number ¢ that satisfies the conclusion of the Mean Value Theorem on the inferval
[0,2] when f(z)=2%+x—1.

MVT £ (0 = $9 -Ka)
b-
. = 1‘_Q“("‘\
T our canel X . =538 —
‘)= = CH=3C+
Fe)=3% 4 FCH=3C+) acl=5
a=0 b 3= Y
Elar=-1, Fl\=B21= e
c=% =
N3
C =\ 20z
Final amswer is c_:.l‘? Qecasse dcccn . °
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EXAMPLE 2. .?-uppme{l < fl{x) < -Q‘J_fur all z|in the [2, 5]. Show that 3 < f(5) — f(2) < 12.

MUT : £C6) ~Ha) = £' (o (b-a)
£(5) - £ = £'() (5-2)

In PMHW, =>
| XN Lloune 7 ce <S5

D £ 2D D=3 <39

VE < £0S) - ) sua
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Test for increasing/decreasing

o If f'{x) > 0 on an interval , then f is increasing on that interval.
. . . . |\f'<o
o If f'{x) < 0 on an interval , then f is decreasing on that interval.

.
o If f'{x) =0 on an interval , then [ is constant on that interval. 4 >0

EXAMPLE 3. Delermine all intervals where the following function

s 4 40
flz)=12" - 3}:1 - T.r'q' —-12

s itncreasing or decreasing.

e e 6xa— 1080 A = BxA( - ax— 2)

_ sy_a( X+ 2)(x-4) = o

Xz -2, X=¥ ore crihtal poiniy

A= 0O N
el ~ ~
e
-2 o 4

£ s tnereasing  on (-, -2) U (4,+o0)

g(‘t’-\ s AQCPCA\‘S% on (._ a, 4)
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First Derivative Test: Suppose that ¥ = ¢ is a critical point of a continuous funection f.
e If f'(x) changes from negative to positive at x = ¢, then f has a local minimum at e.

e If f'(x) changes from positive to negative at x = ¢, then f has a local maximum at e.

e If f'(x) does not change sign at x = ¢, then f has no local maximum or minimum at e.

REMARK 4. The first derivative test only classifies critical points as local extrema and not as absolute
extrema.

EXAMPLE 5. For function from Erample 3 identify all local extrema.

A=Y bocal van

A= -2 «eoCoJl maX
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EXAMPLE 6. Find all intervals of increase and deerease of [ and identify all local extrema.

(a) f(x) = ze™

%X 5 & o 3
Sy e +axe T e (1raxd =0
™
* A
° A% AX=
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L N o
2
=<x——) -+ %(11_%5 3
L A
_ > ;)3 ol 4 -
1 —
3 5\ 3
EXCy ’?)
2(-3) + A 3x%- 5 +AX>
- 23 = S\ Y
(- % 3 (o>~ 3) -
5 Cx>-1) 5 (x-1)(x+1)

3(2-5V5 3 (fac- \ENI’r ESE
Critical POin"'S! X =1,%x=-4, 1'@ ) 1“'@

% NS
3 3
£ {¢2) / enm (-c0,~1) JU,+ ) = X=-1 15lcal mas
:r(,q \, onN ("‘)‘) xX=A ‘.SM Vaing
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%)0: %3

Recall here the Second derivative test for coneavity. (see Section 5.1):

vp

e If fM(x) = 0 for all r on an interval, then f is concave up on that interval.
e If f“{x) < 0 for all x on an interval, then f is concave down on that interval.

o,

In addition, if f changes concavity at ¥ = a, and r = a is in the domain of f, then x = a is an inflection
—
point of f.

EXAMPLE 7. Find intervals of concavity and inflection points of f, if f(x) = 42® — 1227,
! )
F'0o= £ 40N (1) = a3 4a
= lax (x-2)
_r!l
\ /__
+ R
o

1 RS
f(x\ 19 Concawl b\? °on ('-OO'O)U(Q“f”)

:f(x\ ts concave down ovw (o, :_)

A=0 and x= a2 are nfleehon Pbih'}s,
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EXAMPLE 8. Sketch the graph of f(z) = z' — 2% by locating intervals of increase/decrease, local

extrema, concavity and inflection points.

Locte takruals "G /S Y ond Lol exAvemel
:?1()&): 47(3—CQ>< :27((1)(1_1\:2)(({5—1,;)(V’Ex{./l)
Crikical ‘)Oi"}s x=0 | A=

\ F%
Louh intervals a@ conca Uity and ihf(ecton PO?"{-S

26 = (42°-27) = (ax*-2 = 2(6x*-1)
=2 ( Vvex-NWex +4)

ConCan
" [
* (X)=o i X=t—0o wp dewn “«p
‘F v-‘- ?/:\'/1-- x
~_l .\_
3 s
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Mok fH{e)=0

Note »?—C—X\: -F(?() ,1'-9.'F(x) ' § envey
=1 He qraph i SYmmetric .t
e Y- coxns,
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Second derivative test for local extrema: Suppose " is continuous near c.

o If f'(¢) =0 and f’(¢) > 0 then f has a local minimum at e. > l Z

e If f'{(¢) =0 and f"(¢) < 0 then f has a local maximum at c. ; k ;
REMARK 9. If f'(¢) = 0 and f"(¢) = 0 or does not exist, then the test fails. In the case f"(¢) does not

exist we use the first derivative test to find the local extrema.

EXAMPLE 10. Find the local extrema for f(z) =1 — 3z + 52 — 2.

-‘?'(x) = —3 +l0x - 3% = - (3x*> =0 1+33

=73 (1- ‘-‘33(1~3) = O
X=3 x=3 Crrtical poinis

£"(x) =10-6x<
£ (5 ek >0  xrhs bt e

‘:F“(3)3|0—G‘5 <O = A=% 7S M Mmaje
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