11.3: Cross product

BEVIEW: Determinant of 2 » 2 and 3 x 3 matrices.

A determinant of order 2 is defined bv

+ —
a b
= ad — be
.r%:f
A determinant of order 3 is defined bv
a; dz 0oz
ba b by b b
By B By = o - s : ;‘ -+ ag i
Cz C3 ] C3 ) C2
Cq Co Cop

= aibecy — ai1bacs — asbicy + asbacy + asbyicz — azbae

or copy the first two columns onto the end and then multiply along each diagonal and add those

that move from left to right and subtract those that move from right to left:
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a; dg @ a, a
1\\ {></ ‘g\\ - /I /’;
by N Ty \E;\r’ by = aibacay + asbae; + azbyoa — azbecy — aybace — azbiea
& ~ N P2

Title : Jan 16-3:42 PM (Page 1 of 10)




« THE CROSS PRODUCT IN COMPONENT FORM:

Given a = (a1, az,a3) and b = (b, bz, b3). Then the cross product is :

axb= {ﬂqh;g — ﬂgbj. ﬂ',:q.f.'-ll — ﬂplﬁ;grﬂlbz = ﬂzf?l)

REMARK 1. The cross product requires both of the vectors to be three dimensional vectors.

REMARK 2. The result of a dot product is a number and the result of a cross product is a

VECTORII!

To remember the cross product component formula use the fact that the cross product can be

represented as the determinant of order 3:
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(& by = baa)

—
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EXAMPLE 3. ffa={(—2,1.1}. b= {3,5.0}). and ¢ = {—4.,2,2) compute each of the following:

(a) axb = n /3 /\L A
-2 1\ =’€\\ \ —'S\"‘\**\"\

I\

3 (ro-1s) =3 Earonrd) + K (as-1)

(-5, 3,-137

(b) bxa = __ a:’x-\;’ = (g, -3,‘3)

Y

(€) ax (b)) = § (a¥ b

) =<-2as5,15,-€65>

-
(d) axa =§€

(e) axc = m(za”\: ;(’5’ x3>: 5,
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Properties:

j’a:{aza
axb==bxa

* (na)xb=ax(ab)=alaxb), a€cR
ax(bt+c)j=axb+axc
(a+b)xc=axc+bxc

EXAMPLE 4. Show that if a and b are parallel then a x b =-6.

kgt ,
&*L
there exiSts a real scalar € such H 4
-
b= ca&
Y % -
Ther T 8 (@) = e (@) Zed=p
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o« GEOMETRIC INTERPRETATION OF THE CROSS PRODUCT:

Let & be the angle between the two nonzero vectors aand b, 0 < # < w. Then

1. |a x b| = |a| - |b|sin# =the area of the parallelogram determined by a and b;

2. a ¥ b is orthogonal to both a and b:

3. the direction of a % b is determined by “right hand” rule: if the fingers of your right hand

curl through the angle @ from a fo b, then your thumb points in the direction of a X b.

]
N

=}
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S
for 4wo nonzero veckns G ondl

FACT" alb & axb=0

Bta axomf\e 4, al
o

Cnmvrse\\" Lok

* %
0 0 \!,
Sin0 =0
/A
6=0 =3 2 Il?

Title : Jan 16-3:43 PM (Page 6 of 10)




EXAMPLE 5. Given the points A(1,0,0), B(1,1,1) and C(2,-1,3).Find
(a) the area of the triangle determined by these points.

e . AA"‘&AD'=’=‘1‘
"Ac‘/

-

A—E:<°/\)\> AC:<4)—\)3>

—> d’l

AR x AC

T 5 n
) \ \ =1 (‘5-”\—’3(0—0*\((0-\)
\ ® = < 4y0,-1)

= 1<y, 1,-1>] = \l WG+14l =\ = ﬁ-z,E

>
-
gt

\ - a2
33 = ==

J
>
>

Title : Jan 16-3:43 PM (Page 7 of 10)



1
o i

(b) Find a unit vector 1 orthogonal to the plane that contams the points A, B, (
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MIXED
e SCALAR TRIPLE PRODUCT of the vectors a. b, c 1s

a-(bxc). =a a number
ey

o vechor
Note that the scalar triple product is a NUMBER.
FACTS:
l.a-(bxc)=(axb)-c
a, az aj
2. If a=(a;,as,a3), b= (b;,by,b3) and c = {¢;,c5,¢3) thena-(bxc)=| b b b;
a.!,s. value_ ©1 €2 €3

h x c)| = the volume of the parallelepiped determined by a, b, c.
I( : .
qn) cl V= (base)-( height)
- =)
= \1axb\\c| &
-
axb)c

h= 12| &a €
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EXAMPLE 6. Determine if the vectors
a=(0,-9,18), b={(1,4,=-T), c={(2,-1,4)

]
are q"ﬂj'.lfﬂ nar.”

- o -8 %

N .

(a""\c' ="' 4 -7 _-_-;_(.“\\-1\_“,8,! ‘I\
2 -1 Y A 1

= 9 (m\-\-\q) +18 () - 8)

T Qg — 18950 = &b R
coplanar.
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