12.5: The Chain Rule

Chain Rule for functions of a single variable: If y = f(z) and = g(t) where f and g ai

differentiable functions, then y is indirectly a differentiable function of ¢ and

dy _dydg
dt  dxdi

EXAMPLE 1. Let z = z¥, where x = t2, y — sint. Compute 2'(t).

Gint aSint
2 = x'l’___({z) =
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Assume that all functions below have continuous derivatives (ordinary or partial).

1REE DIAGRAM
e CASE 1: 2z = f(z,y), where x = z(t), y = y(¢) and compute 2/(t).

Chain Rule: e it By 2 22
T - md NIy
A+

t ¢

SOLUTION OF EXAMPLE 1:

Let 2 = z¥, where x = t?, y = sint. Compute 2'(t).

AT 1 Ul
szxx'{'?a\a
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EXAMPLE 2. The radius of a right circular cone is increasing at a rate of 1.8 em/s while

its height is decreasing at a rate 2.5 cm/s. At what rate is the volume of the cone changing
when the radius is 120 cm and the height is 140 cm.

R o R=Rl¢)
i—kz\.? /5 H’-“(&')
A 9.5 “s

4t v
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dk R: 120 ™

no‘ﬁ<\so $18 — 100) =hofT-63

3 N J;,\
- 816075 ;“,;W"d)
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2= L(x(5), Yisb))

e CASE 2 z = f(x,y), where x = x(s,1), y = y(s,t) and compute z, and z,.
—

Chain Rule: Tree diagram:

32_8231+826y 2

ds  dxrds  Oyos A=

8z 0z8x 9z9y \

&~ ocot oy N /X
ONUNSNO

EXAMPLE 3. Write out the Chain Rule for the case where w = f(z,y,z) and x = x(u,v),
y = y(u,v) and z = z(u,v).

w Jw MB+M)—\L+BE
AN e e A
% oy 3 P W ax , w0 e D 22
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EXAMPLE 4. If z =sinz cosy, where t = (s — t)?, y = 82 — 12 find 2, + z.
Z B

/N +25=2x Xs+ 2y %
24 = Zxx{: * 231‘{'

X %
SUFS
<

&

2ty e x (xst%) * 2ylst1)

= Mxm‘}(z (S-l—) - J(S'ﬂ)

g/‘-f__
l

0
T Siny (-Sihg)( 23 — a{—)

_ 3 simxsiny (£7S)
= 96 (s sin(@t) (49
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EXAMPLE 5. If u =y + 322* where t = rset, y=r + ste!, z = rssint, find u, when
(r,s,) = (1,2,0)

Xs ¥ WUy g ¥ Uy 2s

w Ug = Wx
=
/0N t oAyt Lse
x s& :.D_x\a,‘ﬂ’, + (1*33%>15
AN NV '3 psint
Fst st T Ay
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(\, 2,0)" |-25in0 =0
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Implicit differentiation: Suppose that an equation
F(z,y) =0

defines y implicitly as a differentiable function of z, i.e. y = y(z), where F(z,y(z)) = 0 for all =

in the domain of y(z). Find y":

= F(x, 40) =0
\i.//\k Fx “'_E_\a:\a\ =0
} Iy = B

) ]

EXAMPLE 6. Find o if z* + v° = 6™, —L

Fay) = x'+y- o™ =0
_ §x> — G\aeﬁ

Gy eF

L Fx
—

—\A’ Raz
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Suppose that an equation ( ok - (X,‘S,%) c l\)
Flz,y,2) =10

defines z implicitly as a differentiable function of = and y, i.e. 2 = z(x,y), where
F(z,y,2(z,y)) =

for all (z,y) in the domain of z. Find the partial derivatives z, and z,:

- 2 [\:(7‘1 't("\‘ﬂ‘.& 3 (O>
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7 T x R

Title : Feb 11-8:27 AM (Page 8 of 9)




EXAMPLE 7. If * + i + 2% + zye® = 10 find

ﬁrF'(x Y, %)
(a) zp and z, > | Fx _ q;ﬁm?
F, = L[x3 tye Zx:‘.:—_ 2344y ¥
T = Iy + Xe
o 0y 33
F‘?s: 3‘3 + At &~ 6 224Xyt
k3
Fz- = et x\.)e
flkﬁ in
(b) z; and =, x:X(‘a"t)
F(X(‘J\E), \3_\233\0 ‘L’(_:—E‘l
_ =y 7 Y R
/2\ F)‘ \(3‘\’ F“-—O > \r XF%
> x.\.F-D ')XZf'——’—
X% Py K2t ¥ ke Fx
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3 =
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