12.7: Maximum and minimum values

Function y = f(z) (J" q_

Function of two variables z = f(z,y) C"\j& 3

DEFINITION 1. A function f(x)
has a local marimum at r = a if
fla) > f(z) when = is near a (i.e.
in a neighborhood of a). A function
f has a local minimum at © = a if

fla) € f(x) when x is near a.

If the inequalities in this definition
hold for ALL points = in the domain
of f, then f has an absolute max
(or absolute min) at a

If the graph of f has a tangent
line at a local extremum, then the
tangent line is horizontal: f'(a) = 0.
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DEFINITION 2. A function f(x,y) has a local mazimum
at (z,y) = (a,b) if f(a,b) > f(x,y) when (x,y) is near (a,b)
(i.e. in a neighborhood of (a,b)). A function f has a local
minimum at (x,y) = (a,b) if f(a,b) < f(x,y) when (z,y) is

near (a,b).

If the inequalities in this definition hold for ALL points (z, y)
in the domain of f, then f has an absolute maximum (or

absolute minimum) at (a,b).

If the graph of f has a tangent plane at a local extremum,

then the tangent PLANE is horizogcal.
n

THEOREM 3. If f has a local extremaum. (that is, a local mazimum or minimum) at (a,b) and

first-order partial derivatives exist there, then

fz(a,b) = fy(a.b) =0 (or, equivalently,V f(a,b) =0.)
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DEFINITION 4. A point (a,b) such that fy(a,b) = 0 and fy(a,b) = 0 , or one of this partial

derivatives does not exist, 1s called a critical point of f.
————

At a critical point, a function could have a local max or a local min, or neither.

We will be concerned with two important questions:
e Are there any local or absolute extrema?

e If so, where are they located?



SETS in R?

nR in R?
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DEFINITION 5. A bounded set in R? is one thm‘f contained in some disk.
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THE EXTREME VALUE THEOREM:

Function y = f(z)

Function of two variables z = f(z,y)

If f is continuous on a closed inter-
val [a, b], then f attains an absolute
maximum value f(x) and an abso-
lute minimum value f(r2) at some
points z1 and z3 in [a, b].

If f is continuous on a closed bounded set D in R?, then f

attains an absolute maximum value f(z1,y;) and an absolute
minimum value f(x9,y0) at some points (xy,y1) and (23, ys)

in D.
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EXAMPLE 6. Find extreme values of f(x, X) =22+

Local | Absolute

Maximum NO NO
Minimum |ae& ok
0,0)| (a0)

Domain: rR?' unbdd

nok close




EXAMPLE 7. Find extreme values of f(x,y) = /1 — 2? — 4%

Local | Absolute
Maximum | ak l-\O) ot (e,9)

w aX =$"

)}
Minimum o~ 9D

p1o)=Ad

(o)

NO R
F‘S" ¥(¥.‘>)

Domain: ‘ (Xﬁﬁ\ 1?- % 312 '{k:D




EXAMPLE 8. Find extreme values of f(z,y) = y* — 2°. e
=y ,,y.'\'
Local | Absolute z2 = b S&Alk_r
Maximum
A% N9
Minimum ~O No
Domain: R-

REMARK 9. Example 8 illustrates so called saddle point of f. Note that the graph of f crosses
its tangent plane at (a,b).



EXAMPLE 10. Find the points on the surface z> = xy + 1 that are closest to the origin.
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ABSOLUTE MAXIMUM AND MINIMUM VALUES on a closed bounded set.

THE EXTREME VALUE THEOREM:
T Cale L Y= 4(x) Cade 3
To find the absolute maximum and | To find the absolute max and min values of a continuous func-

minimum values of a continuous | tion f on a closed bounded set D:
function f on a closed interval [a, b]:

1. Find the values of f at the critical | 1. Find the values of f at the critical points of f
points of £ in (a,b).

2.Find the css=mm values of f at the Eﬁud the extreme values of f on the boundary of D.(This
endpoints of the interval. usually involves the Caleulus I approach for this work.)'l- l?..?—
3.The largest of the values from | 3. The largest of the values from steps 1&2 is the absolute

steps 1&2 is the absolute max value; | maximum value; the smallest of the values from steps 1&2 is

the smallest of the values from steps ..
P51 the absolute minimum value.

1&2 is the absolute min value.
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to maximized;

ov
e The quantity pressed in terms of variables (as few as possible!)

e Any constraints that are presented in the problem are used to reduce the number of variables to the

e
—

point they are independent,

@After computing partial derivatives and setting them equal to zero you get purely algebraic problem

(but it may be hard.) —
f

e Sort out extreme values to answer the original question.



EXAMPLE 11. A lamina occupies the region D = {(z,y): 0<2z <3, —2<y<4-2z}. The

temperature at each point of the lamina s given by
T(z,y) = 4(2* + zy + 2y* — 3z + 2y) + 10.

Find the hottest and coldest points of the lmna(Fl'\o‘ obt, Mmax and )
Lb‘b’b\ torwers aks. win -'e "(’() 3)
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Boundary o D

D= hd Uck UAR
Paramelerize ol partt of +he
@m.m&a.\r\j &efro-m&e\j and Find
Crikical ‘wim—s 94 :F Here
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Find value of ¥ a¥ corner:
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Suppose [’ is continuous near a and
f'(c) =0 (i.e. ais a critical point).

e If f(c) > 0 then f(c) is a local
minimum.
o If f”(c) < 0 then f(c) is a local

ILAXIIII.

NOTE:
e If f'(c) = 0, then the test gives no

information.

Decolrnda derivailives Lest:

Suppose that the second partial derivatives of f are continu-

ous near (a,b) and V f(a,b) = 0 (i.e. (a,b) is a critical point).
2

Let — (a'r b) = -f**{a'i h}fyy(a: b} [Jfl"y (a': 5}]

o [lf D > O\and fyrz(a,b) > 0 then f(a,b) is a local minimum
o\[f D > Ofand fz(a,b) < O then f(a,b) is a local maximun.

e [f D < 0 then f(a,b) is not a local extremum (saddle point).

If D = 0 or does not exist, then the test gives no information.

fails.

To remember formula for D:

f:r:r: f:r-y

D= frr yy :rygz
Jaxfyy — [fay)] oo f
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EXAMPLE 12. Use the Secand Derivative Test to confirm that a local cold point of the lamina in
the previous Example 1s @ crihtal

T(x,y) = 4(z? + Ty + ‘_3'_.’;3 — 3x + 2y) + 10.

. Ty ® y-1=8
—\-1-_-_'4(1::13-33‘ Tey =
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EXAMPLE 13. Find the local extrema of f(zx,y) = z* +

Solution: Find critical points:

£ .z h&-ﬁs%:o = W= gz

1C3, 3\3 —A =0 > \3 o
Lox S 'aL ~A =
b(l 'DQ('BL ""L) = 0O

'1,:_\
Y= o oR %
L ~ =1

\ﬁ’.‘_x - \A:Q \3':_/\

Calculate the second partial derivatives and D.
(0,0) (L,

frr= (0% O e >0
f.'r-y - - 3 - 3 ‘—3

f-yy — é \6" O é

D \_2,;3\:-%0 & A=3-1>0

Saddle '(AJCA,Q VA N

— 3xy.
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EXAMPLE 14. The mountain is defined by z = xy in the elliptical domain

P
D=((@y| g+y<ip.

(a) Find the top of the mountain.
T o¥her werds,  find XN
P aX i L dﬁ = Xy on D.

Firsk find oriRad point o 2in D
Zx =V = 5 (o\o) e D -.—,) _2(0)0):—1{0]

?\/ = X =0

Y

ndat 0!
Sewnd, fimd orilicad values of 7 o Lountary of
)

3D =] Xayr=1]

~
Me\-l\é{l use Lﬁ.a\"a.'\ (&
faw-m etiye 1D MMLE,rhers see He

\
( ? hext g(c"fcmll,&
e

$ " l \,i another Pq'm"‘d"'%'\kol_\
X:K) c - K

x=lea® | Nk Hat

= ¢in © 2(1,3):2—(4,-‘0)
o0& 9 s 2"7 T"M, one Cah Q,V\S\'J{l\
0<@ &

\-'\9 :2 g\'r\za
. qwogfnezl‘lwﬁs ;
%D Sin20 l\(9)
Leok for ikl Po\'n\'& 9(— h(B) on (ofﬂ

h(8)=o0 ) w20 =0
20 = = or p

T
B :H Tl) End foir\\'s L(o\ = \r\(W\ =0

Gho\ugia\n‘. Poe wouwai w La_s "'wo -\-oF.S ok

(1\&\ \%) 'L) and (-lﬁ,-\%l’Z) \
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(b) Is the eritical point found in the previous item the highest or the lowest in its neighborhood?

In othexr wo\‘is] L (o\o) 'S )
the Rocal max or locel min .
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