2],
1",
13.9-13.10: Party | T
Triple integrals in spherical coordinates U
# Spherical coordinates of P is the ordered triple (p, #, ¢) where P ?é
OP|=p. p>0,0<0<2r,0<¢<m. :
P
x= loP) @O = PsirPcar® ey
. o e . \-/"’0
\A= \0?1\ Sin© _'-Y § Sinqg Sin® e ‘
| ofll= p sin® 2 S o

2= peor®

We hm b
1= 9 Sin® o & 2

Y- 9 ¢in® Sin®
z=_?°’°q,
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REMARK 1. The spherical coordinates

T = psingcosf

Yy = psindsind

= pCosQ @_
PEU, 0<#<2r, 0<o<m

are especially useful in problems where there is symmetry about the origin.

Note that

2
4yt 4 = _?; Sin'Q Cap® + ft SinPsin® © + .Pz =P

..f"( SintP ot ® + Siat P SiatO + c""'?)

= Pa( it P (ot & + SinL B) v enld) = P,_
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EXAMPLE 2. Find equation in spherical coordinates for the following surfaces.

(a) P +y*+22=16 = o _ —_—
f=le $=4
PZo
(b) z= \JIEL {W: SinP

2= ?‘ sin@ e © + 35" sia*®P sint &
= S;[s;nﬁ’l Jerrp +sin'@ = psin®
0<PsT '2: P SinP
per® = p sin®P
an®P =1
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+Triple integrals in spherical coordinates

r = psingcost

y = psingsinf

Z = pCosg

r>0, 0<=<f#<2m, 0D<e¢g<nm

(r.y,2) > ||[J 8. z) >

r=rcost I = pCosq

y=rsinfd r= psing 7
323&/ #=0 "
dV = drdydz= J,Y A 0 J‘Z- = V'f A? AB J?

A\]: a\go\ea‘?

(p. B, o)
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THEOREM 3. Let f(x,y,z) be a continuous function over a solid E C B®. Let E* be its image

in spherical coordinates. Then

[/[ flz, gy, 2)dV = //[ flpsinécos®, psin dsin b, pcos d)p” sing dpdd de.
SN e JJ S [ )
YR

EXAMPLE 4. Evaluate I = [ / [ eV EHE gV where E = {(z,y.2) : 9 < 2 + % + 2 < 16}
o o JSE

E{(po?) | 3¢p <4, 060, 0<PST)



EXAMPLE 5. Write the integral ”f flz,y, 2)dV in spherical coordinates where

(a) E={(r.y.2):2a?+y? +22 <Ly >0.2>0}.

E¥= {(?‘ \‘?) o<§><\ 0<QC‘|_ A

3
Q
Ry
§ f0s BV = ) g S, g(esm?me,Psm?smegc.w)gsm‘{l‘{)

(b) E s ﬁrf icecream cone-shaped | uEzd ﬂ.l'nr.l':' 15 fut from the sphere of radius 5 by the cone
¢ =x/6.
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EXAMPLE 6. Evaluate the integral by changing to spherical coordinates

JZL:iﬁﬂ.[:?(r%yH dzdz dy= IJJ(.,_*S*}'L\AV
E
w\\e‘(f : _
8 Sy ey |- X T
= ﬁ(xmt\\ Dey g3, 0 Jw E%— &\l :s}
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