14.7: Surface Integrals

Problem: Find the mass of a thin sheet (say, of aluminum foil) which has a shape of a surface S
and the density (mass per unit area) at the point (z,y, 2) is p(z, 9, 2).

Solution:




If S is given by r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k, (u,v) € D, then the surface integral

of f over the surface S is:
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EXAMPLE 1. Find the mass of a thin funnel in the shape of a eone z = /22 + y? inside the
cylinder % + y? < 2z, if its density is a function p(z,y, z) = 2% + y* + 22
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e Oriented surfaces. We consider only two-sided surfaces.
Let a surface S has a tangent plane at every point (except at any boundary points). There

are two unit normal vectors atfz.y, 24: n and —n.

If it is possible to choose a unit normal vector i at every point (z,¥, ) of a surface S so that n
varies continuously over S, then S is called oriented surface and the given choice of n provides

S with an orientation. There are two possible orientations for any orientable surface:

AR N

Convention: For closed surfaces the positive orientation is outward.



e Surface integrals of vector fields.

DEFINITION 2. If ¥ is a continuous vector field defined on an oriented surface S with unit
normal vector i, then the surface integral of F over S is
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EXAMPLE 3. Find the flur of the vector field

F = (29" 2"

‘\
X
VAR

across the surface
S={"=2"+y",0<2<2}.
(A

Note  Diceckion of h i¢ not indicated S0 we have o
o recn o
D cloose y ‘)oihkel outward .

)= <x, u, Dbyt Y
D= {xy)| 0 £+ ¢4

and So N
Ser olSo

Flus = [[F-d8
S

\Ne WS¢ Lave ‘JM &hekh'}mhvh
. nd X\ dinatr;
“8\53 %Lh&\'\(d Coof€
0 ; e, 066 € 2Ty
| Creod, Pt 1y D=lir @) |0rer,
RN TR

L ) w ' )
> - X 5 v
n (5 \r\ =t Rex R - z —rsin® @A O -G-')(“M&,rs"‘ )

Cr®  SindD 4

« < ¢ (A down =) kg lant Gmp
n L o\n
€ éL musk  be heﬂd-{ve

7

Cx Qhr"@ 1

e

onen b

m ey ) = {romd f 00, "



—_— ' 'L
“&S<VC®9> rsied,
D o < Y,Cdbe_)v\g)‘v\@)“r>AA‘f\3'

PALNYS

= S g“}wfe fpsn D “(gj of A0
0) 0

2T X
XY .
Skmﬁ—ﬂm"’e—om &Ysar -1 £\1=~E-léw
4 o >
< — o
,1]‘[‘
lecare i
ng)ﬁalﬂ: ggi.?ﬂ Jo <o

\ A
IVK




EXAMPLE 4. Evaluate I = #F dS where F = (z,y,x) and S is the unit sphere centered at
S
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Grt T shows how fluid moy rokcke.
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