Section 2.3: Calculating limits using the limits laws

LIMIT LAWS Suppose that ¢ is a constant and the limits

and

exist. Then

—_—

1. lim [f(z) £ g(z)] = lim f(z) £ limg(x)

r—ra I—ra r—ra

2. lim [ef(z)] = clim f(x)

T—a T—ra - 2
3. lim [f(z)g(x)] = im f(z)limg(z) =) ‘Q/ww B’b‘)} :(&W\ ‘ﬁ'(*\)j

r—ra I—rit Tr—ra X= oo ¥_a o
(z) lim f(z)
4. lim =24 if limg(z) #0
z—a g(x) limg(x) r—ta
Tr—ra
5. lime=r¢
r—ra

6. imzr=a "
r—a ’QA.VVL XY\ <€/‘-W\ )(\5
@ lim [f( )] [lln]f( )} , where n is a positive integer.
r—a r—a

8. limx"™ = a”, where n is a positive integer.

‘f\

r—a
9. lim+v/flz)=»p llmf where n is a positive integer and if n is even, then we assume that hmf
r—a Ve

r—ra

10. lim {E/? = p/limx where n is a positive integer and if n is even, then we assume that a > 0.
Ir—ra

REMARK 1. Note that all these properties also hold for the one-sided limits.

REMARK 2. The analogues of the laws 1-3 also hold when f and g are vector functions (the product

in Law 3 should be interpreted as a dot product).
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EXAMPLE 3. Cumputﬁ fhe limit:
lim (T.L 49273 — 822 43 hm @x% + 0 (;wa’\) QA (879 +& R
X ~1

“3_} 1 ¥ | X - X <\

—'&"‘-7‘ +a&mx3—8£.mx +3

x=>-1 X2=\ ¥ ==\

® 9 (_(\s 4 ;.(-ﬂ‘3 —8(-N+3=-IY

REMARK 4. If we had defined f(z) = 72" + 22 — 822 + 3 then Example 3 would have been,

lim f('r) lim (72" + 22% — 822 4.3) = T(=1)" £ 2(=1P— §(=12 43 =~14= Ff(-1)

r——1 r——1

EXAMPLE 5. Compute the limit:
Pl =)+ (- ¥ Y -2 ~

—>—2 I3 — - -—= -y
) . (_;?-\o -8 1o 13 G

REMARK 6. The function from Example 5 also satisfies "direct substitution property”:

lim f(x) = f(a).

Tr—ra

Later we will say that such functions are continuous. Note that in both examples it was important that

a in the domain of f.
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EXAMPLE 7. Compute the limaut:
x—3

lim—— ==

5 . X—/B/ = ' - A—
x—312 — 9 >3 (;f’(x.*a) 3+ [

EXAMPLE 8. Compute the limit:

r—1
lim — i 2‘: X — _L_
r—1x?2 —4x 4+ 3 . =

) o (x-m) 17>
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EXAMPLE 9. Given _
()= 2o d, if p<-—1
=1 2-3z if z>-1

Compute the limits:

(@) Img() = L (2-3x) = 2= 31 =-10
XY

(b) lim g(z) — 5 €€C: 3
fj_w\, (‘K\ YAWL (7( “fL() = (“'\\q_ ~ Y

(!

T

x <=1\
z\‘m— (x) = &vw (.963><> = a- 3 (1)
X934+ Y=\ 7¥

o)
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EXAMPLE 10. Fwvaluate these B‘im‘lf‘?

’ z=1 — 0.25 e
(El) J:I—I;I}l &L= —1 - v a
wa

XYy  x-Yy X->Y4 ‘IX(x %)

D Y
= L S N G, S S

x93y X (x=4y ~ XY 44 g

(b) lim (‘1“_‘2 - K X" 410X “'a’g'?/é 2 x (x410)

r—0
KO X ¥X=2o0 x

}_:; (x+15) =10
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|ul=ZQ. , &z0

T—F— 1_1,-|-

‘xﬂ\g{mf\ , X+120 _ 1(1-:-4 ,@wwwc)\ R

—(x+d) 5 X0 ), XS4 G- bond Bt

hu— {x+a) n Q;w_ __(_3:12 iy

X=2-\" xH X==" Sl
x<=\ %
" XM " Ty
X"‘\* x‘,_‘t
.2
@ Jim DG , Qecanse
\ xt % ‘ (24
/Q/»wv 1 = (Lm T ) cﬁ‘m (_xb — ;L
X=2-\" x4 ¥ o= = (xx1) X 1
LR (W) 7;L
Z\M— = .\IW— R - e‘:wt =-&
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: 1 1 R ‘ A DNE
@ im {11 -l (- 65) - "

X i
Y O o gﬂtt—\-
A -
—‘XJ— L{ y LY Qg.} oy o

C.V\.Qr‘\'hi'\'{ ome_
s -0 -

VB—% — /6
0 =, o T T 0e
K20 “ N\e-» + V6

Kwn (V) (m /C{_ 5

=20 % ({C-x —NU\ \no X (m-»ﬁ

L I
| )

=2£w-~ 4 = = -4—- = -4
=20 JGx ¢ Voo +ic g
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Conclusion from the above examples:

To calculate the limit of f(x) as = — a:
% PLUG IN x =a if a is in the domain of f. Then Q::;;’(Lgm’\) :‘?’(Q’B

Otherwise "FACTOR" or "MULTIPLY BY CONJUGATE" and then plug in.
Consider one sided limits if necessary.

A\So\ we  the f&\]owiv\zs Theovem
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Squeeze Theorem. Suppose that for all = in an interval containing a (except possibly at * = a)

and limg(x) = L = limA(x). Then

Tl E—F

Corollary. Suppose that for all 2 in an interval containing a (except possibly at r = a)
If(z)] < h(z) (equivalently, —h(z)< f(z)< h(zx))

and limh(z) =0. Then : 1
r—a il_l&f(r) = 0.

EXAMPLE 11. Given 3z < f(z) <242 for0<z <2. Fin
\X‘J'\ an'& 05152

3 2l 3
" +2

5)
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EXAMPLE 12. Evaluate:
|

(a) _llinb;rsing =0 ) Because
‘ o ST
‘1 Sin \ = lxl° \Sm ;") x4 =IX) - O
X=29

(b) lim(ta)cosg(é) = O | €ecause

t—0

< ltlg- | cas

53 < Wl ﬁ\?‘

S
t e

t gwf(i‘z>
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EXAMPLE 13. Is there a number ¢ such that

. =X(x
PR CERT, b

T—r—. ?2 r—2
Tl aTvurs x>- (x+2) (x-1)

erists? If so, find the value ¢ and the value of the limit.
T4 s sufficent Hhal x=-2 is 2ew o Hhe
womeroder, L€ 1€ £0) = 3X4Cx4C+3 Yhe
£(-2) =0 ,eov
2 (~2) + G D) *¥C*3=O
12 —22C *C 43 <O
\c =4S

In W ore 200 = 39 + 15X 4154323+ Sx +6)

= 3(x+2)Cx +3)

So, L:ﬂ):/wv £9) o 3 (x Q) (2+3)

=2 () (x-1) — (x=\
" TR R

_ 3(2av)
- —a-\*'_'l'i \
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