Section 3.5: Chain Rule

(Question: How to find the derivatives of the following functioms:

> = (.1?6 + 422 + 12-)15; = sec{l?-;rz) + t.an3{1?) y=+vVi+z

Review of Composite Functions:

[f o g](z) = f(g(z))

If f(x) = 2! and g(z) = % + 422 4+ 12 then

[fog)(x) = $(30d) = £ ( Y6 1 X 412)
=(( ¢ Au2+13)

Conversely, if [f o g] (z) = sec(122%) then f(x) = Sec x and g(zx) =
L — )
4 ('{) (%) )
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The CHAIN RULE: If the derivatives ¢'(x) and f'(x) both exist, and F = f o g is the composite
defined by P
F(z) = f(g(z))
then

F'(z) = f'(g(x))d ().

fl.g

In Leibniz notation: If the derivatives of y = f(u) and u = g(x) both erist then

L : —
y = f(g(z))

18 differentiable function of x and
dy  dydu [
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4, YO . \
Y= £ (wod) Ay £y
I.
y= () u(z) flu) =
ly
y = u= Xé-t'%*?'-t\?__ Y= u,'s- % = \’Su‘\ﬁ. ((gngsx)
(b + 422 +12)1 | o = 6x7+ 9X o= 15w :‘s-(xé*qy’l-\-[?_yq (65 +8X%)
5 2 dy
y = sec(12z7) u= 12X y= Ao W l_ :</§;?L\x Jrew\\é (l‘{%)
dir
o' = 24 X Y= RCU BN |y aee (120) (eon (12
y = tan®(x) u= ton X y= > Cl_y: JU- A X
> cr
:Qm”) u'= e X y=3u" = 2 b x 2 X
y=vitz u= Y+tx y= e = us di’z—‘;——-\
- AT TR ¢ de 3 *§ >
u = | Y=z W =zU 3 I S—
= éaﬁ- _l 3) gi("‘l*x)l
| -1
y=[g(x)]" U= %(X\ = wn %z nw” %‘ (x)
= q'(x) =N lA.“-‘ i n »
3 %[g(xﬂan(%tx‘b 9'(x)

@wmlized Power Rulej
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EXAMPLE 1. Find the derivative:

—20\%
1 3 *
S . 45% 1)
@ ()= gy = (xR
G.P.R. —aon-l

3 2 3
F‘(ﬂ-? - 201% (* 45X 42) - (x «Sum)

_ ae\x (3410
(x‘s * 5> *\2)”\3

Note U = x2 4 Sx+I2

20 = 202

(b) h(z) == 8(3/T — 11)8 Qx(z&—n))g

:@*r”llxj=<51%_\\x>8
By G-B.R. . s |
W)= 8(‘51 ) - (a0

3.
= 8(»X Ly (337 - )

= %(3)({}—1\)07( % 1)

ol

(¢) flx)=cos(bz) +cos®r = (S’(‘_D ¥ <(_M><)

wnne

= —sin(5%) (5X) + 5 ¥x. (cornd

= -5 S"”(S"XX — 5 centx Sinx

)
-
(d) f(z) = \/s?+ V2 F \@“‘*9‘ v
w(x)

/_\
£'60)=

(% D)
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EXAMPLE 2. Find F' and G" if

Fiz) = f[:‘iu/) G(x) = sin( f(x)),
W \x) w)

where f(x) is a differentiable function.

C () = §1 00 W = § () (nd = £ (5imd oo

G ) = (sinu)' L) = e (FO) £16<)
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EXAMPLE 3. Let f(x) and g(x) be given differentiable functions satisfy the properties as shown in the
table below:

1| =5 8 |C3)|@A2 Suppose that h = fog. Find h'(1).
3] 1 |(2)| —2| 8 .
N %b Choin QM\Q)

ey O ‘ = £'(R)12 = 2127
R = £ (&)z(\\ { (3 A3 ]
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