HOCHSCHILD COHOMOLOGY OF GROUP EXTENSIONS OF
QUANTUM SYMMETRIC ALGEBRAS

DEEPAK NAIDU, PIYUSH SHROFF, AND SARAH WITHERSPOON

ABSTRACT. Quantum symmetric algebras (or noncommutative polynomial rings) arise in
many places in mathematics. In this article we find the multiplicative structure of their
Hochschild cohomology when the coefficients are in an arbitrary bimodule algebra. When
this bimodule algebra is a finite group extension (under a diagonal action) of a quantum
symmetric algebra, we give explicitly the graded vector space structure. This yields a
complete description of the Hochschild cohomology ring of the corresponding skew group
algebra.

1. INTRODUCTION

The action of a group G on a vector space V' induces an action on the corresponding sym-
metric algebra S(V') (a polynomial ring). The resulting skew group algebra S(V) x G is a
noncommutative ring encoding the group action. Deformations of such skew group algebras
are related to deformations of corresponding orbifolds, and some have appeared indepen-
dently in several places under different names: graded Hecke algebras, rational Cherednik
algebras, and symplectic reflection algebras. Deformations of any algebra are intimately re-
lated to its Hochschild cohomology. When G is finite the Hochschild cohomology of S(V) x G
was computed independently by Farinati [F] and by Ginzburg and Kaledin [GK]. Its algebra
structure was first given by Anno [A].

In this paper we replace the symmetric algebra S(V') with a quantum symmetric algebra
and explore its Hochschild cohomology. Our quantum symmetric algebra is a noncommu-
tative polynomial ring, denoted Sq(V'), in which the variables commute only up to multi-
plication by nonzero scalars (encoded in the vector q). Noncommutative polynomials have
been of interest for some time. Our current work incorporates group actions as well and is
in part motivated by the recent appearance of two articles: Kirkman, Kuzmanovich, and
Zhang [KKZ] prove a version of the classical Shephard-Todd-Chevalley Theorem, namely
that the invariant subring of Sq(V') under a finite group action is again a quantum symmet-
ric algebra. In the setting of an ordinary polynomial ring, methods from invariant theory
for finding such subrings play a crucial role in computations of Hochschild cohomology (see,
for example, [SW]). Around the same time, Bazlov and Berenstein [BB] introduced braided
Cherednik algebras, which are deformations of Sq(V') x G in some special cases. Knowledge
of Hochschild cohomology will provide insight into these and other possible deformations.

More specifically, let k be a field of characteristic 0. Let N be a positive integer and for
each pair 7,7 of elements in {1,..., N}, let ¢;; be a nonzero scalar such that ¢;; = 1 and
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qji = q;jl for all 4, j. Denote by q the corresponding tuple of scalars, q := (¢;;)1<i<j<n. Let
V' be a vector space with basis z1,...,xy, and let

Sq(V) i=k(xq,...,on | mix; = ¢ o2 for all 1 < 4,57 < N),

the quantum symmetric algebra determined by q. This is a Koszul algebra (see e.g. [AS]), so
there is a standard complex K.(S4(V')) that is a resolution of S4(V') as an Sq(V')-bimodule.
This complex is given in Section 2.1 below; see [W] for details for more general quantum
symmetric algebras arising from braidings. Priddy [P] first introduced Koszul algebras, and
the theory was developed further, including such complexes, in [BGS, BG, M].

We first compute cup products, using the resolution in Section 2.1, and obtain the following
theorem. Here A -:(V*) denotes a quantum exterior algebra, defined in (9) below, on
the dual vector space V*, and B is any algebra with a compatible structure of an Sq(V')-
bimodule. The two choices of algebra B in which we are most interested are B = Sq (V') and
B = 54(V) x G, where G is a finite group of graded automorphisms of Sq(V).

Theorem 3.1. The Hochschild cohomology HH (Sq(V'), B) is a subquotient algebra of the
tensor product B® A -1 (V7).

That is, the Hochschild cohomology is a vector subquotient of B ® A -1 (V*), and its cup
product is determined by that of the tensor product of the two algebras B and A -1 (V*).

We next give the graded vector space structure of Hochschild cohomology in the two cases
B = 84(V) and B = S4(V) x G, when G acts diagonally on the basis z1,...,zy of V. We
adapt techniques developed in the context of Hochschild homology by Wambst [W]. In the
first case this gives the following technical result. The notation will be explained in Section 4.

Corollary 4.3. For allm € N,

HE"(5,(0) 2 @ @ spanfa”® ()"},

Be{0,1}N aeNVN
i aspec

This result is a consequence of our more general Theorem 4.1 on Sq(V) x G. It should be
compared with work of Richard [R], in which there are some results on the Hochschild coho-
mology of a related ring of twisted differential operators on quantum affine space. Richard
obtains his results by first computing Hochschild homology and then invoking a duality be-
tween homology and cohomology. In our setting, such a duality does not hold in general;
a comparison of our Example 4.4 below with Wambst’s Corollary 6.2 [W] shows that there
is no duality in our smallest possible case. Other authors have used various techniques to
compute Hochschild homology of generalizations of Sq(V) [GG, Gu, W].

Since the characteristic of k is 0, the Hochschild cohomology of S (V') x G is the subalgebra
of G-invariant elements of HH'(S4(V'), Sq(V) % G), and the multiplicative structure of this
algebra is given by Theorem 3.1. To determine the additive structure precisely, we specialize
to diagonal actions of GG on the chosen basis z,...,xxy of V. This is the case to which
Wambst’s techniques in [W] may be most easily adapted to express the relevant cochain
complex as the direct sum of an acyclic complex and a complex in which all differentials
are 0. This leads to our description of the Hochschild cohomology as a graded vector space

in the following theorem. The notation will be explained in Section 4.
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Theorem 4.1. Assume the finite group G acts diagonally on the chosen basis of V. Then
for all m € N,

HH™(Sq(V), Sq(V) 2 G) =D @ P span{(="#9) @ («7)"},
9€G pe{0,1}N aeNV
|Bl=m a=P€Cy
and HH™(Sq(V') x G) is its G-invariant subspace.

We plan to address more general group actions, as well as related deformations of the skew
group algebra Sq(V') x G, in future articles.

Organization. This paper is organized as follows. Section 2 contains necessary preliminary
information, including the resolution of Sq(V) that will be used. We also give a chain
map from this resolution to the bar resolution of Sq(V'), used in Section 3 to compute cup
products.

We prove Theorem 3.1 in Section 3. In Section 4 we prove Theorem 4.1 and apply Theo-
rem 3.1 to give the cup product on HH'(Sq(V) X G). As a special case, when G = {1}, we
obtain in Corollary 4.3 the Hochschild cohomology of Sy (V).

2. PRELIMINARIES

All tensor products and exterior powers are taken over the field k of characteristic 0.

Let A be an algebra over k, and let M be an A-bimodule. We identify M with a (left)
Af-module, where A¢ = A ® A°; A is the algebra A with the opposite multiplication. The
Hochschild cohomology of A with coefficients in M is

HH' (A, M) := Ext’,. (4, M),

where A is considered to be an A°-module under left and right multiplication. One useful
free A°-resolution of A is the bar resolution

(1) "'6—3>A®46—2>A®35—1>Ae multA—)O

where 6, (a0 ® -+ @ amy1) = Y oieo(—1)'a0 @ - @411 @+ - @ a1 for all ag, . .., amy1 € A,
and the map from A® to A is given by multiplication in A. Suppose M = B is an A-
bimodule algebra, that is B is an algebra and also an A-bimodule and these two structures
are compatible in the sense that a(bb') = (ab)b’ and (bb')a = b(V'a) for all a € A and b, 0’ € B.
Then HH'(A, B) has a cup product defined at the cochain level as follows (e.g. see [G, p. 278]).
Let f € Homye (A®m+2) B), f/ € Homye (A2 B). Then f — f' € Hom e (A®(m+n+2) B)
is determined by

= fa®a1®: - - ®m4n@pint1) = f(a0®a1®- - Qapm®1) f'(100m11®- - @m0 Q1)

Let G be a finite group acting on the algebra A by automorphisms. We denote by 9a
the result of applying g € G to a € A. Then we may form the skew group algebra A x G:
Additively, it is the free A-module with basis G. We write A X G = ©geq Ay, Where A, =
{a#tg | a € A}, that is for each a € A and g € G we denote by a#g € A, the a-multiple
of g. Multiplication on A x G is determined by

(a#tg)(bith) := a(?b)#gh
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for all a,b € A, g,h € G. Note that for each g € G, A, is a (left) A°-module via the action

(a @) - (citg) := (agt1)(c#g)(b#1) = ac('b)#tg

for all a,b,c € A, g € G.
For convenience in what follows, we will sometimes denote the quantum symmetric algebra

Sq(V') simply by A.
2.1. A free resolution of Sy(V). By [W, Proposition 4.1(c)], the following is a free A°-
resolution of A = S, (V):
2) s AT (V) B Acp ANV) T A0 2 A,
that is, for 1 < m < N, the degree m term is A°® A™(V), and d,, is defined by
dm(1®2 X Xjy VANEIERIVAN l‘jm)

=> (-1 [(H st,ji) T, ®1— (H qg‘i,js> ® zj,
=1

s=1 s=1

A

®$j1/\"'/\l’ji/\"'/\l’jm

whenever 1 < j; < ... < j,, < N. This is a twisted version of the usual Koszul resolution
for a polynomial ring.

Let us write the above formula for d,, in a more convenient form. We first introduce some
notation following Wambst [W]. Let NV denote the set of all N-tuples of elements from
N. For any a € NV, the length of a, denoted |a, is the sum 3.~ «;. For all a € NV,
define z® := x{'2§? - 23, For all i € {1,..., N}, define [i{] € NV by [i]; = §;;, for all
j€{l,...,N}. For any 8 € {0,1}", let /% denote the vector zj, A--- Ax; € A" (V)
which is defined by m = |3|, §;, = 1 for all k € {1,...,m}, and j; < ... < jn. Then, for
any 3 € {0,1}" with |3| = m we have

N i N
Ay (19?2 ® xw) — Z 5@-,1(—1)22;11 Bs [(H q§§> T, ®1— <H qfs> & x;
i=1 s=1 s=1

2.2. A chain map into the bar resolution of S4(V). We wish to define a chain map
from our complex A° ® A\'(V) to the bar resolution (1) for A = Sq(V). Wambst defined
a more general chain map [W, Lemma 5.3 and Theorem 5.4]. Here we introduce notation
useful in our setting, and include some details for completeness.

For each set of m distinct natural numbers ji,...,jn (m < N) and each permutation
7 € Sy, the scalar ¢Z1Im is defined by the equation

2 261D

in A, that is, ¢/t+™ is the scalar arising when one applies the permutation 7 to the variables
in the product zj, - --x;, , using the relations in A to rewrite it.
The following lemma is immediate from the definition.

Lemma 2.1. If 7 = o7 in S,,, then

=4
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For each m > 1, define the map ¢,, : A°® \"(V) — A®Mm+2) by

(3) ¢m(1®2 Qi Ao A Ijm) = Z (Sgn 7T>q£’r1,.4.,jm ® Lir1) K& L (m) ®1
7T€Sm
for all distinct z;,, ..., z;, . Note that ¢, is injective: The image of a basis of A™ (V') under

®m is linearly independent, as may be seen by comparing the variables involved. Set ¢y and
¢_1 to be the identity maps on A ® A and A, respectively.

Remark 2.2. By its definition, the image of ¢,, is contained in

m—2

(4) AV eRe VM2 g A),

=0

where R C V ® V' is the vector subspace spanned by the relations z; ® x; — ¢; ;2; ® x;. For
example, to see that ¢,,(1*?* @ z;, A\---Az; )isin AQ R® Vem=2 o A fix T € S,,. Let
(12) denote the permutation transposing 1 and 2. The 7- and 7(12)-terms of formula (3)
above are (writing 7(12) = (7(1),7(2))7 in S,, and applying the lemma):

(sgn W)erl’m’jm B Tjay © 0 B Tjy,,y @1+ (Sgnﬂ<12))q7]rl(1§5jm O Tj ) @ Tjyy @ @ T,y @1
= (sgnm)g 7" @ Ty @ Q&) & 1

Jr(1) - dm(m)

—(sgn 71')Q(7r(1)77r(2)) qil".'ij & Ljr(2) ® Lir(1) Q- @ L (m) ®1

j7r(1)7-"7j7r(m)

- (sgn 7T)qg'rlvm’jm ® ('rjﬂu) ® L) — q(rr(l),ﬂ(2)) Ljr(2) ® xjfra)) ® Ljr(3) Q- ® L (m) ®1,

which is visibly in A®@ R®@ V&m=2 g A.
Lemma 2.3. The map ¢ defined in equation (3) is a chain map.

Proof. We must show that
(5) Gm—1 0 A (17 @y A -+ N2y,,) = 0 0 Gn(12 @y A+ A wy,,)

for all ji,..., jm with j; < --+ < j,,, where §,, is the differential on the bar complex (1).
This may easily be checked when m = 0.
By Remark 2.2, the formula (3) for ¢, and the formula for §,,, the right side of (5) is

> (sgnm)glim (l‘jﬂ(l) ®---®z,  Ol+(-)"®x; @ ® ij,r(m)
TESm
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for all m > 1. The left side of (5) is

d)m_l <Z( Z+1 ( Hq.JS WJi I.‘h ® 1 - Hq]l WJs ® xﬂz) ® x]l ) /\ Zi’jl /\ T /\ xjm)

=1 s=1 s=1
m m
-3 ([ 1~ (s o
i=1 5=t
® Z (sgn7’)gy oty @@y,
s ES:n 1
m
i+1 N | (e N, )T 'i 77777 im
- Z(_l)H Z ( sgn ) Hqﬂs Ji T @@ ® e @ Ty, @1
i=1 wESh
mn . - .
— (sen W/)(H Qo)™ QG @ QT ® x;) 7
where for each i, S? | denotes the symmetric group on {1,...,7,...,m}. In the first set of
summands above, if 7 := 7/(i, i—1, ..., 1), then sgn 7’ = (—1)"" sgn 7, and we may replace
(sgnm)z; @z, @ @z, @by (1) (sgnm)z;, @ - -@x; @1 Similarly in the sec-
ond set of summands, let 7 = 7'(i, i+1, ..., m), and replace (sgn 77’)®a:jw,(1)®' QL OTii

by (=1)" *(sgnm) ® x; ,, @ - @z, . Again, for the first set of summands, notice that
g = (TTy 4.7, and for the second set, qi9m = ([[22, 45,5, )"
Making all such replacements, we find that the left side of (5) is indeed equal to the rlght

side. O

Remark 2.4. The image of ¢,, is a free A°-submodule of A®("™*2) that is a direct summand
of A®(m+2) a5 an A°-module: Take a vector space complement in k ® V& @ k to the image
of k @k ® A"(V) under ¢,,, and extend to the required complementary A¢-module direct
summand of A®(™+2) It follows that there is a chain map 1 from the bar resolution to
A @ N'(V) for which ¢¢ is the identity map.

3. THE CUP PRODUCT

As before, let A denote the quantum symmetric algebra Sq(V') and let A° denote the
enveloping algebra A @ A°. Let B denote an A-bimodule. In this section, we will describe
the cup product on Hochschild cohomology HH'(A, B) = Ext’y. (A, B), when B additionally
has a compatible algebra structure.

We begin by applying Hom 4 (-, B) to (2), dropping the term Homae (A, B) to obtain the
complex

(6) 0 — Homue(A%, B) 5 Homae (A° @ A (V), B) 2 Homye(A° @ AX(V), B) — -,

that is, the degree m term is Hom e (4¢® A™(V), B), and d,, is defined by d,,,(F) = F od,y,
for all F € Hom e (A° ® A" ' (V), B).
We identify the spaces Homae (A ® A™(V), B) and B® A™(V*) via the map

Oy, : Homae(A° @ A™ (V) B) — B& \"(V*)



Fis Y F1¥e") e @)Y

Be{0,1}N
|8|=m

We thus obtain the following complex, which is equivalent to the complex in (6):
(7) 0-BL BNV E B N2V — -,

that is, the degree m term is B® A\™(V*), and d*, is defined by d*, = ©,, 0d,, 0O}
O, " takes b € B to F' € Homue(A¢, B) defined by F(1%2) = b.
Let us describe d, explicitly. For any b € B and 3 € {0,1}" with |8] = m — 1 we have

dy, (b @ (x)")
= (Op 0dp o0 Nb® (2))
= 0,(0,5,(b® (z%)") 0 dyn)
= Y (0,508 @) od,)1 @) @ ()"

B'e{0,1}N
|B'|=m

m_1, Where

= > 05.0(05L1 (0@ (%)) 0 dy) (192 @ 2" PHD) @ (7)1

= 8n0(@L (00 (@))) (( Eier 6 [(Hq )wl— (qu:> ® wﬂ)

® (I*)/\(ﬂﬂi})'

Using the A®-linearity of ©, ', (b® (z*)"?) and the definition of ©, the above expression may
be rewritten to show that d*, (b ® (z*)"?) is equal to

(8) Zéﬁi,O(_ = lﬁs (Hq >xzb_ <Hq )bxz

We will use these expressions for the differentials in the sequel.
Let q be a tuple of scalars as in the introduction. We define the quantum exterior algebra

(9) NaV) = T(V)(ziwj + s jajas |1 <5 < N),

where T'(V) is the tensor algebra on V. Note that the relations corresponding to i = j are
27 = 0 since g = 1, that is 27 = 0 in A (V). It follows that the dimension of A\ (V) as a
(graded) vector space is the same as that of the exterior algebra A (V).

Let q~! denote the tuple consisting of all inverses of components of q, that is, q~! =
{qi_, ]-1}1§i7j§ ~. Using this notation, we have the following cup product theorem. Our main
applications are to the cases B = Sq(V') and B = S4(V') x G for some finite group G in the
next section.

() O+

Theorem 3.1. Let B be an Sq(V')-bimodule algebra. Then the Hochschild cohomology alge-
bra HH'(S4(V), B) is a subquotient algebra of the tensor product B @ N\ -1(V*), that is, the
cup product on HH'(Sq(V'), B) descends from the product on B ® \ -1(V™).
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Proof. Letting A = Sq(V), by Remark 2.4, there is a chain map ¢ : A2 — Ac@ \"™(V)
such that 1 ¢ is the identity map. (We will not need an explicit formula for v.)

We will use the cup product as defined on the bar complex, together with the chain maps
¢ and v For two cocycles u and v defined on A°® A(V), in degrees m and n respectively,
their cup product is given by

¢ (" () — P (v)).

This function is defined by its action on all elements of the form 1¥? @ xj, A -+ Ay, ..,
which we calculate next. Let S, ,, denote the set of all m, n-shuffles, that is all p € 5,4, for
which p(1) < --- < p(m) and p(m + 1) < --- < p(m + n). Note that these shuffles form a
set of coset representatives of the subgroup S, x S, of Sy, 1, where S,,, acts on {1,...,m}
and S, acts on {m + 1,...,m + n}. Thus we may write each = € S,,,,, as m = poT where
P E Smn, 0 € Sy, T € S,. By Lemma 2.1, writing por = (pop~1)(prp~")p, we have

¢" (W (1) = VW) @ 3y A Awj,)

= (¢*<N) ~ ¢*<V)) Z (Sgn 7T>q;r1’m7jm+n ® L1y Q- ® Lje (mtn) ®1

WESm+n

_ Z (sgn W)qgr1,...,jm+n1/}*('u)<1 ® i) R ® i) ® 1)

TESm+n

AT () BT ©1)
- Z Z Sgn pUT qéh 7]m+n1/] ( )(1 ® :L‘jpo-r(l) ® e ® :ijo'f(m) ® ]')

pesnL n OESm 77-65

: ’l/}*<y)<1 ® m.jpcr‘r('rn-‘,—l) ® T ® xjpc‘T(m+n) ® 1)

= > (sgup)ghimen (Z (sgno)q oy I () (1 @ ) @ @y, @ 1))

PESm,n oESm

j m 7"'aj m—+n *
‘ (Z(Sgnf)qpil—?” W) ® Ty @ BTy @ 1)>

TESK

= Z (Sgn p)QZhnﬂjernqb*@b* (M)(1®2 ® L) AR xjp(m))

PESm,n

* )k 2

Since ¢ is the identity map, ¢*1*(u) = p and ¢*¢*(v) = v. Now replacing p by b ® (2*)"
and v by 0/ @ ()" where b,b' € B, we see that only one summand in the above can be
nonzero, and that is the summand corresponding to p for which

o =y N Ay and 2"\

p(1) p(m) = Tjpmiy NN gy

For this summand, we obtain (sgn p)qgl"" Jminpl . Comparing, we find also that

(bb/ ® ($*)/\ﬁ A (l’*)Aﬁ,)(l@Q ® NN $jm+n) (Sgn p)qﬂ’ .,7]m+nbb,
8



by permuting the exterior factors in ()™ A () via p before applying the function, and
by using the identity qf)”fl” """ Tetmtn) (qzl :::: Jm+n)=1 (a consequence of Lemma 2.1). Therefore

the product is as claimed. O

Remark 3.2. It is not necessary that the characteristic of k be 0 for Theorem 3.1: While
Wambst’s proof that complex (2) is exact requires characteristic 0, a similar resolution may
be obtained in positive characteristic by using a twisted tensor product construction [BO]
or general theory for Koszul algebras [BG|. Our proof of Theorem 3.1 uses only resolution
(2) and its embedding into the bar resolution.

4. THE HOCHSCHILD COHOMOLOGY ALGEBRA OF Sq(V) x G

Let G be a finite group acting on A = Sq(V') by graded algebra automorphisms. We are
interested in the cohomology of the skew group algebra A x G. Since the characteristic of
k is zero, this is known to be isomorphic to the G-invariant subalgebra of the cohomology
HH'(A, A x G) of A with coefficients in A x G. (See for example [S].) In this section we
will compute this latter cohomology, HH'(A, A x G) = Ext’.(A4, A x G), in the case when
G acts diagonally on the basis z1,...,2y of V. Note that each g-component A, is a (left)
A®-module (see Section 2). Also note that since A x G =P o Ay as an A°-module,

Extly (4, A x G) = @) Exty. (A, A,).

geG

We will compute the summands Ext’,. (A, A4y).

Fix ¢ € G. In Section 3, we applied the Hom functor Hom 4 (-, B), for any A-bimodule
B, to the A°-resolution of A in (2), and made appropriate identification to obtain the com-
plex (7). When we specialize this complex to B = A,, we obtain

(10) 0= Ay S A @ AV B A, @ N2(V) = -

where formula (8) yields that d*,((a#g) ® (z*)"?) is equal to

(11) 25@-,0(—1)2@:133 [((H Qf;) Tia — (H qf:é) a(%)) #9

for all a € A and 3 € {0,1} with |3 =m — 1.

® (f«)/\(ﬁﬂi})?

4.1. Additive structure. Suppose G acts diagonally on the basis z1,...,xy of V', that is,
there exist scalars \;; € k such that 9z, = A\ ;x;, forall g € G,i € {1,...,N}.
For each g € GG, define

N
(12) C,:= {’y € (NU{-1})"| foreachiec {1,...,N}, qus = Ay O 7; = —1} .
s=1

The following theorem gives the structure of the Hochschild cohomology as a graded vector

space. Recall definition (9) of the quantum exterior algebra.
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Theorem 4.1. If G acts diagonally on the chosen basis of V', then HH'(Sq(V'), Sq(V),) is
the graded vector subspace of Sq(V)g @ N\y-1(V*) given by:

HH™(Sq(V), Sa(V))) = @D @D spam{(z"#9) ® ()},

B0} aeN¥
|B|=m  «=BECq

for allm € N, g € G. Therefore,

HH™(S4(V), 5q(V) 2 G) =D @ P span{(a"#9) ® ()},

9€G Be{0,1}N aeNV
|3|=m a—BeCy

for allm € N, and HH™(S4(V') % G) is its G-invariant subspace.

Example 4.2. Fix g € G. We wish to describe HH, := HH"(Sq(V'), Sq(V)y) when N = 2.
We will work out two special cases. When ¢ 2 is not a root of unity and Ay1, Ay are not
both equal to 1, we have

0~
HH) =~ {0}
1~
HH! =~ {0}
HH? = span,{(1#g) ® 2} A z3}.

For the second case, assume ¢ 2 is simultaneously a primitive ¢th root of unity, a ¢;th root
of A1, and a (5th root of A, 3. Also assume g1 # A2 and ¢y # Ag1. Then we have

HHS = span {x'r5?#¢ | an, a9 € N, £ divides both ay — ¢5 and g — 41}
HH, span { (27" x5 #9) @ 27 | a1, s € N, £ divides both ap — ¢, and ag — o — 1}
@spank{(x?lxg@#g) ® 3 | a1, a9 € N, £ divides both a; — ¢y and ag — ¢ — 1}
HH? = span,{(1#g) ® 2} A 23}
@spank{(x‘f‘lxg‘Q#g) Q) ANy | ap, a0 € N, £ divides ag — o — 1 and ay — £ — 1}.

I

Thus HHS is the free module over Z(Sy(V)) generated by x{2x5' #g, HH; is the free Z(S4(V))-

module generated by (225 #¢) ® 2% and (2228 #g) ® x5, and HH? is the direct

sum of the k-linear span of (1#g) ® x7 A x% and the free Z(S4(V'))-module generated by
(2 ay  ghg) @ o A,

Define
N
(13) C:= {7 € (NU{-1})" | foreachic {1,...,N}, Hq]s =1lorvy = —1} .
s=1

Taking G to be the trivial group with one element, we immediately obtain the following:

Corollary 4.3. HH'(54(V')) is the graded vector subspace of Sq(V) @ A1 (V™) given by:
HH™(S(V)) = € P spany{z" @ ()"},

Be{0,1}N aeNVN
Bom aspec

for all m € N.
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Example 4.4. When N = 2, the description of HH'(S4(V')) simplifies considerably. In this
case, if ¢; 2 is not a root of unity, then

HH(S4(V)) = k
HH'(Sq(V)) = spany{z; ® o}, 10 @ 3}
HH?(Sq(V))
and if ¢ is a primitive ¢th root of unity, ¢ > 2, then
HHY(Sq(V)) = span{o{"23* | a1, € N, ¢ divides both a; and ay}
HH'(Sq(V)) = span{o{'25’ @ o} | ay, a9 € N, £ divides both a; — 1 and s}
@ span {7 25? @ 25 | a1, a2 € N, ¢ divides both «; and ay — 1}
span {1 ® =] A 3}
@spank{x‘fleQ ®x] ANxy | ap,as € N, £ divides a3 — 1 and ay — 1}.
Note that in the first case, the center of Sq(V') is Z(Sq(V')) = k, while in the second case,
Z(84(V)) is generated by x! and . Thus in either case, HH(Sq(V)) = Z(Sq(V)) as
expected, HH'(S4(V)) is the free Z(Sq(V))-module generated by z; ® % and x5 ® x}, and
HH?(S4(V)) is the direct sum of the k-linear span of 1 ® x} A x3 and the free Z(S4(V))-

module generated by x1z9 ® 7 A 5. Similar expressions may be obtained when N > 3, but
there are more cases to consider due to the many more parameters involved.

I

span {1 @ o] A x3, 2122 @ ] ® 73},

1

HH*(Sq(V))

We introduce some notation and lemmas before proving Theorem 4.1.
Fix g € G. For any a € NV 3 € {O 1}V, and i € {1,..., N}, define

a if ané o _>\gza
Qg(aaﬂvi): 0, 1fﬂz_1

(H g - AgZHq ) , otherwise,

where £(3,1) = (_1)221153'
Then, using formula (11) for d¥, we see that

(14) dy,((z°#9) © ZQ )@ llg) @ ()",

for all « € N¥ and 3 € {0, 1} with ]6] =m—1.
For any v € (NU {—1})" and m € N, define
Ky = spang {(z"#g) @ («)" |a e N¥, 5 € {0,1}", [6] = m, and @ — 5 =~}.
Let K. denote the subcomplex of (10) whose mth term is given by K", That K is
1ndeed a subcomplex of (10) follows from (14). We immediately obtain:

Lemma 4.5. The complex (10) admits a gmding by (NU{—=1})". Precisely, the mth term

of complex (10) decomposes as @ K", for allm € N.

ye(NU{-1}HN
11



We now separately handle the cases where 7 is or is not in the set C, defined in (12). For
the proof of the next lemma, we will need some notation: For any v € (NU {—1})", define

N
I~llg ‘:#{i € (L N} [ [T alx # Agi and v # —1}.
s=1

Lemma 4.6. Let v € (NU{-1})"\C,y). Then, the subcomplex K, of (10) is acyclic.

Proof. We will show that the identity chain map of the complex K . is nullhomotopic. First,
define the following scalar. Let o € NN 5 € {0,1}", and i € {1,... N}. Define

7 if ans P — /\gzv

Cdg(Oé,ﬁ7 2) = 0, if Q; = 07
O, lf ﬁz - O,
| Q(a —[i], 8 —[i],7)~", otherwise.
Now, fix m € N and suppose that |3| = m and a — 3 = 7. Define
. m m—1
hun + Kgl — Ky

by
hi((2%#9) ® (2

Note that ||v||, # 0, as v &€ C,,.
We contend that
(hms1 © dypiy + iy 0 b)) ((2%#9) ® (29)) = (2°#g) @ (7).
Note that the lemma is proved if this equality is sustained. The left hand side of this
equality is equal to

Sl 6, ) @ (275,

=T, ||gi1

ZZQ Dwg(a+ [, 8+ [i], ) (@ H1-Ugg) @ (o) E-1D

|| Hgiljl

|| || Z ng (= [4], 8 = [7] i)(xaHﬂ_m#g) ®Q (:L,*)/\(ﬁJr[i]f[j])
9 j=1 i=1
N

~Tl. Z [, B, i)wy(a + [i), B+ [1),4) + wyle, 5,1)2 (@ = [i], B = [,6)] (+"#g) @ (")

e S [0yl B eyl + 1,5+ [ )
17lls <=
+wgla, B, ) — (5], 8 — [4],9)] (@24 g) @ (a)NOHEUD

It follows from the definition of 2, and w, that

ZQ (o, B, i)wg (e + [i], B+ [1], §) + wyla, B,8)8(a =[], B = [i],7) = |7l
i=1 12



Therefore, it only remains to show that

Qy(, B, D)wy(er + [d], B+ [d, ) + wolev, B, 7)Q (e = 7], 6 = [7],4) = 0,
whenever 7 # j. To this end, define
(i, ) = Qqlev, B, D)wy(e + [i], 5+ [1], 5)
and
2, 4) = wy(av, B, 7)Q(a =[5, 8 = [j],2)-
Suppose i # j. Then it is clear from definition of 2, and w, that Z,(i, j) and = (7, j) are

simultaneously zero or nonzero, so we may assume that they are nonzero. In this case, we
have

(i, §) = e(B,i)e(B+ <Hq e Angq )(Hq]sﬁs AgJHq“S ﬂ‘*)

and

=, (i,7) = e(6-[j],0)e <Hq - AgJHq ) (ans * Angq )
Therefore, the desired equality =,(i, j) = —Z=/ (4, ) is equivalent to the equality
e(B =i, 9)e(B = 4], ) = —e(B,1)e(B + [1] = [1],.4),

which may be easily verified using the definition of €, the corresponding conditions under
which €2, and w, are nonzero, and the condition i # j. O

Proof of Theorem 4.1. Observe that the restriction of d to K . is zero, for all v € Cy. The
theorem now follows immediately from Lemmas 4.5 and 4.6. U

4.2. Cup product. Assume that G acts diagonally on the basis x1,...,zy of V. The
following is immediate from Theorem 3.1 when we put B = S4(V') x G. Recall the definition
of Cy in (12) and of A (V") given by (9).

Theorem 4.7. HH'(S4(V'), Sq(V) % G) is a subquotient algebra of (Sq(V') X G) @ A1 (V7).
Thus the cup product on HH'(Sq(V'), Sq(V') x G) is given by

((z°#g) @ (@)Y) — (@ #h) © (@)™) = (a*#g) (@ #h) @ ()" A ()

for all g,h € G, o,/ € NV and 3,08 € {0,1}" such that « — 3 € C, and o/ — 3' € C,.
Moreover, HH' (Sq(V) x G) is the G-invariant subalgebra of HH'(Sq(V), Sq(V') x G).

Remark 4.8. Note that the above product is zero when the supports of 5 and 3’ intersect
nontrivially. Furthermore, we understand the above product to be zero (i.e., a coboundary)
if a+ o — (6+ ') is not in C,.

Recall the definition of C' in (13). Taking G to be the trivial group with one element, we

immediately obtain the following:
13



Corollary 4.9. HH'(S4(V)) is a subquotient algebra of Sq(V) @ A\y-1(V*). Thus the cup
product on HH (S4(V')) is given by

(l‘a ® (I*)AB) — (xa ® (x*>/\,8’) _ l‘aIal ® ($*)AB A (.I*)AB/
for all o, o/ € NV and 3,3 € {0,1}" such that « — 3 € C and o/ — ' € C.

Remark 4.10. As before, the above product is zero when the supports of 5 and 3’ intersect
nontrivially. Furthermore, we understand the above product to be zero (i.e., a coboundary)
ifa+ao —(6+ ) isnot in C.

!
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