PRODUCTS IN HOCHSCHILD COHOMOLOGY AND
GROTHENDIECK RINGS OF GROUP CROSSED PRODUCTS

S. J. WITHERSPOON

ABSTRACT. We give a general construction of rings graded by the conjugacy classes
of a finite group. Some examples of our construction are the Hochschild cohomology
ring of a finite group algebra, the Grothendieck ring of the Drinfel’d double of a
group, and the orbifold cohomology ring for a global quotient. We generalize the
first two examples by deriving product formulas for the Hochschild cohomology ring
of a group crossed product and for the Grothendieck ring of an abelian extension of
Hopf algebras. Our results account for similarities in the product structures among
these examples.
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1. INTRODUCTION

Cibils and Solotar first noticed that the cup product in the Hochschild cohomology
of a finite group algebra is similar to the tensor product in the category of modules
for the Drinfel’d (or quantum) double of the group (or equivalently of Hopf bimodules
for the group algebra) [12, 13]. This observation led them to conjecture a particular
formula for the product in the Hochschild cohomology ring, which was proven by
Siegel and this author [31]. However, a question remained: Why are these product
structures so similar? Recent work of Bouc provides an answer to this question; they
both give examples of rings constructed in a prescribed way from Green functors (the
cohomology ring of the group, and the Grothendieck ring of modules for the group
algebra, respectively) [8].

However there are more examples of cohomology and Grothendieck rings having
similar product structures that do not arise from Bouc’s construction. These examples
have components that are indexed by conjugacy classes of the group (or more generally
by orbits under another group action), but that do not come from an underlying Green
functor as the components are not themselves algebras. The product satisfies a partic-
ular formula with respect to this additive structure, analogous to product formulas for
Hochschild cohomology of the group algebra and for modules of the Drinfel’d double
of the group. In this paper we follow the spirit of Bouc’s work, recording (in Section
2) precisely the conditions necessary to recover these examples. We generalize Bouc’s
ring construction in Theorem 2.2, where we give two potential product formulas, (i)
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and (ii): The second (ii) is a direct generalization of Bouc’s formula. The first (i) dif-
fers from (ii) by integer scalar factors, and applies in case the conjugacy class-graded
ring is a subring of invariants of a larger ring (which may not always be the case).
Thus formula (ii) applies to more examples and retains more information in positive
characteristic.

In the remainder of Section 2, we describe several examples of rings graded by
conjugacy classes in which the product structure is known and coincides with our
construction. In Sections 3 and 4, which are largely self-contained, we prove product
formulas for two further classes of examples. These examples are all of independent
interest, and justify our construction. While most of them do not arise from Bouc’s
construction for Green functors, they retain many properties of Green functors leading
to their distinctive product structure.

Example 2.10 is orbifold cohomology. Given an orbifold with (almost) complex
structure, Chen and Ruan defined an orbifold cohomology ring [11]. In case the orbifold
is a global quotient, that is the quotient of a manifold by an action of a finite group,
Fantechi and Géttsche [22] and Uribe [34] gave an equivalent definition of its orbifold
cohomology ring. As a consequence of their results, the cup product in the orbifold
cohomology of a global quotient coincides with that given by our Theorem 2.2(i). If
orbifold cohomology were defined more generally for a quotient of a topological space
by a finite group action, we expect it would also satisfy the properties given in Section
2, and hence our Theorem 2.2 would endow it with a ring structure. The difference
between the two possible products defined in Theorem 2.2 would be meaningful, as the
coefficients may be a ring of positive characteristic. We offer the classifying space of a
finite group as an example to illustrate this difference. Its orbifold cohomology should
be the Hochschild cohomology of the group algebra.

In Section 3, we prove a product formula for the Hochschild cohomology ring of a
crossed product S#,G of an algebra S and a finite group G, thus generalizing the
product formula for Hochschild cohomology of a group algebra [31, Thm. 5.1]. As a
consequence, such a cohomology ring satisfies the properties given in Section 2, and its
product coincides with the product given in our Theorem 2.2(ii). Such crossed products
and their (co)homology are featured in many papers: Lorenz and Cornick gave an
additive decomposition of the Hochschild homology of group-graded rings (of which
crossed products are a special case) into components indexed by conjugacy classes of
the group [15, 26], generalizing the well-known case of a group algebra. Several authors
studied the (co)homology of specific types of crossed products. Alev, Farinati, Lambre
and Solotar [1] and Alvarez [2] studied the cohomology of a crossed product of a Weyl
algebra with a finite group, and their calculations were used by Etingof and Ginzburg
[20] to understand deformations of these crossed products. One class of such examples
arises from an orbifold that is a global quotient. In this case, G acts on a corresponding
commutative algebra S of functions, and the (noncommutative) crossed product ring
S#,G (as well as the commutative ring of invariants S¢) is of interest in connection
with the orbifold. See for example Connes’ book [14]. When such a crossed product
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has a nontrivial twisting cocycle o (see the definitions in Section 3), the orbifold is
said to have discrete torsion, and this case has been of particular interest. Caldararu,
Giaquinto and this author [9] used Hochschild cohomology to find deformations of such
a crossed product arising from an orbifold with discrete torsion that is related to an
example of Vafa and Witten [35].

A comparison of Example 2.10 (orbifold cohomology) and Theorem 3.16 (Hochschild
cohomology of a crossed product) shows that the product structures of these cohomol-
ogy rings associated to a given orbifold are very similar. Our construction in Section
2 of rings graded by conjugacy classes, of which each of these rings is an example,
accounts for this similarity.

In Section 4, we consider representations of a finite abelian extension of Hopf al-
gebras, that is a Hopf algebra H that is a crossed product arising from an action of
a finite group L on another group GG. Such a Hopf algebra is perhaps the simplest
possible extension, and is a fundamental building block for other finite dimensional
Hopf algebras. (For example all semisimple Hopf algebras of dimension 16 (over C)
have this form [24].) In case H is semisimple, all simple H-modules were determined
by Kashina, Mason, and Montgomery [25]; they are partitioned into classes indexed
by the L-orbits of G. Here we first use Clifford theory to extend their result to the
nonsemisimple case. We then prove a formula for the tensor product of any two such
H-modules, and show that it coincides with the product given by our Theorem 2.2(ii).
This generalizes a formula for the tensor product of modules for the Drinfel’d dou-
ble of G (or equivalently of Hopf bimodules of the group algebra [12]). Our methods
work equally well when H is only a quasi Hopf algebra, and thus apply to the twisted
Drinfel’d double of G as well. Our Theorem 2.2 gives one explanation of why this
formula for the tensor product of H-modules is similar to the product formula for the
Hochschild cohomology ring HH*(k L, kG) of Example 2.7.

The author thanks Alejandro Adem, Don Passman, Arun Ram, and Frank Sottile
for helpful discussions.

2. HOCHSCHILD CONSTRUCTIONS

Let G and L be finite groups with a left action of L on G by automorphisms. (Often
we will let L = G act on G by conjugation.) Write the action of x € L on g € G as
?g, and let L, denote the stabilizer of g in L, that is

Ly:={zeL|%g=g}

Let {A(g) | ¢ € G} be a set of free modules over a commutative ring k. Assume
there are k-linear and k-bilinear maps

(2.1) Cont Alg) = A(*g) and myy : A(g) x A(h) — A(gh)
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and that ¢, is an isomorphism of k-modules, for all g,h € G,z € L. Let

A= P Alg)
g9eG

and let ¢; : A — A be the linear function which is ¢,, on the component A(g). If
a € A, write o = deG o, with o, € A(g). We will also denote by «, any element of
A(g) C A. Assume the following properties hold:

(H1) (group action) ¢; =id and ¢y 0 ¢y = ¢y for all z,y € L,

(H2) (compatibility) ¢, 0 mgp = maegap 0 (¢z X ¢;) for all g,h € G,z € L, and

(H3) (unity) there is an element 1 € A(1) with ¢,(1) = 1 for all x € L and

mig(1,0q) = ag = my1(ey,1) for all g € G, a, € A(g).

Notice that property (H1) implies there is an action of L on the k-module A. Further,
A will be an associative algebra with an action of L as automorphisms if the following
additional property is satisfied:

(H4) (associativity)

Me,f(Ma,e(0ds Be),Vf) = Maes(Ca; Me,r(Bes 7))
for all d,e, f € G,aq € A(d), B € A(e),vr € A(f).
In this case the product on A is defined componentwise by the maps mg;, and A is a

group-graded algebra, graded by the group GG. The action of L by automorphisms is
compatible with the grading. Let

Al :={a € A|cy(a) =aforall z € L},

the k-submodule of L-invariants of A, also an associative algebra in case properties
(H1)—(H4) are satisfied.

We would like to weaken property (H4) and still obtain an associative algebra struc-
ture on the invariants A”. The example of Hochschild cohomology of the group algebra
k L, with product formula given in [31, Thm. 5.1] and generalized in [8, Thm. 6.1], sug-
gests how to do this. Consider the following property instead:

(H4") (associativity)
D Mg (Mae(@a Be)ivr) = Y Maer(@a mep(Bes1r));
(de,f)ETy (de,f)ET,
for all g € G, and «, 8,7 € A", where T, is the set described below.
The set T, is any set of representatives of equivalence classes in
{(d,e, f) e GxG xG |def =g}

given by orbits under the following group actions. The stabilizer L, of g acts on pairs
(de, f), that is on the product of the first two factors, and the last factor. For each f,
the stabilizer Ly;-1 (= Lge) acts on pairs (d,e), that is on the first two factors. We
may equally well consider T, to be a set of representatives of equivalence classes given
by orbits under the action of L, on pairs (d,ef) and for each d, the action of L4-1,
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(= Ley) on pairs (e, f): The bijection T, — T, given by (d, e, f) — (9fg7 "', d, e) yields a
correspondence of orbit representatives. By property (H2), the choice of representatives
does not matter as we are working in the ring of invariants A",

Clearly property (H4) implies (H4'), but not conversely. We have already observed
part (i) of the following theorem, and part (ii) describes a product on A% in case the
above weaker property (H4') holds.

Theorem 2.2. Let {A(g) | g € G} be a set of free k-modules, with maps cg 5 and mgp,
as in (2.1).

(i) If A satisfies (H1)-(H/), then A is an associative ring with multiplication m
given componentwise by myp for all g,h € G, and AL is a subring under the
inherited multiplication.

(ii) If A satisfies (H1)—(H3) and (H}'), then AL is an associative ring with product
defined componentwise by

(- Blg= > murlon B

(h,k)eLs\GxG
hk=g

for all o, B € AL and g € G.

We remark that if properties (H1)-(H4) are satisfied, then the L-invariants AL have
two distinct products given by Theorem 2.2(i) and (ii). The product on A" inherited
from A as in (i) is given by

(23)  (a-B)y= > muplonB)= > |Ly: Ly Lilmpi(an, Br),
(hk)EGXG (hk)ELG\GXG
hk=g hk=g
where |Ly : Ly N Lg| is the index of the subgroup L, N Ly in L,. This differs from
the product (ii) by the integer scalar factors |Ly : Ly N Lg|. Thus the distinction is
meaningful in positive characteristic, where the product (ii) potentially contains more
information.

Proof of Theorem 2.2. The proof of (i) is straightforward. We will prove (ii). First
note that by property (H2), if a, 8 € A”, then a - 3 € A" as well, as the product
formula in (ii) yields (@ 8)<y = *((a- B),). By property (H3), A* has a multiplicative
identity. We will show that (H4') is equivalent to the associativity of the product
defined in (ii). Let o, 3,7 € AL and g € G. Then

((a-B)-7)g = Z M (Ma,e (s Be)s Vi)

(h.k)ELy\(GXG), hk=g
(d,e)ELL\(GXG), de=h

which is the same as the left side of property (H4'), whereas
(a ) (ﬂ ) 7))9 = Z mh,k(aha me,f(/Be: fo)):

(hak)ELy\(GXG)7 hk=g
(e,/)eLE\(GXG), ef=k



6 S. J. WITHERSPOON

the right side of property (H4'). O

Let g1,...,g: be a set of representatives of orbits of L on G. There is another way
to write the product of Theorem 2.2(ii), in terms of the additive decomposition

(2:4) Al = (@ A(g)>L = @A(gi)%-

geG

Write L; := Ly, and «; := o, for oo € A.

Corollary 2.5. Let o; € A(g;)™ and B; € A(g;)" in the additive isomorphism (2.4).
Then under the product of Theorem 2.2(ii),

;- B = Z Myg; vy, (You, ;)

z€D

where D is a set of representatives of double cosets L;\L/L;, and k = k(z) andy = y(z)
are chosen so that Yg;¥*g; = gy.

Proof. The elements «; and S; correspond in A* to ZyEL/Li Ya; and ZZGL/Lj *Bj,
respectively. By Theorem 2.2(ii),

(( > ) (X zﬁj)) = X e (enh).
yEL/L; z€L/L; 9k (Ygi,"9;)ELK\(GXG)
Y9:*9;=9x
Letting x = y 'z so that z = yz, this looks like the sum in the corollary, other than
the set over which the sum is taken. Noting that the choice of y = y(z) in the corollary
is unique only up to multiplication by an element of Ly, and similarly in the above
sum, ¥, z are unique only up to multiplication by elements of L;, L;, respectively, we
see that the two sums are the same. ([

We give several examples in the remainder of this section. The first example is just
the group algebra.

Example 2.6. (Group algebra.) Let A(g) := kg for each g € G, that is A(g) is the
one-dimensional vector space with basis g. Define linear maps my : kg x kh — kgh
by mgn(g,h) = gh. Then A satisfies properties (H1)-(H4), and A = kG under the
product of Theorem 2.2(i). The ring of invariants AL is (kG)L. In particular, if L = G,
then A’ is the center of kG.

The invariant subring (kG)" of the above example is isomorphic to HH®(k L, kG), the
degree 0 component of the Hochschild cohomology ring of kL with coefficients in kG'.
The next example is thus a generalization. The definition of Hochschild cohomology
is given in Section 3; see also [5, 21] for group cohomology.
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Example 2.7. (Hochschild cohomology.) For each g € G, let A(g) := H*(L,) =
Exty (k,k) where Ly acts trivially on the coefficient ring k. The conjugation maps
are given by conjugation of group cohomology rings, and

L
(2.8) Mg (0, B) = corphy, (xesy, g — resiy, Br),

where res and cor denote the standard restriction and corestriction maps of group
cohomology. Then (H1)-(H3) are well-known properties of group cohomology. A
comparison of [31, Lem. 4.2 and Thm. 5.1] with Corollary 2.5 above shows that (H4')
holds, and that under the product of Theorem 2.2(ii), A* 2 HH*(k L, kG) as rings.

In the above example, the difference between the products (i) and (ii) of Theorem
2.2 is important: If there were a definition of my ) satisfying (H4) instead of (H4'), the
subring of invariants AL of A would in general not be isomorphic to HH*(k L, kG). For
example, if k is a field and n > 0, then HH"(kL,kG) # 0 only if the characteristic of
k divides |L|. In this case, the integer scalar factor |Ly, : L, N Ly| of (2.3) may often
be 0 even when the corresponding product in Hochschild cohomology is nonzero.

The next example, due to Bouc [8], is a generalization of Example 2.7 arising from
any Green functor. This was the motivating example for our present work.

Example 2.9. (Green functor.) Let L = G and let A(—) be any Green functor for
G over k. That is, to each subgroup H < G, there is assigned a k-algebra A(H),
together with conjugation maps ¢, : A(H) — A(*H) (for all z € G and H < G),
restriction maps 7% : A(H) — A(K) and transfer maps t¥ : A(K) — A(H) (for all
K < H < G). These maps are required to satisfy certain properties (see for example
[33]). Let A(g) := A(C(g)) where C(g) = G, is the centralizer of g in G, and
mgn(ay, Br) == tgg;lr)w(h) (ngincm) Qg - Tgé_z’;))ﬂc(h)ﬁh) :

Then (H1)—(H3) are standard properties of Green functors. Property (H4') is equiv-
alent to the associativity of the product on A proven by Bouc in [8, Thm. 6.1].
The ring A® of our Theorem 2.2(ii) is precisely Bouc’s ring Ag(G). Examples include,
among others, the crossed Burnside ring (obtained from the Burnside ring functor), the
Hochschild cohomology ring of kG (obtained from the group cohomology functor), and
the Grothendieck ring of the Drinfel’d double of G (obtained from the Grothendieck
ring functor for a group algebra). The last two of these examples are generalized in Sec-
tions 3 and 4 to rings that do not arise from Bouc’s construction, and their definitions
appear there.

The final example in this section is orbifold cohomology of a global quotient.

Example 2.10. (Orbifold cohomology.) Let L = G and let Y be a complex manifold
with a left action of a finite group G. Let A(g) := H* (YY), the singular cohomology of
the submanifold Y of elements invariant under g. The map ¢, : H*(Y?) — H*(Y"9)
is induced by the action of z on Y. Let

mg,h(aga 5h) = 1y (ag|Y<g,h) '/Bh|Y(g,h) 'C(g, h))
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where i : Y{" — Y9 ig the natural inclusion, the pushforward i, is defined via
Poincaré duality, and c(g,h) € H*(Y{9") are particular classes (see [22] or [34] for
the details). By [22, Theorem 1.18] (see also [34]), properties (H1)-(H4) hold, and A
of our Theorem 2.2(i) is the associative algebra H*(Y, G) of [22] (see also [34]). The
subring A% is the orbifold cohomology H’([Y/G]) of the orbifold [Y/G].

The product on orbifold cohomology in the above example differs from the product
on A% given in our Theorem 2.2(ii) by scalar factors (see (2.3)). Thus we have two
different products on A% = H:([Y/G]). If orbifold cohomology were defined more
generally for a quotient of a topological space by a finite group action, it may be that
there would be no obvious ring A from which to take the subring A of invariants as
the orbifold cohomology. In addition, if coefficients are taken in a ring k of positive
characteristic, the product of Theorem 2.2(i) may often be 0 on the invariants A%, due
to the (integer) scalar factors that appear in (2.3). Under these conditions, Theorem
2.2(ii) may yield the desired cohomology ring directly.

To illustrate these issues, we consider the classifying space BG = EG /G of the finite
group G (see [6] for the definition). Given a, b, c € G with ab = ¢, there is an arrow in
EG from b to c labeled by a. A fourth element g € G acts on the corresponding cell in
EG by sending it to an arrow from gb to gc labeled by gag='. This action commutes
with the action of G' on EG by right multiplication by elements of GG, and so yields an
action of G on BG. The invariant subspace (BG)Y of ¢ € G may be identified with
BC(g), the classifying space of the centralizer of ¢g in G.

Letting g1, . .., g: be a set of representatives of the conjugacy classes of GG, the orbifold
cohomology of BG should thus be (additively)

1;(86/6) = (D1 (Bew) = Pu o)

geG

as the group C(g) acts trivially on H*(BC(g)) = H*(C(g)). If coefficients are taken in
a fixed field k, we may rewrite this as

H}([BG/G)) = @H* ~ HH*(kG).

That is, H}([BG/G]) is additively isomorphic to the Hochschild cohomology of the
group algebra kG. We may now use the definition of mg ) from Example 2.7 (with
L = G), making H([BG/@]) into a ring isomorphic to HH*(kG).

3. HOCHSCHILD COHOMOLOGY OF GROUP CROSSED PRODUCTS

In this section we prove a product formula (Theorem 3.16) for the Hochschild co-
homology ring of a group crossed product, generalizing the formula [31, Thm. 5.1]
for group algebras. As a consequence, such a Hochschild cohomology ring satisfies the
properties of Section 2, and its product formula coincides with that of Theorem 2.2(ii).
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Let S be an algebra over a commutative ring k, and assume S is projective as a
k-module. Let G be a finite group with an action by automorphisms on S, denoted
(g,8) —9sforge G,s€ S. Let 0 : G x G — Z(S)* (the units in the center of S) be
a two-cocycle, that is

(3.1) Yo(h,k)o(g, hk) = o(g, h)o(gh, k)

for all g, h,k € G.! Assume that o is normalized, that is o(g,1) = 1 = o(1, g) for all
g € G.

The crossed product algebra R := S#,G (or S#,kG) has underlying vector space
S @ kG (where ® = ®x) and multiplication given by

(s®9)(t®h)=s(%)o(g,h) ® gh

for all s,t € S and g,h € G. We will write sg := s ® g to shorten notation. Note that
S is a subalgebra of R, but kG is not. For each g € G, the element § € R is invertible
with

9 =099 gL
The action of G on S becomes an inner action on R, as

(3.2) 95 =7gs(g)

forallge G,s € S.

A number of authors have studied Hochschild (co)homology of such group crossed
products or more general algebras. Sanada [30] and Stefan [32] gave spectral sequences
relating Hochschild cohomology to that of the components S and G. (Stefan treated
the more general case of a Hopf Galois extension.) Cornick [15] and Lorenz [26] gave
spectral sequences to describe components of Hochschild homology of group-graded al-
gebras that are indexed by the conjugacy classes of G. Here we will describe the overall
product structure of the Hochschild cohomology ring HH*(R) in terms of components
indexed by conjugacy classes.

We will first give a decomposition of the Hochschild cohomology ring HH*(R) into
such components. We recall the definition of Hochschild cohomology: As R is projec-
tive over k, its Hochschild cohomology may be defined as

HH*(R) := Exty (R, R),

where R := R ® R acts on the left on R by left and right multiplication. More
generally, the Hochschild cohomology of R with coefficients in an R-bimodule M is
HH*(R, M) := Exty. (R, M). (So HH*(R) = HH*(R, R).) This may be expressed in
terms of the (acyclic) Hochschild complex:

(3.3) .. By et 2y pE3 Nype T 40

IWe require the image of o to be central in S to be consistent with having an action of G on S.
More generally, the action of G could be twisted by ¢ with noncentral image. See for example [28,
Chapter 7].
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is an Re-free resolution of R, where m is the multiplication map and

Su(ro®@m @ ®ru) =) (1)1 ® - @1irip1 ® - ® .
i=0
Dropping the term R from the complex (3.3) above, and applying Hompge (—, M), we
have the Hochschild (cochain) complex

% & §*
(3.4) Hompge (R°, M) — Hompge (R®®, M) —» Hompg. (R®*, M) = - -

Thus HH" (R, M) = Ker(d;, )/ Im(6;).
If H is a subgroup of G, let
=P shesh) !

heH

a subalgebra of R, and let A := A(G). Let g1,...,9; be a set of representatives of
the conjugacy classes of G.

Lemma 3.5. Let R = S#,G. There is an isomorphism of vector spaces

HH*(R @ Ext} (o (S, ST)-

Proof. Note that R = R°® ®a S as an R°-module (see [7, Lemma 3.3], valid for any
commutative ring k). Thus by the Eckmann-Shapiro Lemma [5, Cor. 2.8.4] we have

HH*(R) = Ext}. (R° ®a S, R) = Ext’ (S, R).

Now, as a A-module, R & @!_, Rc,, where C; is the conjugacy class of g; and Re, =
®nec; Sh. Therefore HH*(R) = &!_, Ext} (S, Re,).

As a A-module, R, is isomorphic to the coinduced module Homac(y,)) (A, SG),
where the action of A is given by ((ro ® r1) - f)(s0 ® s1) = f(soro @ m151) for f €
Homa (c(g:))(4, Sgi): The map Re; — Homa(cg,)) (A, SG;) defined by

(3.6) (R)r@R) " = ((R) ' ® h) = r7)

is an isomorphism of A-modules, where h ranges over a set of coset representatives
for C(g;) in G. The lemma now follows from another application of the the Eckmann-
Shapiro Lemma,

Ext} (S, Re;) 2 ExXtA g (S: ST)-
O

Remark 3.7. Another way to view the isomorphism given by (3.6) in the lemma is
to notice that Re, = A ®A c(g:)) S9i, and this induced module is isomorphic to the
coinduced module Homac(g)) (4, Sg;). Passman has provided us with a proof that
the induced and comduced modules for finite group crossed products are isomorphic.
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We will show that HH*(R) satisfies the properties of Section 2, and in the process
will determine how the Hochschild cup product behaves with respect to the additive
decomposition of Lemma 3.5. We will need to develop some general theory regarding
such Hochschild cohomology rings first.

Let M be a A(H)-module for a subgroup H < G, and K a subgroup of H. Let

(3.8) o= PP 5P —>S5—0

be a projective resolution of S as a A(H)-module. Since A(H) is free as a A(K)-
module, this restricts to a projective resolution of S as a A(K)-module, and so there
is a restriction map

resy : Ext) ) (S, M) — Exty 4 (S, M),

defined at the chain level by the inclusion Homau)(Py, M) — Homax)(Py, M). If
g € G, conjugation by (g)~! is an algebra isomorphism from A(YH) to A(H). Denote
by 9M the A(9H)-module corresponding to M under this algebra isomorphism. Then
we have conjugation maps

g* . EXt*A(H) (S, M) — EXt*A(QH) (S’SIM)

induced by the algebra isomorphism A(YH) — A(H). They may be described at the
chain level as follows. Let

o= IP 9P 5 9P —- S —0

be the projective resolution of S, as a A(YH)-module, corresponding to (3.8). Denote
by 9p an element of 9 P, thus corresponding to p € P,. We let g*(f)(9p) = 9f(p). Note
that h € H acts trivially by conjugation on Ext*A(H)(S, M). The corestriction map

COI‘% : EXt*A(K) (S, M) — EXt*A(H) (S, M)

is defined at the chain level by corf(f)(p) = DgeH/K gf(g 'p). Strictly speaking,

this sum is over a set of coset representatives of H/K, but since K acts trivially on
Homn x)(Pn, M), the choice of representatives does not matter. This induces a map
on cohomology as it commutes with the cochain maps (see for example [5, Section 3.6]
for the case of group cohomology).

We recall the Hochschild cup product on HH*(R), defined at the chain level on the
Hochschild complex (3.4) when M is itself a ring (see [23]): If f € Hompge (R®™, M)
and f' € Hompge(R®", M), then f ® f' € Homg. (R®™*™) M) is defined by

(f®f,)(rl®"'®'rm+n):f(r1®"'®rm)fl(7nm+l®"'®7nm+n)‘

In order to translate this into a product on Ext} (S, R), we will give a A-projective
resolution of S that induces to the Hochschild complex (3.3) for R: For each n > 0,
let A, be the A-submodule of R®("+2) consisting of sums of all 5450 ® - - - @ Sn41Gni1
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(s;i € S, gi € G) such that go---gpy1 = 1 in G. Thus Ay = A, and each A, is a
projective A-module. Then

is a projective resolution of the A-module S, where the maps are restrictions of the
maps from the Hochschild complex (3.3). The above complex (3.9) is exact, as there
is a chain contraction s, : A,_1 — A, given by

Sp(ro®@ -+ ®@rp) =70 Q- Q7, @ 1.

The Hochschild complex (3.3) is just the complex (3.9) induced from A to R°. Thus
the isomorphism Ext’. (R, R) — Ext’ (S, R) of the Eckmann-Shapiro Lemma is given
at the chain level simply by restricting maps from Homge (R®"*2)| R) to Homa (A,, R).
The Hochschild cup product on HH*(R) now yields a cup product on Ext} (S, R) as
follows. If f € Homa (A, R) and f' € Homa(A,, R) then f ® f' € Homa (A, R)
is defined by

(f®fl)(rl Q- ®Tm+n) = gf(ri @ra®@--- ®TM)f,(Tm+1 QO Tmin—1 ®T;n+n)(g)_la
/

where 71 = gr} and 74, = 75,,,(g)"" are chosen so that r{ @ 72 ® --- ® 7y, and
Tmt1 @+ @ Tmgn—1 ® Ty are in Ay, and A,, respectively. Similarly, we have a
Hochschild cup product on Extj (S, R) for any subgroup H of G.

Lemma 3.10. Let K and H be subgroups of G. The following relations hold for all
a € Exty (S, R) and B € Ext) ) (S, R):

(i) (Frobenius property) If K < H then
cori(resf (o) — B) = a — corf(B) and cork(B — rest(a)) = cork(B) — «.
(ii) (Mackey property)
res (1§ (@) = 3 corl e resihey (a°0),
reD

where D is a set of double coset representatives for K\G/H.

Proof. Property (i) holds at the chain level by the definitions, and (ii) follows from a
particular ordering of G/H (see [21, Thm. 4.2.6]). O

In fact the assignment of Extj g (S, R) to each subgroup H of G is a Green functor
(see [33] for the definition). The additional properties that we will need are straight-
forward:

(3.11)g* o res = res; % og* and g* o corl = coryH og* (9 € G and K < H < G), and

(3.12) res¥ orest =res? and cork ocork = cort whenever L < K < H < G.
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We will need explicit maps giving the isomorphism of Lemma 3.5. For each g € G,
the inclusion map 6, : Sg — R and projection map 7, : R — Sg are both A(C(g))-
homomorphisms. Thus they induce the following maps on cohomology:

O 1 Extice) (S, S9) = Exta o) (S, R)
and 75 1 Extj(ge) (S, R) —>EX’5A(C(9 (S Sg).

Let ¢1,...,9: be a set of representatives of conjugacy classes of G, and write 6; :=
By, and 7; := my,. The isomorphism Ext} (S, R) = @®{_; Ext} ¢ g))(S Sgi) is given
explicitly by ¢ — (n} resg( 4(€))i; and its inverse sends a € Extjc(,) (S, Sg) to
corg( g ©0; (). (See [31, Lemmas 4.1 and 4.2] for more details in the case of a group
algebra.)

Let g, h € G. The following further properties are straightforward:

(3.13) W < C(g), then h* o 0] = Or,0h™ and A" oy = m; o h”
as maps from Extj (S, 59) to Extyny,) (S, R).

(3.14) If W' <W < C(g), then 6 and 7} commute with resyy, and coryy, .

(3.15) TfW < C(g) N C(h), then 7% o 6} = 5, id
as maps from Ext (S, Sh) to Ext A (S, S7).

We now have the following product formula. For a € Extx g (S, 5g:), write
vi(a) = corg(gi) off(«), which is the image of « in Ext (S, R) = HH*(R) under the
isomorphism of Lemma 3.5.

Theorem 3.16. Let o € Ext(cy,))(S: 5i), B € Extacg,) (S, S9;), and vi(a) and

v;(B) their images in Exti (S, R) = N HH* (R) under the zsomorphzsm of Lemma 3.5.
Then the cup product of vi(e) and v;(B) in HH*(R) is given by

D% (Cor i gnveC(g;) Tk (9 resycgg gan(g YU~ Oyey, reSvC(g(g)]%wa( ) (yz)"B )) ’
z€D

where D is a set of representatives of double cosets C(g;)\G/C(g;), and k = k(x) and
y = y(x) are chosen so that g, = Yg;*"g,.
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Proof. By the Frobenius and Mackey properties (Lemma 3.10), v;(«) — 7;(5) is equal
to

corC 5 (07 a )vcorC ) (055)

= corc (Oa resC(g)corC 0B>

_ C(g:) *C(g5) * [
= D corfiy (Bor = corS( e,y resciy ey 2 055)

xeD
_ (9) *C(gy) epe
= DO (resc< n=c(ey) 9 @ = TeSc(gjnec(g, 95)
reD

Inserting the identity map id = 22:1 Yk, resg( )’ and applying the Mackey property

and properties (3.11)—(3.15), v;(a) ~— ~,(8) equals

* G G C(gi) * *C(g5) * )%
D> i xestig corélgmets (e5Gianroray 0 = 1050 0ecia 2705 )
k=1 zeD

¢
* C YC(g9:)N¥*C(g;) , * C(g *C(gj * )%
= Z nyk (wk corW(g’“) resy, SR Y (resCE gnmC(g ) 0 — resC(g(f)]%zC(gj) x Hjﬁ))

k=1 z,y

t
= Z Z Vi (Cor%(gk) ﬂ.z (9;‘ reSW (g’L) 9;(2 reS:;C(gj) (yl_)*ﬁ>) ’

k=1 zy
where y runs over a set of double coset representatives for C(gx)\G/C(g:) N*C(g,),
and W = C(gx) NYC(g:) N¥*C(g;). Now 65, resW FWi) e 05z, resxc(gj)(yx)*ﬁ is
in the image of the map 6;,., from Exty (S, S¥g;¥7g;) to Ext; (S, R), and so if
we apply 7 , this can only be nonzero when g, = ¥¢;¥"g;. But each z determines a

unique £ and double coset C(gx)y(C(g;)N*C(g;)) for which this holds. So we may take
k=k(z), y =y(z), and then YC(g;) N¥*C(g;) < C(gx), so W =¥C(g;) N¥*C(g;). O

Finally we show how HH"(R) fits into the construction of Section 2. For each g € G,
let A(g) := Ext}(c(g) (S, S579). The conjugation maps ¢, = h* yield isomorphisms of
k-modules A(g) = A("g). Define my,, : A(g) x A(h) — A(gh) by

Clgh « (g C . C(h)
g0, Br) = Corcg)r)wc(h) (Wgh (99 rescggmc(h) ag — b reSCEg)ﬁC(h) ﬂh))
Then properties (H1)—(H3) of Section 2 are straightforward. A comparison of Corollary
2.5 and Theorem 3.16 shows that property (H4’) holds, so that Theorem 2.2(ii) yields
a product on A%. By (2.4), Corollary 2.5, Lemma 3.5 and Theorem 3.16, there is an
algebra isomorphism

AS = @Ech (S, Sg;) = HH*(R).

i=1
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4. REPRESENTATIONS OF ABELIAN EXTENSIONS OF HOPF ALGEBRAS

In this section we prove a product formula (Theorem 4.8) for the Grothendieck ring of
modules for an abelian extension of Hopf algebras. As a consequence, this Grothendieck
ring satisfies the properties of Section 2, and its product formula coincides with that of
Theorem 2.2(ii). This generalizes a known formula for modules of the Drinfel’d double
of a finite group (or equivalently of Hopf bimodules of the group algebra [12]). Related
results are in [12, 36].

We assume in this section that k is an algebraically closed field as we will use Schur’s
Lemma, but we do not place any restrictions on the characteristic of k. All our modules
will be finite dimensional.

Let L be a finite group acting on another finite group G. This induces an action of
L on the linear dual (kG)* of the group algebra kG. For each g € G, let p, € (kG)*
denote the function dual to ¢ in the basis G of kG, that is

pg(h) :=04n (h€G).

We have ®p, = pay for allz € L,g € G. Let 0 : L x L — ((kG)*)* and 7 : L —
((kG)*)* x ((kG)*)* be maps giving rise to a (quasi) Hopf algebra H := (kG)*#. L (or
(kG)*#7k L) as follows. As an algebra, H is the crossed product (kG)*#,L defined in
Section 3. Again we write p,T := p, ® = to shorten the notation; (kG)* will be a Hopf
subalgebra of H, whereas kL will not. For each z,y € L, let

(4.1) o(z,9) = S 0y@,)pg, and 7(2) = 3 7yn(@)pe @ pn,
geG g,heG

for scalars 04(z,y) and 7, (z). Then the product in H may be written
(PgT) - (PY) = 09,204 (,y)PyTY.
Define the coproduct by?

A(peT) =Y Tnk()phT ® P

h,keG
hk=g

In order that H = (kG)*#. L be a (quasi) Hopf algebra, 7 (as well as ¢) must satisfy
certain properties. See [3] for the general case of a Hopf algebra, [25] for (cocentral)
abelian extensions in particular, [10] for general facts about quasi Hopf algebras, and
the references given at the end of the following example for a special case.

Example 4.2. Let G act on itself by conjugation. Let w : G X G X G — k* be any
three-cocycle, that is

w(a, b, c)w(a,be, d)w(b, c,d) = w(ab, ¢, d)w(a, b, cd)

2This is the case that H is a cocentral abelian extension. In general, the coproduct is more
complicated.
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for all a,b,c,d € G. Assume that w is normalized so that w(a,b,c) is equal to 1
whenever one of a, b, or ¢ is 1. There is an associated two-cocycle o : G x G — (kG)*
given by (4.1) where

w(g, z,y)w(z, y, (xy) " gzy)

and an associated function 7 : G — (kG)* x (kG)* given by (4.1) where

ag(z,y) =

w(g, h,z)w(z,z gz, 2" he
ron(z) = (9, h, r)w(z, 2779 )

w(g, z, z~ hx)

The twisted Drinfel’d (or quantum) double D¥(Q) := (kG)*#I G is a quasi Hopf algebra.
In case w is a coboundary, this is isomorphic to the Drinfel’d double D(G) := (kG)*#G,
a Hopf algebra. These (quasi) Hopf algebras and their representations appear in [4,
19, 27, 36, 37).

We will first apply Clifford theory to the crossed products H = (kG)*#7 L to obtain
a description of all simple H-modules. Such a description was first found in [25] by
more direct methods in case H is semisimple. Note that we do not need the coalgebra
structure of H to describe H-modules. Clifford theory for group-graded rings generally
is developed in [17, 18], and more specifically for crossed products the theory is in [16,
§11CJ. However we will use the terminology and notation of [29], recalling the needed
results as we go.

Up to isomorphism, the simple (kG)*-modules are the ideals kp, (¢ € G). The
stabilizer of the (kG)*-module kp, in L is the subgroup of all z € L such that *(kp,) =
kp,. This is then the subgroup

Ly={z € L|%g =g}

By (3.1), the function o, : G x G — k* defined by (4.1) restricts to a two-cocycle
Ly x Ly — k*. Therefore we may form the twisted group algebra

ko, Ly :=k#s,Lg,

that is the algebra with basis {Z | z € Ly} and multiplication T - § = o4(x, y)Zy. This
is in fact isomorphic to the subalgebra ng_g of H generated by all p, (z € L), so no
confusion should arise from the choice of notation.

For each g € (G, we define the subalgebra of H,

H, = (kG)*#,L,.
Let Hy ®xq)- kpy be the Hy-module induced from the (kG)*module kp,. Let
FE = Enng (Hg ®(kG)* kpg)()p,
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the endomorphism algebra of the module Hy ®qq)- kpy, taken with multiplication
opposite that of composition of functions.?

Lemma 4.3. There is an algebra isomorphism E = Kk, L.

Proof. There are isomorphisms of vector spaces

Endp, (Hy ey kpy) = Homg)-(kpg, Hy @ay- kpg) = @ Homx)-(kpg, T ® kpy).
T€ELg

Each such endomorphism is thus determined by the image of the element p; = 1 ® p,,

and this must be a linear combination of the T ® p, (z € L,). The product of the

functions ¢,, ¢,, where ¢,(p,) =Z ® py and ¢,(py) = Y ® py, is given by the opposite

of composition:

(¢y © ¢2)(Pg) = ¢y(T ® pg) = Ty (1 ® py) = T(Y @ py) = (2, y)TY @ py-
As o(z,y) = D peqn(@,y)pr, and the tensor product is over (kG)*, this is in fact
equal to o,(z,y)Ty ® py. Therefore (¢, 0 ¢)(py) = 04(z,Y)Pzy(py)- O

The endomorphism algebra £ =k, L, plays a crucial role in the Clifford correspon-
dence. (See for example [38, 39].) In order to use the results of [29], where the algebra
E is not explicitly mentioned, we point out that

og(z,y) =0, (v~ a o, (@™ x)o, (y™ y)og(y~ '™t wy),
as follows from (3.1). Letting a(z,y) = o,(y~!, 271), this shows that o, is cohomolo-
gous to a~'. Tt may be checked that « is the cocycle of [29, Prop. 1.2] that was used
for the Clifford correspondence there. As o, and o' are cohomologous, there is an
algebra isomorphism k, L, — ko-1L,, given in this case by T +— o, (27, 2)T.

Notice that any H-module must contain at least one of the simple (kG)*-modules
kpg, on restriction to (kG)*. Given such an H-module, its H-submodule generated
by p, is a direct sum of copies of kps, (x € L) on restriction to (kG)*, as p,(ZTp,) =
On,zgpnT. Therefore any simple H-module is a direct sum of copies of conjugates of some
kpg, on restriction to (kG)*. For the Clifford correspondence, we will also consider H,-
modules: Note that any simple Hy-module containing kp, on restriction to (kG)* is in
fact a direct sum of copies of kp,, as L, is the stabilizer of kp,.

The Clifford correspondence comes in two steps. In the first step, there is a bijection
between the set of (isomorphism classes of) simple k,, L,-modules (that is E-modules),
and the simple H;-modules whose restriction to (kG)* contains kp, [29, Prop. 1.2]. The
second step of the Clifford correspondence is a bijection between the set of simple H -
modules whose restriction to (kG)* contains kp,, and the simple H-modules whose
restriction to (kG)* contains kp, [29, Prop. 1.1]. This second step is simply given by
tensor induction of modules. An explicit description of such H-modules is given in
[29, Thm. 1.3]. In our situation, it provides a new proof of the following proposition

3We must take the opposite multiplication as we write our functions on the left.
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which appears as [25, Theorem 3.3| in case H is semisimple. The action described in
the proposition below looks simpler than that of [29, Theorem 1.3] due to application
of the algebra isomorphism k,, Ly = ko-1L, described above.

Let g1,. .., g: be a set of representatives of orbits of L on G. Write p; := py,, 0, := 0y,,
L; = L,, and H; := H,,. By the above analysis, each simple H-module contains one
of kpy, ..., kp; on restriction to (kG)*. Thus each arises from a simple k. L;-module
as stated.

Proposition 4.4 (Kashina-Mason-Montgomery). The simple H-modules are precisely
the modules V := H ®y, (p; ® V') induced from H;, where V is a simple k,,L;-module,
and i ranges over {1,...,t}. The action of H; on V' :=p; V' is given by

(PrT)(pi ® V) = 0g, 4Pi ® T - .

More generally, for any g € G and k,,L,-module U, we let U:=H ®u, (py ® U),
where U’ := p, ® U is the Hz,-module given by (ppT)(py ® u) = 410y @ T - u. As the
idempotent Zye /L, Pvg acts as the identity on such a module, and as 0 on H-modules
corresponding to other orbits of L on G, each H-module is a sum of indecomposable
modules U corresponding to L-orbits on G. Each U is then induced from an Hg-
module of the form U’ = p, ® U where U is a k,,Ls;-module. Thus we obtain a
decomposition of the category of H-modules into a product of the categories of k,,L;-
modules (i = 1,...,t). This yields an additive decomposition of Grothendieck groups
(25, Cor. 3.4]:

(4.5) Ko(H) é Ko(ko,Ls).

As H is a Hopf algebra, the tensor product of modules induces a ring structure on
Ky(H), but the Grothendieck groups Ky(k,,L;) are not necessarily rings themselves.
We will see next how the product on Ky(H) behaves with respect to the additive
decomposition (4.5), that is we will give a formula for the tensor product of two H-
modules corresponding to k., L;- and k,, L;-modules.

If H is not semisimple, we may alternatively replace Ko(H) by the representation
ring of H, that is the ring generated by isomorphism classes of H-modules with direct
sum for addition and tensor product for multiplication. The image of each module in
this ring is the sum of images of indecomposable modules, each corresponding to an L-
orbit on GG. Theorem 4.8 below governs the tensor product of two such indecomposable
modules.

First suppose that g,h € G and z,y € LyNLy. As Ais an algebra map, the following
relation holds:

(4.6) 04(2,9)on(,y) = 0gn(2,y)7, 4 ()7, (V) Ten(zy)
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(see [25, (4.8)]). That is, o, is cohomologous to o, - 0, on Ly, N Ly,. Therefore there is
an isomorphism

(4.7) ¥ Ko, (Lo N Li) — Koo, (Lo N L)

given by ¥(Z) = 7, (z)Z. This will be important in taking tensor products of modules,
as the tensor product of a k, (L, Lp)-module with a k,, (L, N Ly)-module is naturally
a ]kgg.ah(Lg N Ly)-module. We will want to induce such a module to a ko, Lgn-module.
This involves first applying the isomorphism (4.7), and then applying induction from
the subalgebra k,_,(Ly N Ly) to the algebra k, , L.

Note that *L; = La,,. We will use an arrow down ({) to denote restriction of modules
to the indicated subalgebra of k,,L,, and an arrow up (1) to denote tensor induction of
modules from a subalgebra to k,,L,. The following theorem does not give a formula for
decomposing the tensor product of two simple (respectively, indecomposable) modules
fully into a direct sum of simple (respectively, indecomposable) components, although
it is a first step towards such a decomposition.

Theorem 4.8. Let V' be a k,,L;-module, W a k,,L;j-module, and V,W\ the corre-
sponding H-modules as described in Proposition 4.4. Then as H-modules,
VoW =Y U),

zeD

where D is a set of representatives of double cosets L;\L/L;, and U(z) is thek,_ o Lg;(2g;-

9;) i
module

. Ty, L (Tg:)
Uz) = (V iﬁanLj W iLirjmej) TL%@Z :

We obtain a formula for the product in Ky(H) in terms of the additive decomposition

(4.5) by identifying [7(;) with the isomorphic H-module m where k = k(z) and
y = y(z) are chosen so that gy = Yg;*g;. Then the formula in the theorem closely
resembles the formulas in Corollary 2.5 and Theorem 3.16.

Proof of Theorem 4.8. First we will check that the underlying (kG)*-modules are iso-
morphic. The Grothendieck ring of (kG)*-modules is just the group algebra ZG. The

underlying (kG)*module of V (respectively, of W) is dimV (respectively, dim I¥)
copies of the sum O(g;) of the elements in the orbit of g; (respectively, O(yg;) of g;).

The underlying (kG)*-module of [7(;) is |Lg;(zg;) : Li N " L;|(dim V) (dim W) copies of
the sum O(g;(g;)) of elements in the orbit of ¢;(*g;). In ZG, the product of sums of
orbit elements is
O(g:) - O(g5) = D ILgizgy) * Li N 7L;10(i("95))-
€D

(This follows from standard properties of the trace map for the L-algebra ZG. See for
example [33].) Multiplying both sides by (dim V')(dim W), we see that the underlying
(kG@)*-modules in the statement of the theorem are indeed isomorphic.
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We will next identify the appropriate H-submodules of Ve W, keeping in mind
its underlying (kG)*-module structure. For each x € D, we will describe the Hg,(.)-

module generated by pmf/ ® P gjﬁ/\. Consider the map

(4.9) (V Yirer,; QW imrﬁm) Ljnwijj — Hy,=g)) (p!]iv ® p’”ng>

given by 7(v@w) — F((pg, ®v) ® (p=y, ®w)) for y ranging over a set of coset representa-
tives of L;N®L; in Ly,=,4,). Note that distinct coset representatives y will generate dis-

joint subspaces (py,V ®p=,, W), and each has dimension (dim V')(dim W), so the above
map is bijective. It may be checked that the action of ]k(,gi(mg]_)Lgi(mgj) on the left side of
(4.9) corresponds to the action of Hy, .y on the right side of (4.9), using the isomor-
phism (4.7). The induced H-module then has dimension |L : L;N*L;|(dim V') (dim W),

as desired. 0

For each g € G, let A(g) := Ky(k,,Lg), the Grothendieck group of k,, L ,-modules. If
H is not semisimple, we may alternatively take A(g) to be the additive group generated
by k,,L,-modules, with direct sum for addition. Additively, the representation ring
of H decomposes into a direct sum of such groups, analogous to (4.5). The following
statements apply equally well to this ring.

We obtain an isomorphism p,L, — p=4 L, of subalgebras of H for each = € L, via
the action of L (see (3.2)). This induces an isomorphism k,, Ly — Ko, L=g. Thus we
have conjugation maps ¢, , : A(g) — A(®g). Define my : A(g) x A(h) — A(gh) by
the following for a k,,L,-module V; and a k,, Lp-module Wj:

Mg (Ves Wa) = (Vo Lo, W Liten,) 1o,
Then properties (H1)-(H3) are straightforward, and (H4') is equivalent to the product
formula of Theorem 4.8 (compare with Corollary 2.5). As ¢y, = id when = € C(g), by
(2.4) we have additive isomorphisms

t
A" = P Ko (ko,Li) & Ko(H),

=1

and in fact the product on A given by Theorem 2.2(ii) coincides with that on Ko(H).
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