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Abstract. We construct a family of finite-dimensional Hopf algebras from two-parameter
quantum groups and show that these Hopf algebras are pointed and are Drinfel’d
doubles. Using their left and right integrals, we determine necessary and sufficient
conditions for them to possess ribbon elements.

1 Introduction

Hopf algebras first appeared in Hopf’s pioneering work on cohomology and Lie groups. Their
study as algebraic entities began in earnest in the mid 1960s, and it continues today because
major open problems in the theory remain, and because new applications of Hopf algebras to
diverse topics such as knot theory, Lie theory, and combinatorics continue to be found. A
longstanding problem in the area is the classification of the finite-dimensional Hopf algebras.
Kaplansky’s ten conjectures [24] have been the impetus for much research on the subject, and
there have been a number of significant advances in the last ten years. Many classification
results have been proven under constraints on the dimension or under the assumption that the
Hopf algebra is semisimple, pointed, or triangular. In [45], Zhu gave a proof of Kaplansky’s
8th conjecture — a Hopf algebra of dimension p (a prime) over an algebraically closed field of
characteristic 0 must be the group algebra of a cyclic group of order p (see also [23]). The
semisimple Hopf algebras of dimension p?, 2p, p3, pg (p and ¢ distinct primes) and 16 have
been classified in [30], [31], [32], [16], [25] (see also [34]), and it is known that there are only
finitely many types of semisimple and cosemisimple Hopf algebras of a given dimension (see
[42]). Triangular, semisimple and cosemisimple Hopf algebras over an algebraically closed field
of any characteristic must be a twist of a group algebra, as shown in [16], [17].
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Since the complete classification of the finite-dimensional Hopf algebras still seems very far
off, it is quite useful to have various means of constructing examples of finite-dimensional Hopf
algebras. Iterated Ore extensions provide all the pointed Hopf algebras of dimension p™ with
commutative coradical of dimension p"~! ([7], [8]) (see also [1], [4], [5], [14] for further work on
pointed Hopf algebras and extensions). Pointed Hopf algebras also play an essential role in [3],
[6], [19], where it is proven that there can exist infinitely many nonisomorphic Hopf algebras of
a given prime power dimension, thereby answering Kaplansky’s 10th conjecture in the negative.

The starting point for our investigations is the family of two-parameter special linear quan-
tum groups U, 4(sl,,) introduced by Takeuchi [43] and studied in [12], [13]. We assume here
that r is a primitive dth root of unity and s is a primitive d'th root of unity, and let £ denote
the least common multiple of d and d’. We construct a finite-dimensional pointed Hopf alge-
bra u,s(sl,) of dimension £("+2)("=1) as a quotient of U, s(sl,) by a Hopf ideal I,,, which is
generated by certain central elements. The restricted quantum groups u, s(sl,) are analogues
of the restricted enveloping algebras of Lie algebras of prime characteristic and the restricted
one-parameter quantum groups u,(g) of Lusztig [28], [29] for ¢ a root of unity (see also [20]),
which play a pivotal part in the representation theory of algebraic groups and Lie algebras of
characteristic p > 0.

Our results on the skew-primitive elements of u, s(sl,,) in Section 3 enable us to determine
when two such restricted two-parameter quantum groups are isomorphic. In Section 4, we prove
that u, s(sl,) is a Drinfel’d double of a certain Hopf subalgebra b. Previously, we have shown
in [12] that the infinite-dimensional algebra U, ,(sly) is always a Drinfel’d double for any choice
of r and s, and in [13], have used the corresponding R-matrix to investigate the representation
theory of U, s(sl,). In Section 5, we determine the left and right integrals of b and use these
results in conjunction with some from [26] to give necessary and sufficient conditions for u, s(sl,)
to have a ribbon element. In the one-parameter setting such a criterion has been found by Gelaki
and Westreich [21].

One of the most studied finite-dimensional Hopf algebras is the Taft algebra A,, which has
generators a, = satisfying the relations

at =1, zt =0, ax = Oza,

where 6 is a primitive £th root of unity. Its coalgebra structure is determined by

A(a) = a®a, Alz)=z®a+1Qz.

A nonsemisimple Hopf algebra of dimension p? (p a prime) is isomorphic to the Taft algebra A,
(see [2], [35]). Extending an earlier result of Hennings [22], Kauffman and Radford [26, Prop.
7] have shown that the Drinfel’d double D(A;) of the Taft algebra A, has a ribbon element if
and only if £ is odd. In this case, D(A7°°") = u, ,-1(sly), where ¢* is a primitive ¢th root of
unity, and thus the results of our paper give natural generalizations of well-known, useful facts.
Indeed, the ribbon element of D(A4;) (£ odd) provides an important invariant of 3-manifolds (see
[22]). It has played a major role in the investigations of Kauffman and Radford on quantum
algebras and link invariants. Although much of the motivation for our investigations came from
the desire to produce invariants of framed links embedded in 3-dimensional space from ribbon
Hopf algebras, we do not address that issue here.
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2 Central elements and restricted quantum groups

First we recall the definition of the two-parameter quantum groups from [12], and some
basics about their structure. Let €y,...,€, denote an orthonormal basis of a Euclidean space
E = R" with an inner product ( , ). Set I = {a; = ¢; —€j41 | j = 1,...,n — 1} and
®={ei—€ |1 <i#j<n}. Then ® is a finite root system of type A,_1 with II a base of
simple roots.

Throughout we fix nonzero elements r, s in a field K with r # s.

Let U, s(sl,) be the unital associative algebra over K generated by elements e;, f;,(1 <j <
n), and wi', (w))*' (1 <i < n), which satisfy the following relations.

)
(R1) The w;™", (w})*! all commute with one another and w;w; " = wj(w}) ! =1,
(R2) wie; = r<“’ai>s<“+1’o‘f)ejw,- and w;f; = r‘<€f’ai>s_<“+1*"f)fjw,',

(R3) wie; = rlernaidgleitile ! and  whf; = r—(Ci+1:i) g~ (i) £l

(RA) [er, f5] = 20 (wr ).

r
(R5) [eisej] =[fi, f;]=0 if [i—j|>1,
(R6) €?eir1 — (r + s)eieir1ei + rseip1e? =0,
eiel 1 — (1 + s)eipreieiyr +rsel e, =0,
®R7) ffirr = (7 s fifirn fi +r7isT i f7 =0,
fiff — v+ s D fifi +r s AL fi = 0.
The subalgebra generated by the two elements e;,e;11 (or f;, fix1) for i = 1,...,n — 2 is
isomorphic to the down-up algebra A(r + s, —rs,0) of [9], [11]. Down-up algebras generalize
the algebra generated by the down and up operators on a partially ordered set [41], [18]. Such

operators encode essential enumerative and structural information about the partially ordered
set.

When r = ¢ and s = ¢, the algebra U, s(sl,,) modulo the ideal generated by the elements
wh—w; ', 1<i<mn,is isomorphic to the one-parameter quantum special linear group U, (sl,,).

The algebra U = U, 4(sl,) is a Hopf algebra, where the wi™', (w})**! are group-like elements,
and the remaining Hopf structure is given by

Ale)) =ei@1+w;®e;,  A(fi) =1® fi+ fi ®wj,
elei) =e(fi) =0, Sles) =—w;'ei, S(fi) =—filw) ™"
Moreover, U has a triangular decomposition U = U~ @ U°®@ U+, where U? is the subalgebra
generated by the elements w!, (w))*!, and Ut (resp. U~) is the subalgebra generated by the

elements e; (resp. f;). Applying Grobner-Shirshov basis techniques, Benkart, Kang, and Lee
[10] have constructed a monomial PBW-type basis for U™ as follows:

Suppose
Ej’j =ej and gj’j = ez'giflyj — Tﬁlgifl’jei (Z > ]) (21)
Then the defining relations for Ut in (R6) can be reformulated as saying
eir1€ivri = 5 'Eiq1i€in (2.2)

_ —1
it = s eir1,i
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Theorem 2.3 [10]
(1) The set
{gilajl giz:jz o 'gip,jp | (ilajl) < (i2;j2) <--- < (imjp) leXiCOgraphicaHY}
is a linear basis of the algebra UT.
(2) The set
{eh,jleiz,jz o 'eipajp | (i17j1) S (i27j2) S te S (ip7jp) leXiCOgra‘phica‘HY}

is a linear basis of the algebra U, where e; ; = e;e;_1---€j fori > j.

We consider the Hopf subalgebra B (the so-called Borel subalgebra) of U generated by the
elements wj,e;, (1 < i < n), and the Hopf subalgebra B’ generated by the elements wj, f;,
(1 €4 < n). From the defining relations, it is easy to check that (B')°°P (that is, the algebra B’
but with the opposite coproduct) is isomorphic to the Borel subalgebra By-1 ;-1 of Ug-1 -1 (sl,)
generated by its w; and e; elements. Explicitly, the isomorphism 1) : (B')°°°P — B,—1 -1 is given
by fi — ei, w} — w;. Since the computations to prove Theorem 2.3 just involve the relations in
(R6) (or equivalently, those in (2.2)), we see that a monomial basis for U~ can be constructed
as follows. Let

Fjj=1f; and Fij= fiFi1;—sFi1ifi (1> 7). (2.4)

Corollary 2.5
(1) The set

{filajlfi27j2 o ‘fipajp | (ilajl) < (i2,j2) <--- < (ip’jp) leXiCOgraphicaHY}

is a linear basis of the algebra U~ .
(2) The set

{fil,jl fiz,jz e fip,jp | (ilajl) S (i27j2) S e S (ipajp) lexicographically}
is a linear basis of the algebra U~ , where f;j = fifi—1---fj fori>j.

Henceforth we restrict the parameters r and s to be roots of unity: r is a primitive dth root
of unity, s is a primitive d'th root of unity, and £ is the least common multiple of d and d'. We
will assume further that K contains a primitive £th root of unity.

Our first goal in this section is to establish the following theorem:

Theorem 2.6 The elements &, Ff;, (1<I1<k<n)andw—1, (W) -1 1<k<n)
are central in U, 4(sl,,).

Towards this end, we will need the r, s-integers, factorials, and binomial coefficients defined
for positive integers ¢ and d by

re—s° c [c]!
= 1= —1]---[2][1 = 2.
A="20 @m0 B |G| g 2.7
By convention [0] = 0 and [0]! = 1. Also we will need the following commutation relations

determined in [10] along with some of their consequences.
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Proposition 2.8 [10, Thm. 3.4] Assume (k,l) > (i,7) in the lexicographic order. Then
the following relations hold:
(1) Erilij — Tﬁlgi,jgk’l —&; =0 if I =441,
(2) Erilii — i€y =0 if k>i>j>lor I>i+41,
3) Erii — 8_151',1'519,1 =0 if k=i>l>jor k>i>1=.

Corollary 2.9 For k > 1 and any positive integer a,

r-%—s7¢
a _ —a a a—1
gk’lel_l = T el_lgk,l + mgkvl_lgk,l (210)
re _ga 1
1€y = T Eert o & Erd (2.11)

Proof An inductive argument (with ¢ = j =1 — 1 in (1) of Proposition 2.8 for the a = 1
case) proves (2.10). Similarly, (2.11) can be done by induction with the a = 1 case coming
from (1) of Proposition 2.8 by switching the roles of the pairs (i, ) and (k,!), and then setting
i=j=k+1. O

Our proof of Theorem 2.6 now proceeds in a series of steps.

Step 1. S,f;’l commutes with e; for allk >l andj=1,...,n—1.

Proof When j satisfies either k > j > [ or [ — 1 > j, the assertion follows directly from (2)
of Proposition 2.8. Switching the roles of (k,1) and (i, j) in (2) and then letting ¢ = j shows that
&, commutes with e; whenever j > k + 1, so the result is clear in that case. Setting i =j =1
in (3) of Proposition 2.8 gives & e; = s7'e;&, for k > I, and using that relation £ times gives
the desired conclusion. Similarly, the case j = k > | may be done by interchanging the pairs
(i,7) and (k,1) in (3) and then taking i = j = k. (When k = [, the fact that Eﬁ,l commutes with
er is obvious.) What remains after these considerations are the cases j =1 —1and j =k + 1.
But these are simple consequences of (2.10) and (2.11) with a = £. O

Step 2. E,f,l commutes with w; and w;- forallk>landj=1,...,n—1.
Proof We have

wi€ky = r(fj,ak+---+a1)5(€j+1,ak+---+az)gk,le,

from which it is apparent that w;Ef ; = & ,w;. (Note that when k =1, the coefficient is simply
rleisar) glei+1,x) ) The argument for wj is equally easy. O

Step 3. Assume k > 1, and let a be any positive integer. Then

-1 -1
. _ ro-o—=3S5 —
() &fufi = il +r7 P al———— &) '€y, and
1—r7t

.. _ S ha_
(11) g,g"lfl = flg;:J + s “+1[a] . g;cl,l 18k,l+1wl.

In particular, S,f’l commutes with both f and f;.
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Proof (i) First we set a =1 and calculate:

-1
Eeafr = elp_1ufk =1 Er—11efr
i i
WE — W, 1 WE — Wy,
(fkek + ﬁ) Er10— 1" Eh1, | frer + ——

r—s
Wi — W} Wg — wh
_ k —1 k
= filpg+ —"EC—10— 1 Epmrg———
r—s r—s
1 1 1 1
!
= felry+ Er_1,Wr — Er—1,wp — Er—1,wr + Er—1,1wy,
r—s r—s
1 -1

r s ,
felpg + ————Ek—1,1wy,-
r—S8

Now assuming (i) holds for a — 1, we have the computation for a:

-1

-1
— _ r — 8 _
g;;,lfk = gk,l (fkg;:,l ! +r a+2 [a - 1]?5&1 25]‘,_17[0.)2,)

ol gl . \ rlos
' — — - '
= (fkgk,l + gk—l,lwk> L o “la - 1]ﬁ5§,1 Er—1,1wp,
2 RN et 1
— — - — '
= felg,+(r g —1] 4 7ot se )77, . Ery Er—1,wy
1 -1
rl—s
— 1 a—1 !
= fi€g +r at [a]ir — Ery Er—1,wp-

(if) We suppose initially that a = 1 and k =1+ 1 and show:

S = (erge—1r" ezez+1)fz
!
et

—w —w!
= €41 (fzel + . ) (flel + sl> €141

6l+1wl +
r—

wy —
= fifiyi1 e .

!
el4+1W
— S8 r—s S 1

fir+ 2
= fili410+ ——eawr.
+ el

In the calculations for the inductive step below, we will apply the following helpful identity

[;L', [yaz]r—l] = [[xay]’z]r—l + [Zl, [xaz]]r—l (2.12)

where [z,y],-1 = 2y —r'yz.
Now assume (ii) is true for a = 1 and k¥ — 1, and use (2.12) to compute:
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fi:8ea] = [fu:ler, Ex—1,]-1]
= [[fl;ek]agk—l,l]r_l + [eka [fl?gk—l,l]]T‘_l

1—r1s
= —[ex, B Er—1,11wi]p—1

,1=r71s 1—r7ts
= 1 ———&—rwiey — ———ekEp_1,1+1W)
r—s r—s
1-— r‘ls[ £ ]
= ——[er, Eb—1,141] 101
r—s y +1]r
1-— r‘lsg
= —&nwr.
r—s At

Finally, assume (ii) is true for arbitrary k¥ > [ and a — 1. Then

1—r-1

a— — S ca—
Eealt = Era (flgk,ll +57 " a-1] _ Er 25k,l+1wz>

1—p-1

s
7gk,l+1wl> et +s a1

— 1—7r71s
r—s

—1
Epr Eratrwr

(flgk,l +

1—r-1s

Il

flgI?:,l + (S—a+2[a _ 1] + Ta—ls—a-i-l) g;:jlgk,l+1wl

1—r1s

= fIE;:J + Sia+1[a] 5,?,]15k,z+1w1-

Step 4. S,f’l commutes with f; forallk>1landj=1,...,n—1.

Proof If j > k or j <[, this statement is immediate from the defining relations; while if
j=kor j=1, it is the content of Step 3. We may suppose k > j > [, so that by (2.12),

[fjagk,l] = [eka T [[€j+1, [(% - wj)agj—l,l]r—l]r—l T ]T‘la (2'13)

r—s
while

[€j+17 [(w; - wj)a gj—l,l]r—l]r—l
= e (W —wi)& 10— e 10(wWh — w;))
—r (W) — w)Ej—1 et + 1 2Ejm11(W) — wy)eja
= ejt1 (w; —wj — 7 sw) + wj

—wi+r tswy + !

sw; — T713Wj)gj71’l
= 0.
Thus [f;, k] = 0 in this case, and hence Step 4 is known to hold for k£ > I.
Finally, the following formula from [13, Lemma 2.3] may be proved by induction:

1—a 1—a,
18 W —T w
eifi = fuef + laley ™ —— ———F,

and so e, commutes with fz. As e, commutes with f; for j # k, we have finished the proof of

Step 4. O
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Step 5. Conclusion of the proof of Theorem 2.6.

Proof We know from Steps 1-4 that the elements E,fJ are central in U, 4(sl,,) for all k& > .
Reversing the roles of e; and f; (and interchanging r,s with s~!,771), we see that .7-',57, is also

central. It is easy to check directly that wf; — 1 and (w}c)e — 1 are central also, so the proof is
complete. O

Remark 2.14 For a one-parameter quantum group U,(g) with ¢ a primitive £th root of
unity, DeConcini and Kac [15] have shown that the £th power of each of the generators is central
and have used that fact in an essential way to develop the representation theory of those algebras.

Definition 2.15 Let I,, denote the ideal of U, (sl,) generated by all & ;, Fy ,, wj — 1,
(wi)t —1 (1 < €<k <n). The restricted two-parameter quantum group is the quotient

Uy 5(sly) 1= Uy s(sly) /In.

By Theorem 2.3 and Corollary 2.5, u, 4(sl,) is an algebra of dimension £("*+2)(»~1) with
linear basis all

L gap wbl .. wzn__ll (w;_)bll Tt (witfl)bln_lj:glllvji

g

11,J1 ipyJp 1

- Fl (2.16)

where (i1,51) < --- < (ip, jp) and (i,41) < - -+ < (43, J,) lexicographically, and all powers range
between 0 and £ — 1.

The remainder of the section is devoted to proving

Theorem 2.17 The ideal I, is a Hopf ideal, so that u, s(sly,) is a finite-dimensional Hopf
algebra.

First note that the generators of I, are contained in the kernel of the counit &, and so I, is as
well. Because the coproduct A is an algebra homomorphism, and the antipode S is an algebra
antihomomorphism, it suffices to show that A(z) € I, ® U + U ® I, (where U = U, 4(sl,))
and S(z) € I, for each of the generators z of I,,. To accomplish this, we rely on the following
computations:

Awi-1) = Wiew-11
= weow -1Quw +1Quw -111
= W-1D)Ruw+10 W -1)eL,U+UQI,,

!

and S(wf —1) = w; =1 = —w; Y(wf = 1) € I,. The argument for (w})¢ — 1 is similar. In
determining A(E,ﬁil) and A(F, ,‘é,l), we adopt the following notational conventions:
Wkl = WEWg—1 """ Wy and (:=1-— rts. (2.18)
Lemma 2.19
k—1

A(EkJ) = gk,l ®1+ W, @ gk,l + ngk,j+1wj,l ® gj,l-
Jj=l
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Proof The statement is true when k = [, as this just amounts to the coproduct of e in
that case. Assume it is true for k — 1. Then as & = exEr—1,1 — r‘lé'k_l,lel,

A(gk,l) = A(ek)A(Ek_l,l) — ’I‘ilA(gk_l’l)A(ek)
k—2
(er®@1+wr®er) | Er—1, 91 +wp—1, ®Ep—10+ ¢ ng—l,j-i-le,l ® &
7=l

k=2
=7 o1y ® L+ wi—1, ® Ep—1 + ¢ Z Ek—1,j+1w51 @ Eju | (er ® 1+ wi, ® ey)
J=l
k—2
= Era®1+wii®Erg+ Cerwr 10D Ex 1k +C Y Ekjr1win ® &,
i=l

and combining all but the first two terms into one sum, we obtain the desired result. O

Next we generalize Lemma 2.19 to an expression for A(£f;) in Lemma 2.22 below. The
formula involves certain exponents p,, of s that are defined recursively on ordered m-tuples of
nonnegative integers, as follows:

pm(0,...,0) = 0
pm(cl+1 Ccay .- ,cm) = pmlci,c2,...,¢)—Ca—c3— "+ —cCnp
pmlci, oy o sem_1,6m +1) == ppler,ca,.-iyem) —€1 —Co— - —Cp1
pm(c1,ca, .. ,cj+1 cCm) = pm(C1,62, .0 Cm) —C1 —Ca— - — i1
+¢j—cjiy1— - —cm (1< j<m).

An inductive argument on ¢; + - - - + ¢, shows that p,, is well-defined.

The following r, s-multinomial formula may be checked directly.

Lemma 2.20 Letcy,...,cn be positive integers. Then
S e Gttt lmr || Gt |
cm Cm—1 C2
3 A B KR R Che
Cm cj—1 1) )

where Cj = cjp1 +¢jpa+---+¢m, Dj=c1+---+c¢j_1, and Cp, =0 = D;.

Remark 2.21 In the above sum, the binomial coefficients have 1 subtracted from their top
number to the one with c¢; + --- 4 ¢; on top and not thereafter, as in the jth summand we have
replaced ¢; by ¢; — 1.
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Lemma 2.22 Let 1 <I<k<n, and m=k—1+2. Then

a j—
Al =
Pm (€1,--sCm) fFa—C1—Cm c+--+cem (R R o R | G )
S C . X
Cm Cm—1 C2
C1 ¢cC2 Cm—1, c2, ,C3 c c2 ¢C3 c
gk,lgk,lJrl "'gk,k WiaWiie Wi @ EE R
the sum taken over all m-tuples (c1,...,cn) of nonnegative integers with ¢y + --- + ¢, = a.

Proof Observe first that if a = 1, the above expression coincides with that in Lemma 2.19.
To simplify notation, we will assume without loss of generality that I = 1 (and hence m = k+1).
Now suppose that the above formula holds for a — 1, that is

a—1y __
A(c‘,’k,1 )=
ZS”’“H(01v---,ck+1)ga_1_cl—°k+1 CLt e+ Ch it tep || aate X
Ck+1 Ck C2
C1 ¢C2 Ck ,,C2  ,C3 Ck+1 c2 ¢c3 Ck+1
gk,lgk,Z e 'gk,kw1,1w2,1 Wpy @ 51,152,1 T '5k,1 )
where the sum is over all (k + 1)-tuples (c1,...,cp41) With e; +- -+ g1 =a—1.

Then A(ER ) = A(E,‘;,II)A(EM), which by Lemma 2.19 is equal to the above sum times

k—1
Er1®1+¢ Z Erjriwil ®Ej1 +wr1 @ Er 1.
i=1
Expanding and re-summing over all (dy,...,dgy1) with di + --- + dpy1 = a, we find that the
coefficient of £ £ -+ EPw - - w,f”“l“ ®EE - 5;:,’“1“ is

8pk+1(d1,~~~,dk+1)ca—d1—dk+1 x

k
ircésl’é di+-tdgr—1] [di+-+di-1] [di+ds
= dk+1 dj —1 ds

where C‘; = dj+1 + dj+2 + -+ dgy1, D; =dy +---+ djfl, and C,IH_l =0= Di By Lemma
2.20, the desired formula results. O

As a special case of the lemma, we have the following formula for e}, = & j:

a
INCHED SR [ ;’ ] elwi I @el . (2.23)
j=0

Completion of the Proof of Theorem 2.17. We now have the tools to finish the proof that I, is
a Hopf ideal. As [/] =0, it follows from Lemma 2.22 that the only nonzero terms of A(E,f,l) are
those having ¢, = £ for some p. As a result,

k—1
AEE) =& ®@1+wh, @&, +sEVREN"gf 1wl ®EL, (2.24)

p=l
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which is clearly in I,, @ U+ U ® I, (for U = U, ,4(sl,)). Applying the antipode property to (2.24),
we obtain

k-1
0= 5(%,1) = 515,1 + Wﬁ,ls(glg,z) + st Zglf,pﬂwﬁ,ls(gﬁ,z)-
p=l
Therefore
k—1
S(glﬁ,l) = _wk_,f 5l€,l + st=nr2ct Z gﬁ,p+1wﬁ,15(5£,l) . (2.25)
p=l

If k = I, we have S(Ef;) = S(ef) = (—w} "ex)*, which is a scalar multiple of wj,‘ef, € I,. Using
(2.25) and induction on k — I, we see that S(E,f’l) € I, for all k > [ as well. A similar argument
applies to ]—"f;’l, using the isomorphism (Bj ;)°°P = B,-1 -1 described in the text following
Theorem 2.3. By applying this isomorphism to the formula in Lemma 2.22 (replace (r,s) by
(s7hr7h), Wi by Wiy = wpwi_y - wp, and Egg by F,), we find

B o +.i4c c1 +c2
A(FS) = S ppmctiem) ca—er—cm [ a1 m ] [ ] - (2.26
(Fr) =3 ¢ S T I S

Co c3 Cm C1 Cco Cm—1 I \ca ! c3 ... ! Cm
‘7-l,l‘7:l+1,l ‘7:Ic,l ®‘7:k,l‘7:k,l+1 fk,k (wl,l) (wl-i-l,l) (wk,l) -

Consequently, the ideal I, is a Hopf ideal, and u, 5(sl;,) is a finite-dimensional Hopf algebra. [

Example 2.27 Letting n =2, r = 1, and s = —1, we obtain a 16-dimensional Hopf algebra
uy,—1(sl2). This Hopf algebra has as a left and right integral (1+w; +w| +wiw})e1 fi. As € applied
to this integral yields 0, u; _1(sl) is not semisimple (see the remarks preceding Proposition 5.5
below).

Remark 2.28 If r = g and s = ¢~ !, the quotient of u, ,-1(sl,,) by the ideal generated by
all w} —w;! (1 < < n) is isomorphic to a subalgebra of u,(sl,,). (However, the subalgebra
depends on the particular definition of the restricted one-parameter quantum group u,(sl,), and
there several different versions; see for example [20], [28], [29], [40], [44].)

3 Isomorphisms among restricted two-parameter quantum groups

For ease of notation we write u, s = u, s(sl,). If n = 2, there is an isomorphism of Hopf
algebras ¢ : u, s — w g whenever rs~1 = r'(s')"! and £ = ¢’ (where £' is the least common
multiple of the orders of ' and s’ as roots of unity). This isomorphism is given by p(e1) = e1,
o(f1) = 7' fi, p(w1) = w1, p(w]) = wi. When n > 3, there is an isomorphism of Hopf
algebras ¢ : Uy ; — Ug-1 -1 defined by @(e;) = en—i, o(fi) = r~'s™ foei, ¢(wi) = wn—i, and
p(wf) = wi,_;. This turns out to be the only nontrivial isomorphism between two such restricted
two-parameter quantum groups if n > 3 (under an additional mild hypothesis), as we will show
in Theorem 3.8. This result depends on a description of the skew-primitive elements in u, g,
given in Lemma 3.3 below and the text following it.

Now let G denote the group generated by w;,w; (1 < i < n) in the restricted quantum
group u := u, ;. Define linear subspaces a;, of u by
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n—1
a0 = KG, 0 =KG + ) (Ke;G + Kf;G), and (3.1)
=1

ar = (ap)F for k> 1.

Note that 1 € ag, A(ag) C ag®ag, a; generates u as an algebra, and A(a;) C a; ®ag+ ap R a;.
By [33, Lemma 5.5.1], {ax} is a coalgebra filtration of u and ug C ag, where the coradical uy of
u is the sum of all the simple subcoalgebras of u. Clearly ay C ug as well, and so uyp = KG. This
implies that u is pointed, that is every simple subcoalgebra of u is one-dimensional.

Let b be the Hopf subalgebra of u = u, 4(sl,,) generated by e;, wiﬂ (1 <i<mn),and b’ the
Hopf subalgebra generated by f;, (w!)*! (1 < i < n). The same type of argument shows that b
and b’ are pointed as well. Thus, we have

Proposition 3.2 The restricted two-parameter quantum group u,s(sl,) is o pointed Hopf
algebra, as are its subalgebras b and b’ generated by the elements w;,e; and wi, f; (1 <i<n)
respectively.

It also follows from [33, Lemma 5.5.1] that a; C uy for all k, where {u;} is the coradical
filtration of u defined inductively by uy = A~ (u ® up_; + 1o ® u). In particular, a; C u;. By
[33, Theorem 5.4.1], as u is pointed, u; is spanned by the set of group-like elements G together
with all of the skew-primitive elements of u. We claim that under the additional hypothesis of
the lemma below, u; = a;. That is, each skew-primitive element of u is a linear combination of
elements of G, of ¢;G, and of f;G (1 <i<n).

Let m be the smallest positive integer such that »™ = s™. Note that [m] = 0 while
[1],[2],-..,[m — 1] are all nonzero. It follows from this observation and (2.23) that e, f™
(1 < k < n) are skew-primitive if m < £. However, if we assume that m = £, then the following
lemma gives a precise description of u;.

1

Lemma 3.3 Assume rs—* is a primitive £th root of unity. Then

n—1
w =KG + ) (Ke;G + KfiG).

i=1

Proof By the observations stated before the lemma, it suffices to show that each skew-
primitive element X of u = w,, is in KG + 7' (Ke; G + Kf;G). By (2.16), any element X is
a linear combination of distinct elements of the form

5121,11512,12 "'512:,1,,0712'1,1'17:122,1'2 "']:zi,z;,:
where 0 € G.
Applying Lemma 2.22 and (2.26), we find that A(X) contains a term of the form

gb1 gbz .. gbp o® a-fbll ].'blz PN fb;
k1,01 Cko,ls Epilp AT kL0

which by its nature cannot arise from any other term of X, and so it has nonzero coefficient in
A(X). As X is skew-primitive, we are forced to take by =by =---=b, =0o0r b =b) =--- =
b, = 0. Therefore, each term of X involves only factors of the form 8,’;11 or .7-",2:1, but not both.
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We will consider those terms involving factors of £f ;. Those involving }'}c’:l may be dealt with
similarly.
Now we assume that X is a linear combination of elements of the form
Ev L ER & 0, (3.4)
witho € G, (k1,l1) < (k2,l2) < --- < (kp,1,) in the lexicographic ordering, and by, bs, ..., b, > 0.
We may use Lemma 2.22 to compute the coproduct of each monomial (3.4), and we find that
one of the terms in the coproduct is

it s K, T B 6,0 (3.5)
Due to the ordering of the factors and the formula in Lemma 2.22, this term appears exactly
once in the coproduct of (3.4), with a nonzero coefficient of 1. Suppose another monomial in
X has coproduct containing a term of the form (3.5). Clearly such a monomial has o as a
factor. Examination of the second factor, and then the first factor in the formula in Lemma 2.22
shows that £ 12:,1,, must also appear in such a monomial. This further forces the monomial to be
precisely a scalar multiple of (3.4) itself. As (3.5) is then a nonzero term in the coproduct of
the skew-primitive element X, and since by, bs,...,b, > 0, it must be that p = 1. Therefore X

is a linear combination of elements of the form Ek 0. If we assume k > 1 and b > 1, then by
Lemma 2.22, A(£7;0) contains the nonzero term $h(0- D/2¢bgp | wp ® ef (which cannot arise
from the coproduct of any other term &£} ,J,a of X). This contradicts the assumption that X is
skew-primitive, so it must be that k¥ = [ for all terms 8,’;’,0 in X. As we have assumed that rs—!

is a primitive fth root of unity, examination of the formula (2.23) for A(e?) shows that such
an element is skew-primitive if and only if b = 1. O

We may use Lemma 3.3 to determine explicitly certain subspaces of skew-primitive elements
needed to prove the isomorphism result. If g and h are group-like elements in a Hopf algebra H,
let P, ,(H) denote the set of skew-primitive elements of H given by

PphH)={zcH|A(z)=2®g+hQx}.
We wish to compute P ,(urs) and P, 1(u, ;) for 0 € G. Assuming rs~
root of unity, we have by [33, Theorem 5.4.1] and Lemma 3.3:

Lis a primitive £th

n—1
KG+ Y Pyu(urs) =KG + Y (Ke;G + KfiG).
g9,heG i=1

Therefore, an element = of Py ,(u, ) (where o0 € G) may be written as a linear combination

n—1 n—1
T = Z ’1999 + Z Z Qi g€ig + Z Z /Bi,gfiga

9€aG 9€G i=1 9€G i=1
where 9,4, ; 4, and ;4 are scalars. Comparing A(z) =2 ® 1+ 0 ® x with the coproduct of the
right side, which is

n—1 n—1
D @9+ DY aigleig®gtwig®eig) + Y > Big(g® fig+ fig ® wig),

9eG 9eG i=1 geG i=1

we find that §; , = 0 for all ¢, g and a;,, = 0 for all g # 1. A further comparison of the group-like
components yields ¥, = —t and ¥, = 0 for all g ¢ {1,0}. Finally, comparing A(z) with
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AW (1—0)+ Y7 aie;) yields a;; = 0 for all i when o & {wy,ws,...,ws_1}. In the special
case that o = w; for some 4, we have ;1 = 0 for all j # 4, and so ¢ = 91 (1 — w;) + a;,1€;. Thus

Pl,wi (um) = K(l — wi) + Ke; (1 <1< TL) (3.6)
P ,(us) = K1-0) if 0#w; forany i.

Similarly,
Pyi(ur,s) = K1 -w)+Kf; (1<i<n) (3.7)
P,i(u.s) = K1-o0) if 0 #w; for any i.

Theorem 3.8 Assume tfiat n1 > 3. Then u,; = uy o as Hopf algebras if and only if
(r',s') = (r,s) or (r',s') = (s77,r77).

Proof Suppose ¢ : u, s = u, o is a Hopf algebra isomorphism. We will write é;, fi, @i,
and @} to distinguish the generators of u, s. Note that ¢ takes group-like elements to group-
like elements. Because A(p(e;)) = ¢(Ale;)) = ¢le;) @ 1 + ¢(w;) ® p(e;), we have p(e;) €
Py (i) (4 5). As ¢ is an isomorphism, ¢(e;) cannot be an element of KG, and so by (3.6), we
have ¢(w;) = @;; for some j;, and ¢(e;) = a(l — ;) + Bé;;, for some a, B € K

Now applying ¢ to relation (R2) with j = 4 yields

plwiple:) = s ple)p(w:)
wji (a(l - wji) + Béji) = rs! (Oé(l - (iji) + lBéji)wji
ol — @y, )W), + Bwj & = rs el — @y, )0y + s BEs ;-

As r # s, this forces a to be 0, so that p(e;) = féj;, for some 3 # 0. Moreover, because
@ji€5, =1'(s")71e;,w;,, it must be that r'(s')~! = rs™L.

Since r # s, either s # 1 or r # 1. Assuming s # 1, we apply ¢ again to relation (R2) but
with i = 1,7 = 2 (recall n > 3) to obtain

plwi)ple2) = sp(e2)p(wr)
(I)jléh = Sé]éa)jl'

On the other hand, relation (R2) for the algebra u, s gives

@, &5, = (7.')(6117ajz)(8')(611+17aj2)éj2@j1‘
As s # 1, this implies |j1 — j2| = 1. If jo = ji + 1, this further forces s’ = s, and consequently
r' =r as well. If j» = j; — 1, we find (r') ! = s, and so (s') ! = r. Under these conditions, an
explicit isomorphism ¢ : u, s = u o was provided at the beginning of this section. A similar
argument applies when s =1 and r # 1. O

Example 3.9 Let K=C, n =3, ¢ =3, and 6 = exp(27i/3). Then by Theorem 3.8, uy g,
Uy g2, Ug g2, and ugz g are four distinct Hopf algebras of dimension 310 (the last two are related
to restricted one-parameter quantum groups).
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4 u,,(sl,) is a Drinfel’d double

Assume as before that b is the Hopf subalgebra of u = u, 4(sl,,) generated by e;,wi! (1 <
i < n), and b’ is the Hopf subalgebra generated by f;, (w!)*! (1 <4 < n). We show next that u is
isomorphic to the Drinfel’d double D(b) of b under a few assumptions. This extends the known
result that a restricted one-parameter quantum group is a Hopf algebra quotient of a Drinfel’d
double (see [20, 40]) under some mild conditions. First we need a lemma.

Let 6 be a primitive £th root of unity in K and write r = 6Y,s = 6. Note that in case
r = q,s = ¢ !, the first hypothesis in the following lemma, states that n and ¢ are relatively
prime, and the second that £ is odd.

Lemma 4.1 Assume that (y" 1 —y" 22 4+ —--- + (=1)" 12771 4) = 1 and rs~! is a
primitive Lth root of unity. There is an isomorphism of Hopf algebras (b')°°P = b*.

Proof We define elements 7;,n; of b* (1 < i < n) as follows: The ~; are algebra homomor-
phisms with
yi(wj) = pleitn,as) g—(ei i) — plejrai) glej+1,08)  gng vi(e;) =0, (4.2)

and so they are group-like elements in b*. (The second expression for v;(w;) comes from the
identity (e;, ;) = —(€i+1, ), which can be found in [12, (2.3)].) Let

m= > (eig)”, (4.3)
gEG(b)
where G(b) is the group generated by w; (1 < i < n), and the asterisk denotes the dual basis
element relative to the PBW-basis of b (see (2.16)). The isomorphism ¢ : (b')°°°P — b* is then
defined by
¢(wi) =7 and ¢(fi) =n;.
First we will check that ¢ is a Hopf algebra homomorphism, and then we will show that it is a
bijection.
Clearly the v; are invertible elements in b* that commute with one another, and vf = 1. We
also observe that ¢ = 0, as it is 0 on any basis element of b. We calculate v;1;7; 1. It is nonzero

only on basis elements of the form ejwfl .- wfb’i‘ll, and on such an element it takes the value

1 @n ©7 ) (e ®101+w; ®e;® 1 +w; ®w; ®e))(wh -+ wi)®%)
Fon— Bno1y — Fon—
= i(wjwr® - w3 (egwr” w3 (wrt W)
=vi(wj) = p{Eit1,05) g—(€ia5)
Therefore we have
yimjyy L = (e g (e
which corresponds to relation (R3) for b’. Next we check relation (R7):
(mimi+1)(€F eir1)
= (i ®"7i®"7i+1)((ei RlRl+w e ®L+w ®w ®e;)? -
(eit1 ®1® L+ wit1 ®eir1 ® 1+ wiy1 ®wipr @ €i+1))
= (0 ®Ni ®Nit1)(€iWiWit1 ® €Wit1 ® i1 + WieiWwit1 @ ;w1 ® €iy1)

= (7; ®n; @ Nit1) ((1 +rsThejwiwir ® ejwir1 ® ei+1) =147rst,
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and similarly, by Lemma 2.19, (n?n;41)(€i€i+1,;) = 0. Thus, for any ki,...,k,—1, we have
i (2eipawf' w7 = 147571 and 2y (i€ iwf’ -+~ wir ') = 0. On all other basis

elements, 72n;41 is 0, and so

mimivr = ) (L+7rs ') (efeirng)”.

g9eqG
Similarly, we calculate
(Mimir1mi) (€5 €ivr)
= (Th' @ MNit1 ® ni)(eiwiwz’+1 Q wieir1 ® €; + wieiwitr1 @ wiiy1 ® ei) = r+s,
(minivami)(€i€iz14) = 1—r"ts.
So we have
miniaan = 3 ((r+5)(€Fei1g)” + (1= r~"s)(eikirni9)").
geqG
Finally, we compute
mirami)(€feirr) = (g1 @M @ mi)(Wiei1 ® ew; © e; + wieip1 @ wie; ® e;)
= s2+4rs
(ix1n?)(ei€izr) = r—r '8

which implies
misnf = Y (2 +rs)(efenag)” + (r =15 (eifir1,i9)").
geG
We use the above results to establish the relation

e — (r 4 8T minigan + 17 s T nigan?

= Z ((1 +rsT = (5T (r 4+ 8) + s8R + 1s)) (eFeivig)”
geG

+ (=1 =r )t s ) +rts i r = rilsz))(ei&ﬂ,ig)*)

= 0.

ts71n? 1n; = 0. Therefore

Similarly, it may be verified that n;n?,; — (r=' + s~ ) nipaminigr + 17
¢ is an algebra homomorphism.
Now we will check that ¢ preserves coproducts. We have already seen that ; is a group-like

element in b*. We calculate

j e o : 1+
A (ew] oy @wr - we"7') = milew T 0T =1, and
j e o : - .
Am) @]y T @ ew - w,"T) = me]t ey T ewtt - w, )

— Sji—l (,,.S_l)ji,r_ji+1.

These are the only basis elements of b ® b on which A(n;) is nonzero. Correspondingly, we have

M @1+v@n)(ew! Wl @wh i) = 1, and
M @1+%@n) (W Wi @ewht - W) = slimi(rs)ip i,

Therefore A(n;) = n; ® 1 + v; ® 7;. This shows that ¢ is a Hopf algebra homomorphism.
Finally, we prove that ¢ is bijective. As b* and (b')°°°P have the same dimension, it suffices
to show that ¢ is injective. By [33, Theorem 5.3.1], we need only show that @] eoor is injective.
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The proof of Lemma 3.3 yields (6'){°" = KG(b') + Y1, Kf;G(b'), where G(b') is the group
generated by w} (1 <4 < n). First we claim that

kn— kn—1yx*

Spang {1 - 7,"7'} = Spang {(wr" -+ wy"5") "}, (4.4)
where in each set, k1, ..., k,—1 range from 0 to £—1. This is equivalent to the statement that the
'yfl X -'yfb’fll span the space of characters over K of the finite group Z /¢Z x - - - x Z [ VZ generated
by wi,...,ws—1. We have assumed that K contains a primitive £th root of unity. Therefore the
irreducible characters of this group are the functions X, ,....s,_, given by

En— i i
Xi1,~~~7in—1(wf1 T wn—ll) = 011k1+ +z"_1kn_17

where 6 is a primitive £th root of unity in K. Note that

7 = Xy-z,-9,0,...,0
Y2 = Xzy—2,—v,0,...,0
Y3 = Xo0,z,y—z,—9,0,...,0

Tn—1 = Xo,...,0,z,y—2

We must show that, given 41,...,4,_1, there are kq,..., k,_1 such that

— kl kn—l
Xityeosin—1 = V1 77" Tn—1 >

which is equivalent to the existence of a solution to the matrix equation

y—z Z 0 0 0 .
-y y—=z z 0 0 ka “
0 -y y—z2z 2z 0 --- 0

0 0 -y y—= z .

0 0 0 -y y-—= n—1 tn-t

in Z /7 (as these are powers of ). The determinant of the coefficient matrix is y™ 1 —y" 22 +
— -+ (=1)"127=1 which is invertible in Z/¢Z by the hypothesis in the lemma. Therefore (4.4)
holds. In particular, this implies that the matrix

(hfl )@l - "*’i’fll)> (4.5)
kxj
is invertible, and that ¢ is a bijection on group-like elements.
Next we will show for each i (1 <4 < n) that the following matrix is invertible:

Kn— j i —
((nﬂfl Yty (eawi - "%-f)) : (4.6)
kExj

This will complete the proof that ¢ is injective on (b'){°°", as desired. We will show that the
matrix is block upper-triangular. Each matrix entry is
K j i
(1 @1 - v ) (Ae) Aw] - Th))
Jn—1 Jn—1

. ‘ .
= (mey eyt ) (ewtt W @ Wit W),
Thus, (4.6) is precisely the invertible matrix (4.5). O
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Remark 4.7 We note that the hypothesis that rs—! is a primitive £th root of unity (required
for Lemma 3.3) is not necessary in the above lemma. A more complicated argument involving
the & ; (which we omit here to simplify the calculations) may be made in general.

The Drinfel’d double D(b) of the finite-dimensional Hopf algebra b is a Hopf algebra whose
underlying coalgebra is b® (b*)°°P (that is, the vector space b® (b*)°°P with the tensor product
coalgebra structure). As an algebra, D(b) contains the subalgebras b® 1 = b and 1 ® b* = b*,
and if @ € b and 8 € (b*)°°°P, then (a®1)(1® 8) = a® B and

1eB)(a®1)=> Buy (S e ()o@ By,

where S~ is the composition inverse of the antipode S for b.

Theorem 4.8 Assume that (y"~! —y" 2z 4+ —--- 4+ (=1)""12""1 0) =1, and let b be the
subalgebra of the restricted quantum group u, 4(sl,) generated by the elements w;,e;, 1 <i <.
There is an isomorphism of Hopf algebras D(b) = u, 4(sl,).

Proof We will denote the image e; ® 1 of e; in D(b) by €;, and similarly for w;,n; and ;.
Define 1 : D(b) — u, 5(sl,,) on the generators by

Y(&) =ei, Y0i) =(s—r)fi

Y@ =, B = @)
By Lemma 4.1 and its proof (see also (2.16)), v is bijective and restricts to a Hopf algebra
isomorphism on b (respectively, (6*)¢°°P). It remains to check the mixed relations in (R1), (R2),
and (R3), and the relation (R4).
For (R4), we use

(AP () =1R1Qn+100 @ v + 1 @ 1 @ i,

Aej)=e;®1®@14+w;®e; @1 +w; Qw; ®e;, and S (e;) = —ejwj_l,
so that

1i€5 = 04,5 (WJk + €M — Vi), or [€:,1];] = 6i,5 (Vi — i)
Under %, this corresponds to the equation

wi — wi

[ei, (8 =) f] = 0i5(wi — wi), or [es, fj] = Oij =
as desired. The remaining relations may be established similarly. The identity (e;11,0;) =
—(€j,a;) is particularly helpful for this purpose. O

Example 4.9 Let K=C, n =3, £ = 3, and 6 = exp(2mi/3). Then uy 9(sl3) is a Drinfel’d
double by Theorem 4.8: In this example, y = 0 and z = 1, so that y? — yz + 22 = 1 is relatively
prime to £ = 3. Similarly, u; g2(sl3) is a Drinfel’d double. In fact, u; 4(sl,) is a Drinfel’d double
for any n (and any primitive £th root of unity #). By contrast, neither ug g2(slz) nor uge 4(sl3)
satisfies the hypothesis of Theorem 4.8.
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5 Integrals

Let H be a finite-dimensional Hopf algebra. An element y in H is a left integral (resp. right
integral) if ay = e(a)y (resp. ya = e(a)y) for all a € H. The left (resp. right) integrals form
a one-dimensional ideal | Il_I (resp. [;;) of H, and Su(fy) = [ Il{ under the antipode Sy of H
(see for example, [33, Thm. 2.1.3]).

When y # 0 is a left integral of H, there exists a unique group-like element 7 in the dual
Hopf algebra H* (the so-called distinguished group-like element of H*) such that ya = v(a)y.
Had we begun instead with a right integral ¢’ € H, then we would have ay’ = y~!(a)y’. This
is an easy consequence of the fact that group-like elements are invertible, and the following
calculation, which can be found in [33, p. 22]: When y' € [}, Su(y') is a nonzero multiple of y,
so that S (y')Sw(a) = v(Su(a))Su(y') for all a € H. Applying S;', we find ay’ = y(Su(a))y'.
As v is group-like, we have v(Sg(a)) = Su-(7)(a) = v (a).

Now if A # 0 is a right integral of H*, then there exists a unique group-like element g of H
(the distinguished group-like element of H) such that X = £(g) ) for all £ € H*. The algebra H
is unimodular (ie., [, Il-I = [;;) if and only if v = &; and the dual algebra H* is unimodular if
and only if g = 1.

The left and right H*-module actions on H are given by

E—a = ) awélag)

a—¢ = ) &ag)ap
for all ¢ € H* and a € H. In particular, e = a = a = a — ¢ for all a € H. Radford [36] found a
remarkable expression relating the antipode, the distinguished group-like elements v and g, and
the H*-action:

L for all ¢ € H.

S'a) =gly—~a=v")g"
This formula is crucial in [26], where Kauffman and Radford determine a necessary and sufficient

condition for a Drinfel’d double of a Hopf algebra to have a ribbon element.

In this section, we compute the left and right integrals in the Borel subalgebra b of the
restricted two-parameter quantum group u,. s(sl,) and the distinguished group-like elements of b
and b*. Then in the final section, we use this information to determine a necessary and sufficient
condition for u, s(sl,) to have a ribbon element when u, ,(sl,,) = D(b).

Proposition 5.1 The element y = tx is a left integral in b, where

n—1

b= 0 (et +at),
=1
== ]I &5

1<j<i<n—1
and the factors in x are arranged so that the one corresponding to (i,j) is to the left of the one
corresponding to (i',7") if (i,7) < (&', j') in the lexicographic order.
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Proof We need to argue that by = e(b)y for all b € b. It suffices to show this for the
generators wy and ey, as the counit € is an algebra homomorphism.

Observe that wyt =t = e(wg)t for all k=1,...,n — 1, as the w; commute and wk(l + wk +
R wﬁ_l) =1+wg +---+ws '. From that, the relation wyy = e(wx)y is apparent for all k.

Next we compute ery. Because

n—1
ept = H (1 + r{enon) g=(ernar), 4L T'_(‘e_l)<€"’a’“>s_(z_1)(€"+1’a’“)wf_1)ek,
i=1
it will suffice to show that exz = 0 = e(eg)x.
Now

=& (851" E5") - (Eiin Ertipes) (Eoa - Ent) (€ € n )

and from (2) of Proposition 2.8, we see that e,&;; = &; jer whenever k > i + 1. So we may
commute ey past the terms with 4 < k¥ — 1. Now using (2.11) with k& in place of k£ + 1 and with
a ={ — 1, we obtain

-1 _ -1 -2 _
eké’k_l,j = rEk_l’jek—rsgk_LjEk,]. (5.2)

Let us consider the part of this expression with the factor & ;. By (2) of Proposition 2.8,
we have for m > j,

Er,i€h—1,m = Ex—1,mEh,j-
Then by (3) of that proposition, we determine that for [ < j,

gk,jgk,l = S_ISk,lgk,j.

Using these two relations, we may take the second expression in (5.2) and move the factor
E,; across the remaining Sﬁj’m with m > j and the 5,?71 with | < j until & ; reaches Eﬁfjl.
Then we obtain & ; which is 0.

Consequently, it suffices to treat the first term in the right-hand side of (5.2), which is
ré’,fj’ ek We have moved e, past a term of the form E,f;j’ > at the expense of adding a factor
of r. We can keep doing that until ey, is next to E,f;’_ll. By (3) of Proposition 2.8, we see that
exEr,j = s &k jer for j < k. Applying that relation, we can move ey next to 5,‘;;61 (at the
expense of some s~! factors) and get 5,? & = 0. Thus, we have exz = 0, which implies the desired
conclusion that y is a left integral in b. O

Proposition 5.3 The element y' = xt is a right integral in b, where x and t are as in
Proposition 5.1.

Proof Arguing as in Proposition 5.1, we see that tw; = t = e(w;)¢, and hence that y'w; =
e(wj;)y’ for all j. As

n—1
te; =e; H (1 4 rlenei) glesrnaid gy, oo g plDienas) g(E-1)leirnos)f=1)
i=1
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it suffices to argue that ze; = 0. Now & e; = e;E, for | > j 4+ 1 by Proposition 2.8 (2).
Moreover, by (2.10) with l = j + 1 and a = £ — 1, we have

-1 _ ol-1 pl—2
Ek’j_i_lej = T615k7j+1 ngkngk,j-i-l' (5.4)

Therefore, we can move e; past the terms E,fjl for I > j 4 1 until it is next to 8,5’]11 Then
we can apply (5.4). The second part of the expression on the right side of that relation gives 0
when it is combined with the term Ef;jjl on its left. To handle the first portion of (5.4), we can
use the fact that & je; = s™'e;E,; for all k > j to move e; to the left until it is next to Sﬁ;l

and so gives 0. Thus, ze; = 0 as desired.

Larson and Sweedler [27] have shown that a finite-dimensional Hopf algebra H is semisimple
if and only if e(fIl{) # 0 if and only if £(f};) # 0 (compare also [33, Thm. 2.2.1]). For the algebra
b above, y gives a basis for fbl and y' a basis for []. As e(y) =0 =e(y'), we have

Proposition 5.5 The Hopf algebra b generated by the elements w;,e;, 1 < i < n, is not
semisimple.

Next we compute the distinguished group-like elements of b and b*. The group-like ele-
ments of b* are exactly the algebra homomorphisms Alg (b, K), so to verify that a particular
homomorphism is the distinguished group-like element, it suffices to compute its values on the
generators.

Proposition 5.6 Suppose that T = Z?;llj(n — j)ay in the root lattice of sl,, and let
~v € Algk(b,K) be defined by

v(ex) =0 and  y(wg) = rieD sl for 1<k <n. (5.7)
Then ~y is the distinguished group-like element of b*.

Proof Tt suffices to argue that vy as in (5.7) satisfies ya = y(a)y for a = e and a = wy, 1 <
k < n, and for y = tz, the left integral of Proposition 5.1. Recall from the proof of Proposition
5.3 that ze, = 0. Thus, yey, = trep = 0 = y(ex)y. Now assuming that o, ; = a; +-- -+ a;_1 for
1 <i < j<n, we have

Yywr = tawyg
H P D e, ) o= (E-1){ers1,05,5) 4,
1<i<j<n
- H plersaig) glentis0ii)
1<i<j<n
— r(€k7F)3(€k+1,F)y

= y(wr)y-
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In Lemma 4.1 we have shown that under some assumptions, b* is isomorphic as a Hopf
algebra to (b')°°°P, where b’ is the subalgebra of u, s(sl;,) generated by the elements f; and w},
1< i < n, via the map ¢ : (b')°°P — b*, @d(w}) = vi, ¢(fi) = n;. (The elements ; and n; are
defined in (4.2) and (4.3).) This allows us to define a Hopf pairing b’ x b — K whose values on
generators are given by

(file)) = di; (5.8)
@ wg) = rlnadglomman 2 ptman s (o),
and on all other pairs of generators is 0. If we set w/ := H;:ll (w})¥"=9  then clearly, (W, | b) =
~(b) for all b € b.

Suppose b and b’ are the subalgebras above for the restricted quantum group u, s(sl,,). Then
we have

b* = (b')°P = byn 1, (5.9)
where by-1 ,-1 is the subalgebra of u,-1,-1(sl,) generated by its e; and w; elements, and the
second isomorphism 1) : (b')°°°P = by—1 -1 is given by f; — e;, w; — w;. Under the isomorphism
¢!, anonzero left (resp. right) integral of b,—1 .1 maps to a nonzero left (resp. right) integral
of b*. Thus, we have

Proposition 5.10 Let A = 75 and X' = n7 € b*, where

n—1

=] @+v+-+4Y),
i=1
n=[I »i;"

1<j<isn
and the factors in 1 are arranged so that the one corresponding to (i,j) is to the left of the
one corresponding to (i',j') if (i,7) < (i',5') in the lexicographic order. Here n;; = n; and
Nij = [N, Miz1,j]s = MiMi=1,; — SNi—1,;M for 1 < j < i <mn. Then X is a left integral and X' is a
right integral of b*.

Because

-

—

-1

&
|

H p— =D ert1,i,5) g—(€—1)(er,ij) H }‘f;l w;c
9.
1<j<i<n 1<i<ji<n 1<5<i<n

— (ent1,I) (exn,I) £—1 ]
= r gk Fii | Wko
1<j<i<n

where T is as in Proposition 5.6, and because

p~rN) = I 75 (ﬁ (1+w;+---+(w;)5—1)>,

1<j<i<n i=1

it follows that vz X' = rlee+0D) glew YN and g X' = 0. Thus, if ¢ := H]":_II w;j("fj), we have
EXN = £(g)N for all £ € b*. Consequently, we have established
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Proposition 5.11 The element g := [[/— Lo 0 s the distinguished group-like element
Jj=1 "7

of b, and under the Hopf pairing in (5.8), (w!|g) = ric+vDslenl) = ~.(g).

6 Ribbon elements

A finite-dimensional Hopf algebra H is quasitriangular if there exists an invertible element
R=> z;®y; in H® H such that A°?(a)R = RA(a) for all a € H, and R satisfies the relations
(A ®id)R = R1,3R2,3, (id® A)R = R1,3R1’2, where Rl’z = Z.’L’z Ry; ®1, R1’3 = EZ’Z ®1Qy;,
and Ra3 = >.1® z; ® y;. Suppose u = > S(y;)z;- Then ¢ = uS(u) is central in H and is
referred to as the Casimir element.

An element v € H is a quasi-ribbon element of a quasitriangular Hopf algebra (H, R) if
(i) v? =g,
(i) S(v) =,
(iii) e(v) =1,
(iV) A('U) = (R2,1R1’2)_1(U ® 'U), where R271 = Eyz ® x; and R1,2 =R.
If moreover v is central in H, then v is a ribbon element, and (H, R,v) is said to be a ribbon
Hopf algebra. Ribbon elements provide a very effective means of constructing invariants of knots

and links (see [38], [39], [26]).

The Drinfel’d double D(A) of a finite-dimensional Hopf algebra A is quasitriangular, and
Kauffman and Radford have provided a simple criterion for D(A) to have a ribbon element.

Theorem 6.1 [26, Thm. 3] Assume A is a finite-dimensional Hopf algebra, and let g and
~ be the distinguished group-like elements of A and A* respectively. Then:
(i) (D(A),R) has a quasi-ribbon element if and only if there exist group-like elements h € A,
d € A* such that h? = g and 6% = .
(ii) (D(A),R) has a ribbon element if and only if there exist h and & as in (i) such that

S%(a)=h(6 —~a+61)n!
for all a € A.

By Proposition 5.11 we know that the distinguished group-like element of b is g =
H?;ll w;j ("=3) " There exists a group-like element h € b such that h2 = g if and only if the
equations 2a; = —j(n — j) can be solved mod ¢ for j = 1,...,n — 1. Solutions exist if and
only if not both £ and n are even. Because 7 corresponds to w! := []'_ ' (w})!™~? under the

isomorphism ¢~! : b* — (b’)°°°P, precisely the same constraints hold for such a § € b* to exist.
Suppose £ and n are not both even, and let h € b, § € Algk (b, K) be given by

J

n—1

h = Hw_y(n_]) and
7j=1
0

Slex) = S(wy) = rateeDgslait) (1 <k <n),

where I' is as in Proposition 5.6. Then
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h(6 = w — (571)h71 6(wk)6*1(wk)hwkh*1

= (667") (wr)wr = wk = % (wr), and
h(d — e, — (5_1)’1_1 = 6(1)6‘1(wk)hekh_1
= (T7%<Ek’r)87%(ek+1’r>) hekh71

n—1

— (T_%<€k’r)s_%(€k+lxr>) HT—%j(n*j)(fj:ak)s*%j("*j)(fﬁl,ak) e
j=1

k

= rlse, = wk_lekwk = S%(eg).

As a result, we have

Theorem 6.2 Assume r,s are £th roots of unity and b is the subalgebra of the restricted
quantum group u, s(sl,) generated by the elements w;,e;, 1 < i < n. Then the following are
equivalent:

(i) D(b) has a quasi-ribbon element;

(ii) D(b) has a ribbon element;
(iii) Not both £ and n are even.

Under the hypothesis of Theorem 4.8, the restricted quantum group u, s(sl,) is isomorphic
to the Drinfel’d double D(b) of its Hopf subalgebra b. Thus, we have the following

Corollary 6.3 Assume that r = 6Y s = 0%, where 8 is a primitive £th root of unity and
("l —y" 22+ — -+ (=1)"12""1 1) = 1. Then the following are equivalent:
(i) ups(sly) has a quasi-ribbon element;
(il) ups(sln) has a ribbon element;
(iii) Not both £ and n are even.

Remarks 6.4 (1) These results are a direct consequence of the above calculations and
Theorem 6.1. In proving their theorem, Kauffman and Radford show that the map (d,h) —
u(6~t ® h~1), (where u is defined using the R-matrix as at the beginning of this section), is a
bijection between the pairs (4, h) such that 62 = v and h? = g and the quasi-ribbon elements.
Additionally, the pairs satisfying S?(a) = h(6 — a — d 1)h ! for all a exactly correspond to
the ribbon elements.

(2) Suppose that £ > 1 and 6 is a primitive £th root of unity. The well-known Taft algebra A,
has generators a, x which satisfy a’ = 1, 2 = 0, az = fza, and A(a) = a®a, A(z) = rRa+1Q.
In [26, Prop. 7], Kauffman and Radford extended a result of Hennings [22] to show that the
Drinfel’d double D(A;) of A; has a unique ribbon element if and only if £ is odd. In the
odd case, the ribbon element of D(A;) provides an invariant of 3-manifolds (see [22]). Also
in the odd case, letting ¢ € K satisfy ¢*> = 6, we have A;°°P? = b, where b is the subalgebra
corresponding to u, ,-1(slz). Thus, Theorem 6.2 should be regarded a generalization of their
Proposition 7. Indeed, when £ is odd, ¢ = 6'/2 is also a primitive £th root of unity, and D(b)
has a ribbon element. In this case, we have r = ¢', s = ¢~ where g is a primitive £th root of 1,
soy=1, z=—1and (y—2,£) = (2,£) = 1. Thus D(b) = u, ,—1(sly). If instead £ is even and K
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contains an element ¢ with ¢ = 6, then ¢ is a primitive 2¢th root of unity, and D(b) does not
have a ribbon element. In this case, D(b) and u, ,-1(slz) differ by group-like elements.

(3) More generally, when r = g, s = ¢!, and ¢ is a primitive £th root of unity, the hypothesis

of Corollary 6.3 is simply that n and £ are relatively prime. Under this assumption, u, ,-1(sl,)
has a ribbon element (cf. the criterion in [21] for uy(sl,,) to have a ribbon element).
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