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ABSTRACT. We determine the finite-dimensional simple modules for two-parameter
quantum groups corresponding to the general linear and special linear Lie algebras
gl,, and sl and present a complete reducibility result. These quantum groups have
a natural n-dimensional module V. We prove an analogue of Schur-Weyl duality in
this setting: the centralizer algebra of the quantum group action on the k-fold tensor
power of V' is a quotient of a Hecke algebra for all n and is isomorphic to the Hecke
algebra in case n > k.

INTRODUCTION

Two-parameter general linear and special linear quantum groups were introduced
by Takeuchi [T] in 1990. Our interest in these quantum groups arose from our
investigations [BW1] of down-up algebras and their embeddings into certain Hopf
algebras. These Hopf algebras depend on two parameters r and s, and the Drinfel’d
double of such a Hopf algebra is essentially the two-parameter quantum group
Uy s(sl3) of Takeuchi (defined below). More generally, as shown in [BW2], U, 4(sl,,)
is a Drinfel’d double of a Borel-type subalgebra, and there is an R-matrix which
comes from the double construction and which reduces to the standard R-matrix
for the one-parameter quantum group Uy(sl,) (a quotient of U, ,-1(sl,)). In the
analogous quantum function algebra setting, allowing two parameters unifies the
Drinfel’d-Jimbo quantum groups (r = ¢,s = ¢~ 1) [D, Jil] with the Dipper-Donkin
quantum groups (r = 1,s = ¢~!) [DD].

_ In this work we study the representations of the two-parameter quantum groups
U =U,4(gl,) and U = U, 4(sl,), defined in Section 1. Our Hopf algebra U is
isomorphic as an algebra to Takeuchi’s quantum group U, ;-1 (see [T]), but as a
Hopf algebra, it has the opposite coproduct. Our main goal is to prove a two-
parameter analogue of Schur-Weyl duality, for which we need a result on complete
reducibility of modules. To this end, in Sections 2 and 3 we adapt the methods

of [Ja] and [L] to classify the finite-dimensional simple U-modules when rs~! is
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not a root of unity. We use a quantum Casimir operator to prove that all finite-
dimensional U-modules on which U° (the subalgebra generated by the grouplike
elements) acts semisimply are completely reducible. These results hold equally well
for U. The hypothesis on U is necessary: In Remark 3.9, we present examples
of finite-dimensional modules that are not completely reducible. These examples
exist because the two-parameter quantum groups contain more grouplike elements
than their one-parameter counterparts.

The construction of the R-matrix, which provides an isomorphism Ras ar : M'®
M — M® M’ for any two U-modules M, M’ in category O (defined in Section 3), is
summarized in Section 4. On the tensor power V& of the natural module V' (which
is described in Section 1), the transformations R; = 1d®¢-Y g Ryy ® 1d®k-i-1)
(1 <4 < k) commute with the action of U, and so they generate a subalgebra of
Endﬁ(V‘g’k). This yields a map from the two-parameter Hecke algebra Hy(r, s) to
Endg (V®F). In the final section we prove a two-parameter analogue of Schur-Weyl
duality: The transformations R; generate the centralizer algebra Endz(V ®F), and
in case n > k, this centralizer algebra is isomorphic to Hy(r, s). The proof of this
result is elementary, relying only on basic facts about representations and explicit
computations and is new in the one-parameter case as well (compare [DPS, Du, Ji2,
KT, LR]). The proof in the n > k case is similar to one for classical (nonquantum)
Schur-Weyl duality given by De Concini and Procesi [DP]. It is a consequence of
our result, Lemma 6.2 below, that V®* is a cyclic U-module in this case.

Throughout we will work over an algebraically closed field K.

§1. PRELIMINARIES

First we recall the definitions of the two-parameter quantum groups from [BW2],
and some basics about their representations. Let €q,..., ¢, denote an orthonormal
basis of a Euclidean space E with an inner product (, ). Let IT = {a; = €¢j —€j41 |
j=1,...,n—1} and ® ={¢; —¢; | 1 <i# j <n}. Then ® is a finite root system
of type A,_1 with II a base of simple roots.

Fix nonzero elements r, s in K with r # s.

Let U = Ur,s(gl,) be the unital associative algebra over K generated by elements

ej, fj,(1<j<mn), and aiﬂ, biil (1 <i < n), which satisfy the following relations.

(R1) The ai?, bfl all commute with one another and a;a] ' = bjbj_1 =1,
(R2) aje; = r(ei’aj)ejai and a;f; = T_(ei’o‘j)fjai,

(R3) bej = sb¥ile;b; and by f; = s (0% f;b,,

(R4) [es, f5] = Téijs (aibit1 — aiy1bi),

(R5) leie5] = [fi, f5] =0 if [i—j]>1,
(R6) €2e;jr1 — (7 + s)eieir1e; + rseir1e? =0,

2 2
eiej ) — (r+ s)eirieeir1 +rse; e, =0,

(R7) f2fis1— (r L+ s ) fifigrfi +r L fipr f2 =0,
fiftpr = 7 s fua fifirr + s T R fi = 0.
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We will be interested in the subalgebra U = U, 5(sl,,) of U= Uy s(gl,) generated
by the elements e;, f;, wj, and w; (1 < j < n), where

(1.1) wj = ajbﬂ_l and w;- = aj+1bj.
These elements satisfy (R5)-(R7) along with the following relations:

(R1’) The wi!, wi!

5 all commute with one another and wiwit = wj (W)™t =1,

J
(R2') wie; = rlevadslernaidey,  and  w;f; = r= (60 g= (€109 fLi,

b ! J— €; Qj €5,005 7 ! _ —(€; Qj —(€;,Q; !
(R3") wie; = pleir1,05) glei, J>ejwi and wif;=r (eir1,05) g=(ei, J>fjwi,

(RE) [es, f] = i

r—s

L (w; — w}).

When r = ¢ and s = ¢!, the algebra U, (gl,) modulo the ideal generated by
the elements b; — a; 11 < i < mn,is just the quantum general linear group Uq(glyn),
and Uy 5(sl,) modulo the ideal generated by the elements w; — wj_l, 1<j<mn,is
Uy (sly,).

The algebras U and U are Hopf algebras, where the ail bjEl
elements, and the remaining Hopf structure is given by

are group-like

Ale))=e,®@1+tw; ®e;, A(fi)=1® fi + fi ® wj,

(1.2) 1 1
ele)) =e(fi) =0, Sle;) =—wj e, S(fi) = —filwy) -

Let A =Ze1 @ --- ® Ze,, the weight lattice of gl,,, and Q@ = Z® the root lattice.
We assume A is equlpped with the partial order in which v < X\ if and only if
A—vedy Z>0(J4Z Correspondlng to A € A is an algebra homomorphism ) from
the subalgebra UY of U generated by the elements ail bjEl (1 <i<n)toKgiven

by

(1.3) Aa;) = rieoM and  A(b;) = st

The restriction A : U? — K of A to the subalgebra U° of U generated by wj-tl, (w;-):'::l
(1 < j < n) satisfies

(1.4) ;\(wj) — pl€iA) glej+1,2) and j\(w;) — pleisnA) glegsA)

Similarly for U = U, 4(sl,,), we let Agy = Zw @ - - - @ Zw,—1, the weight lattice of
sl,, where w; is the fundamental weight

i
w; =€+ t+e€— — E €.
n
i=1
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1/n 1/n

If we fix nth roots r and s*/" of r and s, respectively, then we may define algebra
homomorphisms A : U? — K by (1.4) for any X € Agy.

Let M be a module for U = U s(gly) of dimension d < co. As K is algebraically
closed, we have

M =P Mm,,
X

where each x : U° - K is an algebra homomorphism, and M, is the generalized
eigenspace given by

(1.5) M, ={m e M| (a; — x(a;) 1)%m = 0= (b; — x(b;) 1)%m, for all }.

When M, # 0 we say that x is a weight and M, is the corresponding weight space.
(If M decomposes into genuine eigenspaces relative to U (resp. U?), then we say
that U° (resp. U°) acts semisimply on M.)

From relations (R2) and (R3) we deduce that

eM, CM, &
(1.6) X X
fiMy € M, (=5,

where @; is as in (1.3), and x - ¢ is the homomorphism with values (x - ¥)(a;) =
x(ai)y(a;) and (x-9)(b:) = x(b:)9(b;). In fact, if (a; — x(a;) 1)*m = 0, then
applying relation (R2) yields (a; — x(a;)r(¢#®) 1)ke;m = 0, and similarly for b;
and for f;. Therefore, the sum of eigenspaces is a submodule of M, and if M is
simple, this sum must be M itself. Thus in (1.5), we may replace the power d by
1 whenever M is simple, and U° must act semisimply in this case. We also can
see from (1.6) that for each simple M there is a homomorphism x so that all the
weights of M are of the form y - ¢, where ¢ € Q.

It is shown in [BW2, Prop. 3.5] that if ( =4, then ¢ =7 (¢,n € A) provided

rs~! is not a root of unity. As a result, we have the following proposition.

Proposition 1.7. [BW2, Cor. 3.14] Let M be a finite-dimensional module for

Ur,s(sly) or for U s(gl,). If rs™ is not a root of unity, then the elements e;, f;
(1 <i < n) act nilpotently on M.

When rs~! is not a root of unity, a finite-dimensional simple module M is a
highest weight module by Proposition 1.7 and (1.6). Thus there is some weight
9 and a nonzero vector vg € My such that ejvo = 0 for all j = 1,... ,n — 1,
and M = [7.110. It follows from the defining relations that U has a triangular
decomposition: U=U" ﬁOU"', where Ut (resp., U~) is the subalgebra generated
by the elements e; (resp., f;). Applying this decomposition to vy, we see that
M =@ cq+ M, =), where QT = Y77 Zxoa;.

When all the weights of a module M are of the form 5\, where A € A, then for
brevity we say that M has weights in A. Rather than writing M; for the weight
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space, we simplify the notation by writing M,. Note then (1.6) can be rewritten
as e; My C Myyq; and f;My C My_,,. Any simple U-module having one weight
in A has all its weights in A.

Next we give an example of a simple U-module with weights in A, which is the
analogue of the natural representation for gl,,.
The natural representation for U, ;(gl,) and U, (sl,).

Consider an n-dimensional vector space V over K with basis {v; | 1 < j < n}.

We define an action of the generators of U = U, s(gl,) by specifying their matrices
relative to this basis:

ej = Ejjt1, fi=Ejyr5  (1<j<n)

a;=rE;i; + Y By, (1<i<n)
ki

by =sE;; + ZEk’k (1<i<n).
ki

It follows that wj = a;bj41 = rE; ;j +5Fj11,+1 —I—Zk;éj,j_l_l Ey . and UJ;- =aj+1b; =
sE; j+rEjq1 41+ Zk#’j_l_l Ey 1. It may be verified that this extends to an action
of U (hence of U = Uy, s(sly)); that is, relations (R1)—(R7) hold.

It follows from the fact that a;v; = r<€i’€j)vj and bv; = s(ei’eﬂvj for all ¢, that
vj corresponds to the weight €; = ¢ — (a1 + -+ + @j_1). Thus, V = @;.l:l Ve, is
the natural analogue of the n-dimensional representation of gl,, and sl,,, and it is a
simple module for both U and U. When r = g and s = ¢~ !, b; acts as ai_l onV,
and so V is a module for the quotient U,(gly,) of U, 41 (gl,) by the ideal generated
by b; —a; 1 (1 <4 <mn). This is the natural module for the one-parameter quantum
group Uy(gly,), and an analogous statement is true for Uy (sl,).

§2. CLASSIFICATION OF FINITE-DIMENSIONAL SIMPLE MODULES

Often results will be stated only for ﬁ—modules, but generally everything holds
as well for U-modules. We will indicate where there are differences in the theory.

Let U2° denote the subalgebra of U generated by a;, b; (1<i<mn)ande; (1<
i < n). Let ¢ be any algebra homomorphism from U° to K and V¥ be the one-
dimensional U2%module on which e; acts as multiplication by 0 (1 <4 < n), and
UO acts via 1. We define the Verma module M (+) with highest weight 1) to be the
U-module induced from V¥, that is

M) =U @z VY.
Let vy = 1®v € M (%), where v is any nonzero vector of V¥. Then e;.v,, = 0 (1 <
i < n) and a.vy = P(a)vy for any a € UY by construction.

__ Notice that U° acts semisimply on M (1) by relations (R2) and (R3). If N is a
U-submodule of M (1), then N is also a U%-submodule of the U%-module M (v),
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and so U acts semisimply on N as well. If N is a proper submodule, it must
be that N C 3 co+\ (0} M(¢)w_(_fp) by (1.6), as M (%), = Kvy, generates M (1).
Therefore M (1) has a unique maximal submodule, namely the sum of all proper
submodules, and a unique simple quotient, L(¢)). In fact, all finite-dimensional
simple U-modules are of this form, as the following theorem demonstrates.

Theorem 2.1. Let 9 : U° - K be an algebra homomorphism. Let M be a U-
module, on which U° acts semistmply and which contains a nonzero element m €
My, such that e;m = 0 for alli (1 <4 < n). Then there is a unique homomorphism
of U-modules F : M(y) = M with F(vy) = m. In particular, if rs~ is not a root
of unity and M 1is a finite-dimensional simple ﬁ—module, then M =2 L(%)) for some
weight 1.

Proof. By the hypothesis on m, Km is a one-dimensional U2%-submodule of M ,
considered as a UZ%-module by restriction. In fact, mapping v, to m yields
a U2%homomorphism from V¥ to Km. By the definition of M (v), we have
Homg; (M (), M) = Homg5,(V¥, M), so there is a unique U-module homomor-
phism F : M(¢) - M with F(vy) = m, namely F(u ® v) = u.m for all u € U.

For the final assertion, note that U° acts semisimply on any finite-dimensional
simple module M, and by (1.6) and Proposition 1.7, there is some nonzero vector
m € My such that e;;m = 0 (1 < i < n). By the first part, M is a quotient of
M(v), and so M = L(%), as L(v) is the unique simple quotient of M (). O

As a special case, we will consider the modules L()\) = L()\) where A € A. Let
AT C A be the subset of dominant weights, that is

AT ={r€eA|{a;A)>0for 1 <i<n}.

Similarly, the set of dominant weights for sl,, is

n—1
A:I: {)\EAs[ | <Oéi,)\) >0 for 1 SZ<’I’L}: {Z&wlwz EZZO}-
i=1
We will show that if L()) is finite-dimensional, then X is dominant. This requires
an identity for commuting e; past powers of f;. For k > 1, let

Tk——Sk

(2.2) *] =

r—s
Then the following lemma may be proven by induction.

Lemma 2.3. If k > 1, then

1-k 1-k, 1

k k k_l’l‘ wl — S w

eifi = fiei +[klf; :
r—S

1-k 1-k, 7

_18 Ww; —T w
el fi = fiel + [klef -

Tr—S
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Lemma 2.4. Assume rs~' is not a root of unity. Let M be a nonzero finite-
dimensional module for U= Ur,s(gl,) on which U° acts semisimply, and let A € A.
Suppose there is some nonzero vector v € My with e;.v = 0 for all i (1 < i < n).
Then X € At. A similar statement is true for U = U, 4(sl,,) with A replaced by Ag
and AT by AJ,.

Proof. Proposition 1.7 implies that for any given value of ¢ there is some £ > 0
such that ff“.v =0 and fF.v # 0. Applying e; to ff“.v = 0 and using Lemma
2.3 and the fact that e;.v = 0, we have

Fu; — s7Fw] k+1 . .
0= [kt ms e U ks ) = sRAW]) fE

rTr—S8 r—Ss

Now [k +1]/(r — s) # 0 as rs~! is not a root of unity. Therefore, since fF.v # 0,
we have r % \(w;) = s7¥A\(w}). Equivalently,

,r,—kT,(ei,)\)S(eH_l,)\) — S—k,r,(ei_'_l,)\)é,(ei,)\)’ or ,,,—k+(ai,)\) — S—k—{-(ai,)\)-

Again, because rs~! is not a root of unity, this forces (a;, \) = k > 0,s0 A\ € AT. O

Corollary 2.5. When rs~! is not a root of unity, any finite-dimensional simple

U-module with weights in A is isomorphic to L()\) for some A € A*. An analogous
result holds for U with A replaced by Ag; and AT by A:’I.

Next we will show that all modules L()\) with A\ € AT are indeed finite-dimensional,
and that all other finite-dimensional simple U-modules are shifts of these by one-
dimensional modules. In doing this, it helps to consider first the special case of
simple U, 4(sl2)-modules.

Highest weight modules for U = U, s(sls).

For simplicity we drop the subscripts and just write e, f,w,w’ for the generators
of U = U, 4(sl2). Any homomorphism ¢ : U’ — K is determined by its values on w
and w’. By abuse of notation, we adopt the shorthand ¢ = ¢(w) and ¢' = p(w’).

Corresponding to each such ¢, there is a Verma module M(¢) = U ®@y >0 Kv with
basis v; = f/ ® v (0 < j < 0o) such that the U-action is given by:

fvj=vjn
Ui = P _1:=0
(2.6) e.vj = [J] s Vj—1 (v-1 )
W = ¢r_j(€1’a1)s_j<€2’°‘1)vj = ngr_jsjvj

roo gl —jlea,an) ,—j{€1,01 o MeTe—T,.
w.j=¢'r (e2,01) g=3er, )’UJ—QSTS vj.

¢,r—j+1 . ¢/S—j+1

Note that M(¢) is a simple U-module if and only if [5] p—

any j > 1.

# 0 for
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—0_ g o—t
gr — s 0 for some £ > 0. Then either 7¢t! = s¢+1, which
— S

Suppose [£ + 1]

implies 7s~! is a root of unity, or ¢’ = ¢r~*s’. Assuming that rs~! is not a root

of unity and ¢’ = ¢r—st, we see that the elements v;, i > £+ 1, span a maximal
submodule. The quotient is the (£+ 1)-dimensional simple module L(¢), which we

can suppose is spanned by vg, v1,...,v, and has U-action given by
fvg=vj41, (ve41=0)
—fr- .
ev; = ¢r [f][l + 1 — jlvj—1 (v_1 =0)
(2.7) ’ !

— I gdy.

w.v; = ¢r7 slv;
TR X g R
w.vj = ¢r s* ;.

When M (¢) is not simple and 7s~! is not a root of unity, j = £+ 1 is the unique

value such that [j] = 0. In this case, M(¢) has a unique proper

submodule, namely the maximal submodule generated by v,11 as above.

We now have the following classification of simple modules for U, s(sls).

Proposition 2.8.

(i) Assume U = U, 4(sla), where rs=1 is not a root of unity. Let ¢ : U® — K
be an algebra homomorphism such that ¢(w') = (w)r=ts® for some £ >
0. Then there is an (£ + 1)-dimensional simple U-module L($) spanned
by wvectors vy, v1,...,ve and having U-action given by (2.7). Any (£ + 1)-
dimensional simple U-module is isomorphic to some such L(¢).

(i) If v = vi€e1 + 1aex € AT, then vy — vp = £ for some £ € Lxq, and v(w') =
rvzgt = pi—bgvatl — y(w)r—tst in this case. Thus, the module L(v) is

(¢ + 1)-dimensional and has U-action given by (2.7) with ¢ = r’1s"> =
rvigi—t,

Finite-dimensionality of L()\) for A € AT.

We show below that the simple modules L(\) for U = U, ,(gl,) with A € AT
are finite-dimensional. For this it suffices to prove that M(\) has a U-submodule
of finite codimension, as L()) is the quotient of M ()\) by its unique maximal sub-
module.

As X is dominant, k; = (a;,A) for i = 1,... ,n — 1, are nonnegative integers.
Define a U-submodule M’(\) of M () by

n—1
(2.9) M'(\) =D UfFt .
i=1

Our goal is to prove that the module L'(\) := M (X)/M'()) is nonzero and finite-

dimensional.

By Lemma 2.3 we have eifikﬁl.v)\ =0. If j #1, ejfikﬁl.u)\ = ffi+1ej.u)\ =0 by
the defining relations. Consequently, by Theorem 2.1, U ff""rl.v)\ is a homomorphic
image of M (A — (k; + 1)), and so all its weights are less than or equal to A — (k; +

1)e@;. This implies that vy & M’'(\), hence L'(\) # 0.
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Lemma 2.10. The elements ej, f; (1 < j < n) act locally nilpotently on L'(X).

Proof. As the Verma module M () is spanned over K by all elements zj - - - 4.0,
where z1,...,2¢ € {f1,..., fu—1}, t € Z>, it is enough to argue by induction on
t that a sufficiently high power of e; (resp., f;) takes such an element to M’(X).
If t = 0, then ej.vy = 0 € M'()), and ffj+1.v>\ € M'()) by construction. Now
assume that there are positive integers N; such that

e;-vng---wt.u,\ € M'(\) and f;vj:vg---:vt.v)\ e M'()).

Suppose that z; = f;. If j # 4, then ej-vjwl---:vt.v)\ = fie;-vjwz---wt.u)\ € M'(N).
Otherwise by Lemma 2.3,
57N, — rNiy)!

Ni+1 N.
10 Tp.op = fie; it To---xpvn + [N; + 1]e;" — T -+ Ty V).

eZN"Hx

Applying relation (R2’) and the induction hypothesis, we see that these terms are
both in M'(X).

Now fZNi_lwl---wt.vA = fZNi.'EQ"'.'Et.’U)\ € M'(X\), and if |i — j| > 1, we also
have f]Nj:vl R TR fifJijz «-xgvy € M'(N). Finally, we need to show that
if |s — j| = 1, then f;vj-"l:cl -+~ xp.vy € M'(X). This will follow from the induction
hypothesis once we know that f;vﬁlfi € Kf; fz-fjvj + Kf; f;vf"'l.

We argue by induction on m > 1 that
ST s e K fif A Kf

Indeed if . = 1, this follows from relation (R7); but if rn > 1, then by induction
and (R7),

F e fi G AT A KT SR A+ KA O

Lemma 2.11. Assume rs~! is not a root of unity, and let V be a module for

U = Uy s(sl2) on which U° acts semisimply. Suppose V = ®j€Z>O Va—ja for some
weight A\ € A; each weight space of V is finite-dimensional; and e and f act locally
nilpotently on V.. Then V is finite-dimensional, and the weights of V are preserved

under the simple reflection taking o to —a.

Proof. Let p = pie1 + poea be a weight of V, and v € V,, \ {0}. As e acts locally
nilpotently on V, there is a nonnegative integer k such that e**1.v = 0 and e¥.v # 0.
By Theorem 2.1, UeF.v is a homomorphic image of M (u + ko). But since f acts
locally nilpotently on Ue¥.v, this image cannot be isomorphic to M (u + ko). Thus
because M (u + ka) has a unique proper submodule, Ue*.v = L(u + ka), and so
it is finite-dimensional. Corollary 2.5 implies that p + ka is dominant. As there
are ounly finitely many dominant weights less than or equal to the given weight A
(under the partial order » < X if and only if A\ — v € Z>o«), and each weight space
is finite-dimensional, it must be that V itself is finite-dimensional.
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In particular, V has a composition series with factors isomorphic to L(v) for some
v € At. Any weight u of V is a weight of some such L(v) withv = vie;+v9es € AT
By (ii) of Proposition 2.8, L(v) has weights v,v — «,...,v — Lo where £ = 11 — vs.
Thus, p = v — ja for some j € {0,1,...,£}. But then p — (p,0)a =v — (£ — j)a
is a weight of L(v) since £ — j € {0,1,...,£¢}, hence it is a weight of V. Thus, the
weights of V' are preserved under the simple reflection taking o to —a. O

Lemma 2.12. Assume rs~1 is not a root of unity, and let A € At. Then the
module L(X) for U = U, s(gly) is finite-dimensional. A similar statement holds for
U = U, 4(sly), where AT is replaced by AJ,.

Proof. This follows once we show that L'(A\) = M()\)/M'()), where M'()) is as
in (2.9), is finite-dimensional. We will prove that the set of weights of L'(\) is
preserved under the action of the symmetric group S,, (the Weyl group of gl,;) on A
which is generated by the simple reflections s; : 4 — p—(p, a;)eo; (1 <7 < n). Each
Sp-orbit contains a dominant weight, and there are only finitely many dominant
weights less than or equal to A. As the weights in M () are all less than or equal to
A, and the weight spaces are finite-dimensional, the same is true of L'(\). Therefore
L'(A) is finite-dimensional.

To see that s; preserves the set of weights of L'(\), let 4 = p1e1+-+ -+ pp€, be a
weight of L’'()). Consider L'(\) as a module for the copy U; of U, s(slz) generated
by e, fi,ws,wj, and let Li(p) be the U;-submodule of L'(\) generated by L'(X),.
As all weights of L’(\) are less than or equal to A, we have

Li(w) = P il —jo

J€Z>o

for some weight A’ < A\. By Lemmas 2.10 and 2.11, the simple reflection s; preserves
the weights of L.(u), so in particular, s;(p) is also a weight of L'()\). O

Remark 2.13. It will follow from Lemma 3.7 in the next section that L(\) 2 L'(}),
since L()) is the unique simple quotient of M()\), L'()\) is a finite-dimensional
quotient of M()), and by that lemma, every finite-dimensional quotient is simple.
Thus, we have

Corollary 2.14. When rs~1 is not a root of unity, the finite-dimensional simple
U-modules having weights in A are precisely the modules L(\) where A\ € AT.
Moreover, L(A) = L(u) if and only if A\ = p. Similar statements hold for U =
Uy,s(sly), where A is replaced by Agp and AT by A:r'

Proof. The first statement is a consequence of Corollary 2.5 and Lemma 2.12 (see

also Remark 2.13). Assume there is an isomorphism of U-modules from L()) to
L(p). The highest weight vector of L(A) must be sent to a weight vector of L(u),
80 A < p. As a similar argument shows that y < A, we have A =pu. O
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Shifts by one-dimensional modules.

Suppose now that we have a one-dimensional module L for U= Urs(gln). Then
by Theorem 2.1, L = L(x) for some algebra homomorphism y : U — K, with the
elements e;, f; (1 <1i < n) acting as multiplication by 0. Relation (R4) yields

(2.15) X(wi) = x(aibit1) = x(ai41bi) = x(wi) (1 <i<n).
Conversely, if an algebra homomorphism y satisfies this equation, then L(y) is

one-dimensional by relation (R4). We will write L, = L(x) to emphasize that the
module is one-dimensional.

Proposition 2.16. Assume rs~! is not a root of unity and L(v) is the finite-
dimensional simple module for U = Uy 4(gl,) with highest weight 1. Then there
exists a homomorphism x : U — K such that (2.15) holds and an element A € AT

so that ¥ = x - . Thus, the weights of L(1)) belong to x - A. A similar statement
holds for U = U, s(sl,) with A replaced by Agr and At by A;'[.

Proof. When L(t) is viewed as a module for the copy U; of U, s(slz) generated
by e, fi,wi,w}, it has a composition series whose factors are simple U;-modules
as described by Proposition 2.8. As the highest weight vector of L(v) gives a
highest weight vector of some composition factor, there is a weight ¢; of U; and a
nonnegative integer ¢; so that 1 (w;) = ¢;(w;) and P(w)) = ¢;(wh) = ¢i(w;)r~bist =
hlwi)r=ish.

For the case U = Urs(gl,), set £, = 0 and define \; = £;+--+£, fori=1,...,n
Let A = 2?21 Ai€;, which belongs to AT. Now define x : U° -5 K by the formulas

x(a:) = P(a;)r= (N = gp(a;)r— Gt +n)
( ) (bz) (€i,)) — ’(/J(bi)s_(ei-l-.“-'-e").
i) = x(w

Then it follows that x(w ;) fori=1,. —1,and 9 = x - A as desired.

For the case U = U, 4(sl,), fix an nth root (rs)l/” of rs in K As above,
there exist nonnegative integers £; (1 < i < n) so that ¥ (w!) = (w;)r~%s%. Let
A=>1 Ew'lEA Define x : U? — K by

X(wz) — ¢(wi)r—(ei+"'+en—1)s—(£i+1+-"+€n71)(,rs)(c/n)

X(w)) = ()™t tlom) = (Gt (g (/1)

where ¢ = Z?:_ll j£j. Then (2.15) holds, and 9 = x - A. [

Remark 2.17. If M is any finite- dlmenswnal module, then M = @~ @, M, bich

for some weights 1; such that 9;-A (1 < i < m) are distinct cosets in Hom(U?, K) /A
(viewed as a Z-module under the action k-4 = ¢*). Then M; := @, M wih IS @
submodule, and M = @;-; M;. Therefore, if M is an indecomposable U-module,
M = @yea My 5 for some ¢ € Hom(U° K). A simple submodule S of M has
weights in 1 - A. By replacing ¢ with the homomorphism x for S given by Propo-
sition 2.16, we may assume that for any indecomposable module M, there is a x
satisfying (2.15) so that M = @, M.
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Lemma 2.18. Let x : U° — K be an algebra _homomorphism with x(w;) =
!

x(w}) (1 <i<mn). Let M be a finite-dimensional U-module whose weights are all
i x- A If U° acts semisimply on M, then

M~L,@N

for some U-module N whose weights are all in A. A similar statement holds for
U = Uy, s(sl,) with A replaced by Agy.

Proof. Let x~! : U° — K be the algebra homomorphism defined by x 1(a;) =

x(a;) = (x(a:))™ and x7(b;) = x(b7") = (x(b:))™* for 1 < ¢ < n. Note that

Ly ® L, -1 is isomorphic to the trivial module L. corresponding to the counit. Let
N=L,-»®M.

Then M = L, @ N as L. is a multiplicative 1dent1ty (up to isomorphism) for

U-modules. The weights of N are all in =% x - A=A. O

We now have a classification of finite-dimensional simple modules for U =
Urs(gl,) and for U = U, 4(sly,).

Theorem 2.19. Assume rs~! is not a root of unity. The finite-dimensional simple

U-modules are precisely the modules
L, ® L()),

where x : U — K is an algebra homomorphism with x(w;) = x(w}) (1 < i < n),
and A € At. An analogous statement holds for U with At replaced by A;".

Proof. Let M be a finite-dimensional simple U-module. By Theorem 2.1, Propo-
sition 2.16, and Lemma 2.18, M = L, ® N for some x satisfying (2.15) and some
simple module N with weights in A. By Corollary 2.5, N = L()) for some A\ € A™T.
Conversely, any U-module of this form is finite-dimensional by Lemma 2.12 and
simple by its construction. [

Remark 2.20. If r = ¢ and s = ¢! for some q € K, the classification of finite-
dimensional simple U, (sl,)-modules is a consequence of Theorem 2.19 applied to
Ugq-1(sly):  The simple U,(sl,)-modules are precisely those simple U, ;-1 (sl,)-
modules on which w! acts as w; ', so that

X(wi) = x(@f) = x(w; ).
This implies x(w;) = £1 (1 < i < n). Each choice of algebra homomorphism
x : U® = K with x(w;) = x(w}) = 1 yields a one-dimensional U, ,-1 (sl,,)-module
Ly, and so the simple Uy (sl,)-modules are the L, ® L(\) with A € AJ; and x as
above. We have
:\(wl) — q<€z‘7)\)q—(€i+1,)\) — q<°”’)‘).
Thus, we recover the results of [Ja, 5.2 and 5.10].

Remark 2.21. We can interpret Proposition 2.8 in light of Theorem 2.19: Let
L(¢) be the simple U, (slz)-module described in the proposition. Let A = (¢/2)a €
A} and define x : U° — K by x(w) = ¢(w)r=¢/2s"2, x(w') = ¢(w')rt/?s742 =
$(w)r=t/2s4%2 = x(w). Then ¢ = x - A and L(¢) = L, ® L()).
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§3. COMPLETE REDUCIBILITY

In this section we will establish complete reducibility of all finite-dimensional
modules for U (resp., U) on which U° (resp., U°) acts semisimply. Statements made

for U hold equally well for U, and we will point out where there are differences. It
is helpful to work in a more general context.

Let O denote the category of modules M for U = Urs(gl,) which satisfy the
conditions:

(O1) U° acts semisimply on M, and the set wt(M) of weights of M belongs to A:
M = D) cwiary Mr, where My = {m € M | a;.m = rleA) - bm = sleod)
for all 7};

(02) dimg M) < oo for all A € wt(M);

(03) wt(M) C U, cr(p— Q) for some finite set ' C A.

The morphisms in O are U-module homomorphisms. In defining category O for
U =U, s(sl,), we replace A by the weight lattice Ag4; of sl,.

All finite-dimensional U-modules which satisfy (O1) belong to category O, as do
all highest weight modules with weights in A such as the Verma modules M (}).

We recall the definition of the quantum Casimir operator [BW2, Sec. 4]. It is a
consequence of (R2) and (R3) that the subalgebra UT of U (or of U = U, 4(sl,))
generated by 1 and e; (1 <4 < n) has the decomposition Ut = @C€Q+ UC‘I' where

UC+ ={zeU" | aiz=rl%za;, biz = s{2b; (1 <i<n)}.

The weight space UEL is spanned by all the monomials e;, ---e;, such that o;, +
-+ + «;, = (. Similarly, the subalgebra U~ generated by 1 and the f; has the
decomposition U~ = ®C€Q+ UZ,. The spaces UC‘I' and UZ, are nondegenerately
paired by the Hopf pairing specified by
5i
(fire5) = s%

r
(3.1) (], wj) = e gleas)

(bn,an) =1, (bnawj) = 5_<€n’aj>> (wéaan) = plemeas),
(See [BW2, Sec. 2].) The Hopf algebras U and U are Drinfel'd doubles of certain
Hopf subalgebras with respect to this pairing [BW2, Thm. 2.7]. Let d¢ = dimg UEL .

Assume {ui}zil is a basis for U, and {Ui}iil is the dual basis for U~ with respect
to the pairing.

Now let

d¢
(3.2) Q= Z ZS(vg)ui,

(et k=1

where S denotes the antipode. All but finitely many terms in this sum will act as
multiplication by 0 on any weight space M) of M € O. Therefore (2 is a well-defined
operator on such a module M.



14 GEORGIA BENKART, SARAH WITHERSPOON

The second part of the Casimir operator involves a function g : A — K# defined
as follows. If p denotes half the sum of the positive roots, then 2p = Z?Zl(n +1-—
2j)e; € A. For X € A, set

(3.3) g() = (rs™1)200¥20,
When M is a U-module in O, we define the linear operator = : M — M by

E(m) = g(A)m

for all m € My, A € A. Then = is well-defined, as A= i if and only if A = p
(A, € A) [BW2, Prop. 3.5]. (When U = U, 5(sl,), it is necessary to first fix roots
/2% and s'/?" of r and s in K.) Then Z, as given above, is well-defined. We have
the following result from [BW2].

Proposition 3.4. [BW@, Thm. 4.20] The operator QE : M — M commutes with
the action of U on any U-module M € O.

We require the next lemma in order to prove complete reducibility.

Lemma 3.5. Assume rs~! is not a root of unity, and let \, u € A*. If X\ > p and
9(A) = g(p), then X = p.

Proof. Because A > u, we may suppose A = pu + 3 where 8 = Z?;ll kia; and
k; € Z»o. By assumption we have

(rs™) 2208 = g(\) = g(p) = (rs™1)2(Ht20m),

and as rs~! is not a root of umity, it must be that (A + 2p,\) = (u + 2p, ), or

equivalently, 2{(u + p, 8) + (B,8) = 0. Since u € AT, pp = pi1€1 + po€a + -+ + pinén
where p; € Z for all 4 and py > po > -+ > pp. A calculation yields

n—1 n
0= (2u+20,B)+ (B, 8) = > _ 2k (4i — pigr + 1) + D (ki —ki—1)?, (ko =0 = ky).
=1

i=1

The only way this can happen is if k&, =0 for all 4 and A = . O

1

Lemma 3.6. Assume rs™" is not a root of unity.

(i) QF acts as multiplication by the scalar g(\) = (rs~ 1)z 20A) on the Verma
module M(X) with X\ € A, hence on any submodule or quotient of M(X).

(ii) The eigenvalues of the operator QZ : M — M are integral powers of (rs=1)z
on any finite-dimensional M € O. (For U = U, 4(sly,), the eigenvalues are

integral powers of (rs=1)1/2n* )
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Proof. By its construction, Q= acts by multiplication by g(\) = (Ts_l)%()“'rzp’)‘) on
the maximal vector vy of M (). But since M(\) = U.vy and Q= commutes with
U on modules in @, QF acts as multiplication by (rs=1)z(3+2:A) on all of M()).

If M € O is finite-dimensional, it has a composition series. Each factor is a finite-
dimensional simple U-module with weights in A, and in particular, is a quotient
of M()\) for some A € A. On such a factor, Q= acts as multiplication by g(}\).
Therefore the action of Q= on M may be expressed by an upper triangular matrix
with each diagonal entry equal to g(\) for some A € A. O

Lemma 3.7. Assume rs~! is not a root of unity. Let A € A and M be a nonzero

finite-dimensional quotient of the Verma module M(\). Then M is simple.

Proof. First observe that by Lemma 2.4, A € A*. Assume M’ is a proper submodule
of M. As M is generated by its one-dimensional subspace M), we must have
M; = 0. Let p € A be maximal such that M, # 0, and note that u < . Let m’ be
a nonzero vector of M,,. It follows from the maximality of x that e;.m' = 0 for all

i (1 <i<mn). Letting M” = U.m/, a nonzero finite-dimensional quotient of M (y),
we see that u € AT as well. By Lemma 3.6 (i), QZ acts as multiplication by g(\)
on M, and by g(u) on M". This forces g(A) = g(p), which contradicts Lemma 3.5
as p < A O

Finally we state the needed complete reducibility result, whose proof parallels
that of [L, Thm. 6.2.2].

Theorem 3.8. Assume rs—!

dimensional U-module on which U° acts semisimply. Then M is completely re-

ducible.

is mot a root of unity. Let M be a nonzero finite-

Proof. Suppose first that M has weights in A. Then M is a direct sum of generalized
eigenspaces for 2=, which by Proposition 3.4, is a direct sum decomposition of M
as a U-module. Therefore, we may assume M is itself a generalized eigenspace of
QZF, so that (2 — (rs™1)¢)%(M) = 0 for some ¢ € 3Z, d = dimg M, by Lemma 3.6
(ii).

Let P = {m € M | e,m = 0 (1 <4 < n)}, and note that P = P, P,
Py, =PnNM,. If m € P, — {0}, the U-submodule U.m of M is a nonzero quotient
of M(\) by Theorem 2.1. By Lemma 3.7, each such U.m is a simple U-module,

and so the U-submodule M’ of M generated by P is a sum of simple U-modules.
That is, M’ is completely reducible. Let M"" = M /M.

Assuming M" # 0, there is a weight u € A maximal such that M) # 0. Tt
follows from the maximality of y that e;.m” = 0 for m" € M)/ — {0} and for all
i (1 <14 < n). By Lemma 2.4, y € AT, and by Theorem 2.1 and Lemma 3.6,
Q= acts as multiplication by g(u) on the U-module U.m" generated by m’. This
implies g(u) = (rs~1)°.

Let m € M, be a representative for m"” € (M/M'),, and M; = U.m. Then
there is a weight 7 € A maximal such that My N M, # 0. Let my € M;NM, — {0},
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so that e;.m; = 0 for all 7 (1 < i < n). Again applying Theorem 2.1 and Lemmas
2.4 and 3.6, we have n € AT and Q=(m1) = g(n)m1. Therefore g(n) = (rs~1)°.

We now have g(u) = g(n), where n,u € A*, and > p by construction. By
Lemma 3.5, 7 = p, so M; is the one-dimensional space spanned by m, and e;.m =
0 (1 <1i < n), that is m € P. This implies m"” = 0, a contradiction to the
assumption that M" # 0. Therefore M"” = 0, and M = M’ is completely reducible.

Finally, when M does not have weights in A, we may assume that M is inde-
composable. By Remark 2.17, M has all its weights in x - A for some X satisfying
(2.15). By Lemma 2.18, M = L, ® N for some U-module N whose weights are
all in A. Note that U° acts semisimply on N as well (N = Ly, ® M), and so
N is completely reducible by the above argument. This implies that M itself is
completely reducible. [

Remark 3.9. It is necessary to include the hypothesis that U° acts semisimply
in Theorem 3.8, as the next examples illustrate. (Recall that U does indeed act
semisimply on any simple U-module, as remarked in the text following (1.6).) Let
V =K™ for m > 2 and £,& € K\ {0}. We define a U-module structure on V by
requiring that e;, f; act as multiplication by 0 and a;, b; act via the m x m Jordan
blocks with diagonal entries &, &', respectively. Then relations (R1)-(R7) of U hold
on V. The scalars £,&' may be chosen so that V has weights in A, for example
choose an integer ¢, let A = c(eg+- - +€,), and set £ = r¢ = Aay), & = ¢ = A(b;).
Clearly V is not completely reducible. A related example for U, (sl,) is given by
sending each w;, w; to the Jordan block with 1s on the diagonal, thus corresponding
to the weight 0.

§4. THE R-MATRIX

In this section we recall the definition of the R-matrix from [BW2, Sec. 4] and
use it to prove a more general result on the commutativity of the tensor product
of finite-dimensional modules than was given there (compare [BW2, Thm. 4.11]
with Theorem 4.2 below). Let M, M’ be U-modules in category 0. We define

an isomorphism of U-modules Ry : MM — M ® M' as follows. If A =
YAy € A, where a,, = €, set

A An—1 A r I\ ! A1
wy=witwp et and W) = (wp)™M e (wpog) by

Also let
d¢
0= Y > sfou
CeEQ+ k=1

where the notation is as in the paragraph following (3.1). Define

RM',M :@OfOP

where P(m/ @ m) = m@m’, f(m®m') = (w,,wx)”"(m @ m’) when m € My and
m' € M), and the Hopf pairing ( , ) is defined in (3.1). (There is an equivalent
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definition of f that works in the case U = Uy s(sly), given in [BW2] after (4.3).)

Then R ar is an isomorphism of U-modules that satisfies the quantum Yang-
Baxter equation and the hexagon identities [BW2, Thms. 4.11, 5.4, and 5.7].

We will show that the tensor product of any two finite-dimensional U-modules
in O is commutative (up to module isomorphism), starting first with the special
case that one of the modules is a one-dimensional module L, = L(x), as defined in
Section 2.

Lemma 4.1. Let M be a U-module in category O, and let Ly, be a one-dimensional

U-module. Then
Ly@M=MQL,.

Proof. Fix a basis element v of L,. Define a linear function F': L, ® M -+ M Q L,
as follows. If m € My and A = — 7", c;;, then

Flo@m)=x7 " xym®u,

where x; = x(w;) = x(w}) (1 <7< n)and x, = x(a,). Clearly F' is bijective, and
we check that F' is a U-homomorphism:

ei- F(v@m)=x7" - xp(ei®1+w ®@e)(m®v) =x7" - Xy eim

On the other hand, as e;.m € M)4,,, we have

1

Flei-(v@m)) =xiF(v®em) = xi(xi" - xi' - Xa")eim®v = e;.F(v®@m).

Similarly, ' commutes with f;. As the action by a;, b; preserves the weight spaces,
F commutes with a;,b; (1 < 7 < n) as well. Therefore F' is an isomorphism of
U-modules. 0O

Theorem 4.2. Let M and M' be finite-dimensional modules for U (resp., U) with
U° (resp., U°) acting semisimply. Then

MM 2M e M.

Proof. As the tensor product distributes over direct sums, we may assume that
M and M’ are indecomposable. Therefore the weights of M are all in x - A for
some algebra homomorphism y : U% — K with x(w;) = X(wj). (See Remark 2.17.)
By Lemma 2.18, M = L, ® N for some module N with weights in A. Similarly,
M' = L, ® N’ for some x'. By Lemma 4.1 and [BW2, Thm. 4.11],

M®Mlg(LX®N)®(LX’®NI)E(LX®LX’)®(N®NI)
(Ly ® L,) ® (N'® N)
(Ly @ N)Q(Ly® N) 2 M'@ M. O

R

IR



18 GEORGIA BENKART, SARAH WITHERSPOON
§5. TENSOR POWERS OF THE NATURAL MODULE

In this section we consider tensor powers Ve =V RV®---QV (k factors) of the
natural module V for U (defined in Section 1). Set R = Ry,y, and for 1 <3 < k,
let R; be the U-module isomorphism on V®* defined by

Ri(21®2Q0 - Q2) =210 - ®2i-1 @ R(% ® 2i41) @ 2i42 Q@ - @ 2.

Then it is a consequence of the quantum Yang-Baxter equation that the braid
relations hold:

RiORi+1ORZ’:Ri+1ORZ’ORi+1 for 1<i<k

1
(5 ) RiORj:RjORi for ‘Z—]|22

We would like to argue that

(5.2) RZ=(1—rs )Ry +rs'1d
for all+ =1,...,k — 1. For this it suffices to work with the 2-fold tensor product
Vev.

Proposition 5.3. Whenever s # —r, the U-module V@ V decomposes into two
simple U-submodules, S? ,(V') (the (r, s)-symmetric tensors) and A2 (V') (the (r, s)-
antisymmetric tensors). These modules are defined as follows:

(i) SZ,(V) is the span of {v;®@v; | 1 < i < n}U{v;Quj+sv;@u; | 1 <4 < j < n}.

(ii) AZ (V) is the span of {vi @ vj —rv; @v; | 1 <i < j < n}.

Proof. A computation shows that S2 (V) and A2 (V) are U-submodules of V@ V.
Note that each weight space of SE, s(V) is one-dimensional and is spanned by one of
the weight vectors listed in (i). Therefore any submodule of S? (V) must contain
one of these vectors. It may be checked that any of these vectors generates all of
Sf’s(V) in case s # —r. In particular, v; ® v; is a highest weight vector, and given
any other vector in (i), there is an element of U taking it to v; ® v;. Therefore
Sf’ s(V) is simple. A similar argument proves that Ai s(V) is simple, with highest
weight vector v1 @ va —rva @ v1. O

Remark 5.4. The s = —r case is “nongeneric,” and in this exceptional case,
V ® V need not be completely reducible. For example, when n = 2 what happens
is that v1 ® v2 — rv2 ® v1 spans a one-dimensional module (as it does for n = 2
generic) that is not complemented in V ® V. Modulo that submodule, v; ® v1
spans a one-dimensional module. Modulo the resulting two-dimensional module,
v1 Q@ vy + rvg ® v1 and vy ® vy span a two-dimensional module.
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Proposition 5.5. The minimum polynomial of R = Ry,y on V@V is (t —1)(t+
rs71) if s # —r.

Proof. Tt follows from the definition of R that R(v1 ® v1) = v1 ®v1 and R(v; ® vy —
rvg ® v1) = —rs'(vy ® va — rv2 @ v1). By Proposition 5.3, SZ (V) and AZ (V)
are simple, and in fact, v1 ® v1 and v; ® v2 — rv2 ® v; are the highest weight
vectors. In particular, each is a cyclic module generated by its highest weight
vector. As Ra(vi ® v1) = aR(v1 ® v1) = a(v; ® v1) for all @ € U, this implies
that Sf’ s(V) is in the eigenspace of R corresponding to eigenvalue 1. Analogously,
/\%, ,(V) corresponds to the eigenvalue —rs~!, and since V ® V is the direct sum of
those submodules, we have the desired result. [

From Proposition 5.5 it follows that R acts as

(5.6) 7> E;i®E;j+s'Y Eij@E;+(1-rs)) E;;®FE; i+ Ei;®FE;;
1<J 1<j 1<j i

on V ® V. Indeed, (5.6) is a linear operator that acts on S7 (V) as multiplication
by 1, and on AZ ((V) as multiplication by —rs~*. By Proposition 5.5, R has the
same properties, and so R is equal to this sum on V Q V.

86. QUANTUM SCHUR-WEYL DUALITY

Assume 7, s € K Let Hy(r,s) be the unital associative algebra over K with
generators T;, 1 <14 < k, subject to the relations:

(Hl) T1T1+1T1 = T,,;+1T1;T1;+1, 1<i1<k
(H2) T;T; = T;T;, li—j|>2
(H3) T? = (s — r)T; + rsl.

When r # 0, the elements t; = r~'T; satisfy the braid relations (H1), (H2),
along with the relation

(H3) t; = (¢—Dti +ql,

where ¢ = r~1s. The Hecke algebra Hy(q) (of type Ax_1) is generated by elements
ti, 1 <14 < k, which satisfy (H1), (H2), (H3’). It has dimension k! and is semisimple
whenever ¢ is not a root of unity. At ¢ = 1, the Hecke algebra Hy(q) is isomorphic
to KSg, the group algebra of the symmetric group Sy, where we may identify ¢;
with the transposition (i 7 + 1).

The two-parameter Hecke algebra Hy (r, s) defined above is isomorphic to Hy(r~1s)
whenever r # 0. Thus, it is semisimple whenever 7~1s is not a root of unity. For
any o € Sk, we may define T,, = T;, ---T;, where 0 =t;, ...1;, is a reduced expres-
sion for o as a product of transpositions. It follows from (H1) and (H2) that 7T, is
independent of the reduced expression and these elements give a basis.

The results of Section 5 show that the U-module V& affords a representation
of the Hecke algebra Hy(r, s):
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Hy(r, s) = Endg(V®)

(6.1) .
T; — sR; (1§’L<k).

When k = 2 and s # —r, V&2 = S2 s e /\f,s(V) is a decomposition of V&2
into simple U-modules by Proposition 5.3. The maps p; = (sRy +7)/(s 4+ r) and
p2 = (s — sR1)/(s+ ), (R1 = Ry,v), are the corresponding projections onto the
simple summands. Thus, the map in (6.1) is an isomorphism for £ = 2. More
generally, we will show next that it is surjective whenever rs~! is not a root of
unity, and it is an isomorphism when n > k. This is the two-parameter version
of the well-known result of Jimbo [Ji] that Hy(q) = Endy,(g1,)(V®*) and is the
analogue of classical Schur-Weyl duality, KS; 2 Endg, (V®*) for n > k. We will
apply the following lemma. The case n < k is dealt with separately, and it uses the
isomorphism Hy (r, s) = Endg(V®*) in the n = k case.

Lemma 6.2. Ifn > k and V is the natural representation of [7, then V&F is q
cyclic U-module generated by v1 @ -+ - Q vg.

Proof. Let v = v1 ® --- ® vy. We begin by showing that if o € S, then v, ®
- ® Uy € U.v.

Suppose we have an arbitrary permutation 1 ® --- ® zx (x; € {v1,...,vg} for
all ¢) of the factors of v. For some ¢ < m, assume that z; = v; and z,, = vj41.
Then because of the formulas

kl
AF1(ej) Zw, QWi ®1I®--®1

i—1 k—i
ARY(E) Zl@ RLOf; ®w;® - @ W),
k=i i—1
there are nonzero scalars ¢ and ¢’ such that
(cejfi +)(21Q@ Q) =21Q T, @ QL@+ ® Ty.
Similarly, there are nonzero scalars d and d’ such that
(dejfi +d)(z1®@  ®Zm @ QT ® - QTy) =T1 Q@+ Q Tk

As the transpositions (j j + 1) generate Sk, v5(1) ® - - - @ Vg(k) € U.v for all 0 € Sj.

Next we will use induction on k to establish the following. For any k ele-

ments iy,...,ix € {1,...,n} satisfying i; < iy < --- < iy, there is au € U
such that u.v = v;, ® -+ ® v;, and u does not contain any terms with factors
of €m, Cm+1,- - - aen—la.fm+17fm+2a"' 7fn—2a or fn—l where m = max{ik,k}. If

k =1, we may apply fr,,—1--- f1 to v = v; to obtain v, for any m € {1,... ,n}. If
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k > 1, let £ be such that iy < g, Gg+1 = tg42 = - -+ = ix. (If no such ¢ exists, that
is if 47 = --- = i, then set £ = 0 and apply ' from (6.5) below to v1 ® --- ® vy
to obtain a nonzero scalar multiple of v;, ® --- ® v;,.) By induction, there is an
element u € U such that

(6.4) U (1 ® - Qup) =i, ®--- QUj,,
where u has no terms with factors of ey, €mrg1,.- s €n_1, frmra1y--- 5 fno1 (M =
max{ig, (}).

Suppose initially that i, < £. Then m’ = £, and so u.(v; ® --- @ vx) is a nonzero
scalar multiple of (v;;, ® - Q@ v;,) ® (ve+1 ® -+ - ® vg). Now apply

(6.5)
(fix=1fir—2* fex1) - (fir—1fir—2) (fir—1)(€ip€ip41 - -€x—1) - - (€i,€ip41)(€i,)
u = if 4, <k

(fir=1fin—2" for1) == (fin—1fir—2 - from1) (fir—1fin—2--- fu) if g >k

to obtain a nonzero scalar multiple of v;, ® - - - ® v;, , as desired. (Note that we did
not use any factors of e, em+1,--- ,€n—1, fm+1,--- , fn—1 for m = max{ix, k}.)

If on the other hand, i; > £ (so that m’ =i, and iy > £+ 1), first apply v’ from
(6.5) to v1 ® - - - ® vg to obtain a nonzero scalar multiple of

(11 ®-- @) ® (v, - Qy,),

and then apply u from (6.4) to obtain a nonzero scalar multiple of v;, ® --- ® v;,,
as desired.

Finally, if 41,... ,9x € {1,... ,n} are any k elements (not necessarily in nonde-
creasing numerical order), let o € Sy be a permutation such that

lo(1) <o) < Slg(k)-

By the first paragraph of the proof, there is an element of U taking v to v,-1(1) ®
“++ ®Vy-1(4)- Now we may apply u from (6.4) and u’ from (6.5) in the appropriate
order (as above) to v,-1(1) ® **+ ® v,-1(k) to obtain a nonzero scalar multiple of
iy ® - ® Vi, O

This leads to the two-parameter analogue of Schur-Weyl duality.

Theorem 6.6. Assume rs—!

is not a root of unity. Then:
(i) Hy(r,s) maps surjectively onto Endg(V®F).

(ii) If n > k, then Hy(r,s) is isomorphic to Endg(V®F).

Proof. We establish part (ii) first. Assume F € Endg(V®*) and v =01 ® -+ - ® v,
As F commutes with the action of U, F'(v) must have the same weight as v, that is,
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€1+ + €. The only vectors of V®* with this weight are the linear combinations
of the permutations of v1 ® - - - ® vg, so that

(6.7) F(v) = Z CoVo(1) ® *++ ® Vg (k)
oESK

for some scalars ¢, € K. We will show that there is an element R’ in the image
of Hy(r,s) in Endz(V®*) such that R (v) = vy(1) ® - ® Up(y). (Previously we
constructed an element u € U with this property.)

We begin with the transposition 7 = ¢; = (j j + 1). For any tensor product
v, ® --- ®v;, of distinct basis vectors, we have by (5.6) that

’l"_ll{j(’l)i1 ®®’Uzk) if ’I:j < ’ij.|.1

Vi ®"'®'U‘ =
ir(1) i (k) {(st—l-(r—s)Id)(Uil®"'®’Uz'k) it 45 > i

Therefore, if 0 =t;, ---t;, , a product of such transpositions, we can set R%¢ :=
r~1R;, or R'it :== sRj,+(r—s)Id, depending on the numerical order of the appropri-
ate indices i, and ij,41 in Rlit-10...0Rt1y. Then defining R® = R'm o---oR%1 €
Endj; (V®F), we have the desired map such that R7(v) = v,(1) ® -+ ® Uy (x)-

Now let Fo = F — ) s, ¢oR? € Endg(V®) (with the ¢, coming from (6.7)).
By Lemma 6.2, Fo(V®*) = Fy(U.v) = U.Fy(v) = 0. Therefore F = > ves, Colt?
is in the image of Hy(r,s). Consequently, the map Hy(r,s) — Endg(V®*) in
(6.1) is a surjection, and Endz(V®F) is the K-linear span of {R’ | o € S;}. Now
suppose that ) s, CoR7 =10 for some scalars ¢, € K. Then in particular, 0 =
Y ves, CaBR7(¥) = Y s, CoVo(r) ® -+ ® Vg(x), Which implies ¢, = 0 for all o €
Sk. Therefore {R° | o € Sy} is a basis for the vector space Endz(V®*) and
dimg Endz(V®*) = k! = dimg Hy(r,s). It follows that Hy(r,s) is isomorphic to
Endg (V®F) for n > k, as asserted.

Next we turn to the proof of (i) and assume here that n < k. For i = n,k,
let U; = Urs(gl;), let A; be the weight lattice of gl;, and let V; be the natural
U;-module. By (i), we may identify Hy(r,s) with Endg, (V;2F). We will show that
Hy (r, s) maps surjectively onto Endg_ (V).

Consider Vk®k as a ﬁn-module via the inclusion of ﬁn into ﬁk, and regard Vn‘g”C
as a U,-submodule of Vk@]C in the obvious way. Now V,®* is a finite-dimensional U,,-

module on which (73 acts semisimply, so by Theorem 3.8, it is completely reducible.
Therefore,

(6.8) Ve —Li@---0 L,

for simple ﬁn—modules L;. It suffices to show that the projections onto the simple
summands L; can be obtained from Hy(r, s).

Consider

(6.9) Up V.8 = Up.Ly + - - - + Uy.Ly,
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the ﬁk—submodule of V®k generated by V,®*. By Corollary 2.5, each L; is isomor-
phic to some L()\;), A\; € A, and in particular is generated by a highest weight
vector m; with e;.m; = 0forall j (1 < j < n). We claim that e;.m; = 0 as well when
n < j < k. This follows from the expression for A¥~1(e;) in (6.3) and the action

of e; on the natural module V}, for ﬁk given by ej.v; = 0; j4+1v;, because m; must
be some linear combination of vectors v;, ® --- ® v;, with 41,... i € {1 .,n}.
Therefore m; is also a highest weight vector for the finite-dimensional Uk module
Uk L;. By Theorem 2.1 and Lemma 3.7, Uk L, = Uk m; is a simple Uk module.
Therefore (6.9) must be a direct sum:

ﬁk.Vn@)k = ﬁkLl D---D ﬁk.Lt.

Because Vk®k is a completely reducible ﬁk-module, there is some complementary
Ui-submodule W such that

(6.10) Ve = UpLh® - @ Up. L @ W.

Let mw; € Hy(r, s) be the projection of Vk®k onto Uy.L;. Then, m; commutes with the
ﬁk—action, and acts as the identity map on ﬁk.Li and as 0 on the other summands
n (6.10). Since L; C ﬁk.Lj for all j, the map m; restricted to V¥ commutes
with the Up,-action and is the projection onto L;. Thus, Hy(r,s) — Endﬁn(Vn‘g’k)
is onto. [

Finally, we note that because V®* is a semisimple fj—module, it follows from the
double commutant theorem (see for example, [GW, Thm. 3.3.7]) that End g, () (V ®k)

is isomorphic to the image of U in Endg (V®F).
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