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ABSTRACT. We investigate two-parameter quantum groups corresponding to the
general linear and special linear Lie algebras gl, and sl,. We show that these
quantum groups can be realized as Drinfel’d doubles of certain Hopf subalgebras
with respect to Hopf pairings. Using the Hopf pairing, we construct a corresponding
R-matrix and a quantum Casimir element. We discuss isomorphisms among these
quantum groups and connections with multiparameter quantum groups.

INTRODUCTION

In this work we study two two-parameter quantum groups U = Ur,s(gl,) and
U = Uy 4(sl,) corresponding to the Lie algebras gl and sl,,. Our Hopf algebra U
is isomorphic as an algebra to Takeuchi’s U, ;-1 (see [T]), but as a Hopf algebra,
it has the opposite coproduct. (A different presentation of U, ;-1 was obtained by
Kulish [K] (see also [Ji]).) As an algebra, U has generators ej, fi,(1 <3 <mn),
and ¢!, bF! (1 <i < n), and defining relations given in (R1)-(R7) below. The
elements e;, fj, wjil,(w;-)il (1 £ j < mn), where w; = a;bj11 and w; = a;41bj,
generate the subalgebra U = U, 4(sl,).

We show that both U and U may be realized as Drinfel’d doubles of certain
Hopf subalgebras with respect to suitable Hopf pairings. Using the Hopf pairing,
we construct an R-matrix for U (which also works for U). For U-modules M and M’
in category O (defined in Section 4), there is an isomorphism R : M' @ M —
M ® M'. Moreover, the R-matrix satisfies the quantum Yang-Baxter equation
and the hexagon identities. In [BW2], the R-matrix will be used to establish an
analogue of Schur-Weyl duality in this setting: U has a natural n-dimensional
module V', and the centralizer algebra Endj (V®¥) is generated by a certain Hecke
algebra Hy(r,s). We construct a quantum Casimir element, which will play an
essential role in [BW2] in proving that finite-dimensional modules in category O
are completely reducible.
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Jing’s work [Ji], which treats the special case of gl,, adopts exactly the opposite
approach to the one of this paper — it derives an analogue of the algebra U from
one particular solution R of the quantum Yang-Baxter equation. Similarly, Chin
and Musson [ChM] and Dobrev and Parashar [DP] study multiparameter quantum
universal enveloping algebras defined as duals of quantum function algebras arising
from R-matrices. In Section 6, we relate the two-parameter quantum groups consid-
ered here with certain special cases of these multiparameter quantum groups. More-
over, we determine conditions for isomorphisms among the two-parameter quantum
groups. In particular, the standard one-parameter quantum group Uy, (sl2) of [Ja] is
isomorphic to a quotient of U, ¢(sly) by the ideal generated by w} — wy* whenever
q is a square root of 7s~1. However, for n > 3, no such isomorphism exists (see
Proposition 6.1).

Our motivation to study these two-parameter quantum groups came from our
work [BW1] on down-up algebras. Down-up algebras were introduced in [BR] as a
generalization of the algebra generated by the down and up operators on posets.
They are unital associative algebras A(a, §,) over a field K having generators d, u
which satisfy the defining relations

d*u = adud + fud® + vd
du® = audu + fu’d + vyu,

where a, 3,7 are fixed but arbitrary scalars in K. If v # 0, then the down-up
algebra A(a, 3,7) is isomorphic to A(a,,1). Thus, there are basically two differ-
ent cases: 7 = 0 and v = 1. Examples of down-up algebras include the universal
enveloping algebras of sly, of the Heisenberg Lie algebra, and of the Lie superalge-
bra osp(1,2), which are A(2,—1,1), A(2,—1,0), and A(0,—1,1), respectively, and
many of Witten’s deformations of U (slz) (see [B]). Down-up algebras exhibit many
striking features including a Poincaré-Birkhoff-Witt type basis and a well-behaved
representation theory ([BR], [KMP], [CaM], [Jor], [KK1], [KK2], [Ku], [BL, Sec.
4]). They are Noetherian domains whenever 3 # 0.

Essential to the structure of A(a,3,7) are the roots of the equation

0=t?—at—B=(t—-7)t—2s),

Thus, «a = r+ s and 8 = —rs. When rs # 0 and v = 0, the down-up algebra
A(a, 8,0) = A(r + s,—rs,0) can be extended by automorphisms to give a Hopf al-
gebra B(r+s,—rs,0) (see [BW1]). This Hopf algebra is isomorphic to a subalgebra
of U, s(sl3) when r and s are not roots of unity and to a quotient of a subalgebra
when they are. It seemed natural to expect that there is a Drinfel’d double (quan-
tum double) of the subalgebra, which yields a quantum group that depends on the
two parameters r and s. In fact, that quantum group is U, 4(sl3). That result is a

very special case of our theorem showing that U and U are Drinfel’d doubles.

Throughout we will be working over a field K, which is required to be alge-
braically closed from Section 3 to the end of the paper.
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§1. PRELIMINARIES

Assume @ is a finite root system of type A, _; with I a base of simple roots. We
regard @ as a subset of a Euclidean space E = R" with an inner product (, ). We
let €1,...,€, denote an orthonormal basis of F, and suppose IT = {o; = €¢; — €41 |
j=1,...,n—1}tand @={¢g —¢; |1 <i# j<n}

Fix nonzero elements r, s in a field K. Here we assume r # s.

Let U = Ur,s(gl,) be the unital associative algebra over K generated by elements
1 bE! (1 <4 < n), which satisfy the following relations.

€4, f]7(1 S] < ’TL), and a;
(R1) The aiﬂ, b;!ﬂ all commute with one another and a;a; ' = bjbj_l =1,

(R2) ase; = r<6“a1)eja,' and a;f; = 7“_<6“aj)fjai,

(R3) biej = S<€i’aj)€jbi and bzfj = S_<€i’aj>fjbi,

5
(R4) [es, f] = . _’Js (aibiy1 — aiy1b;),

(R5) [eirej] = [fi, ] =0 if |i—j|>1,
(R6) eZeiy1 — (1 + s)eieip1e; + rseipief =0,

2 2
eiefy, — (r+ s)ejpieieip1 +rsef e, =0,

(R7) fEfirr = (r~ + s fifirafi +r7 s™ fipa f7 =0,
fiffa— (s Y fia fifipr +r7 s AL fi = 0.
The relations in (R6) are just the two defining relations of the down-up alge-
bra A(r + s,—rs,0), while those in (R7) are the defining relations of A(r=! +
s71,—r~1s71 0). In fact these two down-up algebras are isomorphic via the map

that takes d to ' and u to d' (assuming d’,u’ are the generators of the latter) (see
[BRY]).

We will be interested in the subalgebra U = U, 4(sl,,) of U= Uy, s(gln) generated
by the elements e;, f;, wj, and w} (1 < j < n), where

(1.1) wj = ajbjy1 and w; = aj11b;.

These elements satisfy (R5)-(R7) along with the following relations:

(R1’) The wi?, wj-:l all commute with one another and w;w; ' = wh(wh)™h =1,

(R2) wse; = r<fi7aj)s<€i+1,aj>ejwi and w;f; = r_<5i,aj>s_<5i+1,aj>fjwi,

’ ! — €5 e 7] €5,005 / / — n—\€; Qj) o—\€i ,Oj /!
(R3) wiej = 'r( i+1, -7>8< 1) ])ejwi and wify =r < i+1, ])3 < iy J>fjwi’
9.

r—s

(R4) [es, f5] = (wi — wy).
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When r = ¢ and s = ¢, the algebra U, (gl,,) modulo the ideal generated by
the elements b; — a; 11 < i <, is just the quantum general linear group U, (glyn),
and U, 4(sl,) modulo the ideal generated by the elements w’ —

3 w;1,1§j<n,is
Uyq(sly).

Let Q = Z® denote the root lattice and set QT = Z?;ll Z>opa;. Then for any
¢ =" ¢ia; € Q, we adopt the shorthand

n—1"

(1.2) we = w%l i we = (W))St - (wh_y)bm1
The following lemma is straightforward to check.
Lemma 1.3. Suppose that { = Z?:_ll Ga; € Q. Then

wee; = T_<€i+1,C)S_<€i,<>eiw< we fi = T(€i+1,C)s<€i,€)fiwc

wéei — r_<6iyc>3_<6i+1,<>eiwlc wéfz — r(€i7<>3<6i+1,€->fiw2__

The algebras U and U are Hopf algebras, where the a;-tl,bf‘l

elements, and the remaining coproducts are determined by

are group-like

This forces the counit and antipode maps to be

§2. DRINFEL’'D DOUBLES

A Hopf pairing of two Hopf algebras H and H' is a bilinear form on H' x H
satisfying the following properties (see [DT] or [Jo, 3.2.1]):

(2.1)(3) (1,h) =em(h), (B',1)=em (')
(ii) (' hk) = (An/(h'),h® k)= Z(hl(l)’ h)(hl(z)a k)
(iii) (R'K',h) = (h' @ k', Au(h)) = 3o(h', b)) (K, hz)

for all h,k € H and h',k' € H', where ey and ep/ denote the counits of H and
H’, respectively, and Ay and Ay are their coproducts. It is a consequence of the
defining properties that a Hopf pairing satisfies

(Sm:(h'),h) = (W', Su(h))
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for all h € H and b’ € H', where Sy and Sy denote the respective antipodes of
H and H'.

Assume B is the Hopf subalgebra of U generated by e;, wj-:l (1<j<mn),and
atl. Let (ﬁ’ )€°°P be the Hopf algebra having the opposite coproduct to the Hopf
subalgebra of U generated by fis (w;-)jEl (1 <j < n),and bE'. Similarly B is the
Hopf subalgebra of U generated by ej,wj-ﬂ (1 <j<mn),and (B")° is generated
by fj, (W)= (1 <j<n).

Lemma 2.2. There are Hopf pairings of B and g', respectively of B and B’'.

Proof. We begin by defining a bilinear form for B’ x B first on the generators:

5i
(fiaej) = e )

s—r
(2.3) (wé,wj) — pleai) glej,08) — T—(€i+1,aa‘>s—(€i70¢j),

(bnyan) =1,  (bnywj) = s~ (w] a,) = rimeo,

for (1 <i,j < n). If w! is replaced by (w})~! in the second or third line of (2.3), we
replace the image under the bilinear form by its inverse, and similarly for w; and

;s ap and ay 1 b, and b, . On all other pairs of generators the form is 0.

w

In the second line of (2.3) we have applied the identity

(24) <6j7 ai) = _<6i+17 aj)a
which is quite useful in subsequent calculations.

The pairings in (2.3) may be eztended to a bilinear form on B’ x B by requiring
that (2.1)(i)—(iii) hold. We need only verify that the relations in B and B’ are
preserved, ensuring that the bilinear form is well-defined. It will then be a Hopf
pairing by definition. Restricting the form to B’ x B gives the desired Hopf pairing
of B and B'.

It is straightforward to check that the bilinear form preserves all the relations

among the w}!, af! in B and the (wj)®, b in B'. We will verify that the

2 et )
form on B’ x B preserves one of the remaining relations in B, and leave the other
verifications to the reader. For each i, 1 < ¢ < n, consider
2 2
(X,eieir1 — (r+ s)ejeiyie; + rseir1€j),

where X is any word in the generators of B By definition, this is equal to

(2.5) (A%(X),e; ® e @eipr — (T4 5)e; @ ey @ €5 +Tsei41 ® €; D ;).

In order for any one of these terms to be nonzero, X must involve exactly two f;
factors, one fi41 factor, and arbitrarily many (w})®! and 6" factors (1 < j < n).
First assume that X = f2f;+1. Then A%(X) is equal to

(Wi QWi fi+wi® f; @1+ f;®181)*(wj 41 QWi 41 ® fir1+wit1 ® fir1 @1+ fiy191®1).



6 GEORGIA BENKART, SARAH WITHERSPOON

The relevant terms of A%(X) are

f,-wgwéﬂ &® fiw;+1 ® fiy1+ w;fiwgﬂ ® fz‘w;+1 ® fiy1
+ fiwiwip, ® wifis1 ® fi + wjfiwi 1 ® wifit1 ® fi
+ (W) fir1 ® fiwi ® fi+ (W) fir1 @ wifi ® fi.
Therefore (2.5) becomes

(fiwiwi 1, ) (fiwiy1,ei) (fir1s €iv1) + (Wi fiwir1, ) (fiwiyr,ei) (fir1s €iv1)
— (14 8)(fiwiwiy1, i) (Wi fig1, €iy1)(fi, €) — (7 + s)(wifiwiy1, €s)(Wifiz1, €ir1)(fi, €q)

+ (W) fig, eirr) (fiwy, €0) (fir €0) + rs((w)? fign, eirr) (wifi, €0) (fis €)
1
= m(l + (Wi, wi) = (r + 8)(wis wit1) — (1 + 8)(wj, wi) (Wi, Wit1)
+ r8(wi, wit1)? + (Wi, wit1)* (W], wi)
1
= m(l +rsTt—(r+s)yr P —(r+s)sTt+rls+1) =
If X = fifix1fi or X = fi11f?, then similar calculations show that (2.5) is equal
to 0. Finally if X is any word involving exactly two f; factors, one f;; factor, and
arbitrarily many factors of (w;-)ﬂEl (1 < j < n) and bE?, then (2.5) will just be a
scalar multiple of one of the quantities we have already calculated, and therefore
will equal 0. (For example, if X = f?w/f;y1, then (2.5) will be (w},w;;1) times the
corresponding quantity for X = f2f;11.)
Analogous calculations show that the relations in B’ are preserved. [

As there is a Hopf pairing between B and E there is a skew-Hopf pairing
between B and (B")°°P_where the latter is B’ as an algebra, but Wlth the opposite
coproduct. Therefore, we may form the Drinfel’d double D (B, (B')<°°P) as in [Jo,
3.2]. This is a Hopf algebra whose underlying coalgebra is B® (E' )2 (that is,
B ® (B')<°°P ag a vector space with the tensor product coalgebra structure). The
algebra structure is given as follows: B and B’ are identified as algebras with B®1
and 1 ® B’ respectively in D(B (B )€e°P) . Letting a € B and b € B', we have
(e®1)(1®b) =a®band

1®b)(a®1) =Y (5°P(bu)),aw)(be) a@)ae) @ be),

where $°°P denotes the antipode for (B')®°°P. (This expression looks different from
[Jo, Lemma 3.2.2 (iii)] as we have written our bilinear form in the reverse order.)
A similar construction applies to B and B’.

Theorem 2.7. D(B, (B')°°) is isomorphic to U, and D(B, (B')°°?) is isomor-
phic to U.

Proof. We will prove the first statement, and the second will follow by restricting
to fewer generators. We will denote the image e; ® 1 of e; in D(B, (B')*°P) by ¢&;,
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and similarly for w;, ap, f;,w;, by. Define a map ¢ : D( ( rycoory — U by

w(&;) = e, ‘P(fi) = fi
o) =wi, e(@)*) = Wh*', e(ar") =af', o) =0bE"

First notice that by definition, ¢ preserves the coalgebra structures, the relations

in B and the relations in B’. Next we will verify that the mixed relations in
D(B, (B')°P) correspond to those in U.
To calculate fj é;, we use

Ae) =e;®1Q1+wi Qe ®1+w Qu; e,
(AP () =1@1Q f; +1® f; @)+ f; @ wj @ w,
and  SP(f;) = - f;(w)) ™,

so that
fiti = (—fi(w)) ™", &) (] 1)5’" + (Lwi)(w},l)éiﬂ + (L, wi)(fy, €i)wi

— 6’.7 V/ .
- j ij Wi-
S—’I‘ —-T

That is, [&;, f;] = 0:,j(s — ) (@; —@!). Applying ¢ gives the desired relation in U.

We leave verification of the remaining relations to the reader. As U is generated
by e,-,fi,wiil, (wh)* (1 <i < n), a, and b, the map ¢ is surjective, and there is
an obvious inverse map. O

§3. WEIGHT MODULES

Let A = Ze1 @ - -- & Zey, which is the weight lattice of gl,. Corresponding to
any A € A is an algebra homomorphism A from the subalgebra U° of U generated
by the elements o', b* (1 <4 < n) to K given by

(3.1) Aag) =rlN  and () = slN.

The restriction A : U? — K to the subalgebra U° of U generated by w;-ﬂ, (wf)®!
(1 < j < n) satisfies

(3.2) Mw;) = rieN gleirnd) and  A(wh) = im0 glei)

Similarly for U = U, s(sl,), we let Agy = Zw, @ - - - ® Zwy_1, the weight lattice of
sl,, where w; is the fundamental weight

n

1
w; =€+ t+e€— — E €.
n
i=1
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1/n 1/n

of r and s, respectively, then (3.2) can be used to
define an algebra homomorphism A : U? — K for any \ € A,.

If we fix nth roots r and s

Let M be a module for U = Uy s(gl,) of dimension d < oco. If K is algebraically
closed (which will be our assumption throughout the remainder of this work), then

M =P M,
X

where each x : U° - K is an algebra homomorphism, and M, is the generalized
eigenspace given by

(3.3) M, ={m € M| (a; — x(a;) 1)*m = 0 = (b; — x(b;) 1)*m, for all i}.

When M, # 0 we say that x is a weight and M, is the corresponding weight space.
(If M decomposes into genuine eigenspaces relative to U (resp. U?), then we say
that UY (resp. U°) acts semisimply on M.)

From relations (R2) and (R3) we deduce that

ejMX Q Mx.a';

ijX gM

(3.4) s
x-(—aj)

where @; is as in (3.1), and x - ¢ is the homomorphism with values (x - ¥)(a;) =
x(@)p(ar) and (x-$)(b:) = x(b:)p(b:). n fact, if (o — x(a;) 1)¥m = 0, then
(a; — x(a;)r{s®) 1)ke;m = 0, and similarly for b; and for f;. This can be used
to show that the sum of the eigenspaces is a submodule of M, and so if M is
simple, this sum must be M itself. Thus, in (3.3), we may replace the power d by
1 whenever M is simple, and U° must act semisimply in this case. We also can
see from (3.4) that for each simple M there is a homomorphism x so that all the
weights of M are of the form y - ¢, where ¢ € Q.

When all the weights of a module M are of the form 5\, where A € A, then for
brevity we say that M has weights in A. Rather than writing M5 for the weight
space, we simplify the notation by writing M.

Note then (3.4) can be rewritten as e; My C My,o; and f;Myx C My_,,. Any

simple U-module having one weight in A has all its weights in A.

We would like to argue that when rs~! is not a root of unity, the elements e;

and f; act nilpotently on any finite-dimensional module. For this we require the
following result.

Proposition 3.5. Suppose ( = 7 as functions on U° (resp., U°), where (,n € A
(resp., Agr). If rs™1 is mot a root of unity, then ¢ = 7.

1 is not a

Proof. The result for U° is a straightforward consequence of (3.1), as rs~
root of 1. We will prove the statement for U°. We may assume ¢ = E?:_ll Cay; and

n= Z?z_ll n;0;, where n(;,nn; € Z. The condition that é = 1) gives the equations
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é(wz) — pleis) gleir1,0) — pli—Cim1 gliv1—Gi

— ﬁ(wz) = pTli—Mi-1 gNi+1 =i
C(w;) _ ,r(fi+1,€)8<€z‘,€) — plit1=Gi gli—Ci—1

— ﬁ(w;) — Tm+1—msm—m—1’
where (o = (, = 0 = o = n,- Letting p; = (; — n;, we may rewrite the above
equations as

(36) ple—Ri-1 glit1—Hi — |
(37) rui+1—ui5ui—pi_1 —1.

Combining these we have

(3-8) pHit2—pit1—pithi-1 — 1
(3-9) gHit2—Hit1—HitHi—1 — 1
for i = 1,...,n — 2. Since we are assuming that rs~! is not a root of unity, not

both r and s are roots of unity, so from these relations we see that

(3.10) Pit+2 = fhit1 — fi + pi—1 =0
for i =1,...,n — 2. We claim that the solution to the system of equations given
by (3.10) satisfies

(3.11) por = kpa  and  pogy1 = kps + p-

This is true for pusz as puo = 0. Moreover, pg = pus + po — 1 = 2p2. An easy
induction proves the rest. Now p, = 0, and using that fact in (3.10) we have

(3.12) Bpn—1 = —Hn—2 + fbn-3.

If n = 2m for some m, then (3.11) and (3.12) give p2 = 0. From (3.6), we
have (rs~1)#* = 1, and because rs~! is not a root of unity, this says p; = 0. The
relations in (3.11) then show p; = (; —n; = 0 for all 5. Hence ( = 7 when n is even.

Now if instead n = 2m + 1, then (3.11) and (3.12) show that gy = —mypus. The
equations in (3.6) and (3.7) imply
(3.13) p e g(mAus g and plmADus g=mus 1,

and hence that (rs)#> = 1. Then from (3.13) we see that s s = 1 = pCm+Duz
As not both r and s are roots of unity, s = 0. From this, the desired conclusion
¢ =n follows. O

Corollary 3.14. Let M be a finite-dimensional module for U, s(sl,) or for Uy s(gly)-
If rs™1 is not a root of unity, then the elements e;, f; (1 < i < n) act nilpotently
on M.

Proof. Because M is a direct sum of its weight spaces, it suffices to argue that e;
and f; act nilpotently on each M,. As the weights k/a\i for k =1,2,... are distinct
by Proposition 3.5, and efMX C MX'(@)’ it must be that some power of e; maps
M, to 0. A similar argument applies to show that f; is nilpotent also. [
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84. R-MATRIX AND QUANTUM CASIMIR OPERATOR

Let O denote the category of modules M for U = Uy s(gl,) which satisfy the
conditions:

(O1) U° acts semisimply on M, and the set wt(M) of weights of M belongs to A:
M = @)\ewt(M) My, where My = {m € M | a;.m = r{&A) | bm = sleA)
for all i};

(02) dimg M) < oo for all A € wt(M);

(03) wt(M) C U, cr(p— Q) for some finite set ' C A.

The morphisms in O are U-module homomorphisms. In defining category O for
the algebra U = U, 4(sly,), we replace A by the weight lattice Ag( of sly,.

Category O is closed under tensor product. For any two modules M and M !
in O, we construct a U-module isomorphism Ryp a0 M' @ M — M @ M', by
the method used by Jantzen [Ja, Chap. 7] for the quantum groups U,(g). These
isomorphisms work equally well for U-modules.

The map Ry a is the composite of three linear transformations P, f, ©, which
we now describe:

(i) P=Puyy - MOIM—->MeM, Pm'@m)=mem.

(i) f = fum : M&M — M ® M is such that f(m @ m') = f(\ u)(m & m')
when m € My and m’ € M, where the map f : A x A — K# is defined as follows.
(The map fwill be well-defined on modules in category O by Proposition 3.5.)

Suppose that o, = €, so that o; + aj41 +--- 4+, =¢ fori =1,...,n. Let
A=Zo1® - - ®Lay, = Ler®- - - ® Ley, (the weight lattice of gl,). If A = Z?zl A0
is in the weight lattice A, we define

(4.1) wy =W e
' wh = (@M - (wh_g) b,

which agrees with (1.2) in case A € Q. If also p =Y., ; pic; is in A, we define

(4.2) FO 1) = (W wa) ™

The values of this bilinear form are given by (2.1) and (2.3). It may be checked
that for all A\, u,v € A and 1 <4,j < n, the following hold:

fO+p,v) = fF(\v) f(p,v)
fOvu+v)=fm) v

(4-3) (O‘Jaﬂ) = (ej,p,)s (€5+1,1)
(/\ 041) (6”'1’)‘) (51,)\)

If \,p € Q, then A\, = pu, =0 and



TWO-PARAMETER QUANTUM GROUPS 11

n—1 n—1 n—1
FOu) = [T Ay = T (rlesvearsleocalyimdi = TT (f(w;) ™.
i=1 i,j=1 j=1

For U = U, 4(sl,,), where A is replaced by Ag = (1/n)@Q, this may be taken as the

definition of f once we have fixed roots r1/n* and s/ of r and s in K

We will need to compute

fle€) = flai+ -+ an, a5+ + ag).
Supposing first that 1 <i,5 < n, by (4.3) we have

n—1
Fleir€5) = Whgopansan) ] Floawsog + -+ + o)
k=i

n—1
—r H p{Esay e tan) o= (extp 1,05+ Fan)

k=i
n—1
=7r H r_<€k7€j)s_<€k+17€j)
k=i
st if i<y
=<1 if i=3
T if 7> 7.
Now if 1 <% < n, then
Fleien) = f(ai+ -+ an,an) = (bp,wi) ™+ (b, wp1) " (bn, an) " = s~

f(fnafi) = f(anaai et an) = (wiaan)_l tee (wn—laan)_l(bnaan)_l =T and

f(Cn,Cn) = (bnaan) =1

As a result, the following holds:

Lemma 4.4. For all1 <14, < n, we have

st if 1<j
f(Ei,Cj) = 1 Zf ’i :j
T if > .

(iii) Now we turn our attention to the construction of our final mapping. Observe it
is a consequence of (R2) and (R3) that the subalgebra Ut of U (or of U = U, ,(sl,))
generated by 1 and e; (1 < ¢ < n) has the following decomposition

vt= P uf

CEQT
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where

U<+ ={zeU" |ajz=r"%za;, biz=sD2b;, (1<i<n)}.
The weight space UC+ is spanned by all the monomials e;, -+ e;, such that «;, +
- + azz — C'

Similarly, the subalgebra U~ generated by 1 and the f;’s has a decomposition
U- =6 ceq+ Ues and the spaces UEL and UZ, are nondegenerately paired.

Since A(e;) = e; ® 1 + w; ® e;, we have

Alw)e Y UL w, QUSf
0<v<(¢

for all z € US’ . (In writing this, we are using the standard partial order on @ in
which v < if ( —v € QT.) For each %, there are elements p;(z) and pj(z) € U§+—ai
such that

n—1
Alz)=z®@1+ Zpi(w)wi ® e; + the rest
i=1

n—1
Az) =w; @z + Z eiwc—a; ®P;(z) + the rest,

=1

where in each case “the rest” refers to terms involving products of more than one
e; in the second factor (respectively, in the first factor). (Compare the expressions
in Lemma 5.2 below.)

Lemma 4.6. (Compare [Ja, Lemma 6.14, 6.17].) For all z € UF, z' € Ug,', and
y € U™, the following hold:

(i) pi(a’) = rie sl p ()2’ + api(a’).

(ii) pl(zz') = pl(z)z’ + r €+ s €O pp! ().
(iii) (fiy,2) = (fi,e:)(y, Pi(2)) = (s — 1)~ (y, p}(2))-
(iv) (yfi,x) = (fi,ei)(y,pi(x)) = (s — )"y, pi()).
(v) fix —zfi= (s — )7 (pi(z)w; — wipj(z)).

Proof. The proofs of (i) and (ii) amount to equating the expressions for A(zz') =
A(z)A(z"). We demonstrate the second:
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n—1
A(zz') = were @ zz’ + Z eiWctc—a; @ Pi(zz') + the rest
i=1
n—1
A(z)A(r) = (‘UC ®z+ Z eiW¢—a; @ Pi(z) + the rest) X
i=1
n—1
(“’C’ Rz + Z eiw¢—a; @ pi(z') + the rest)
i=1
= Wt ® 7
n—1
+ Z (eiw¢+41_ai Q pi(z)z’ + weewer—a; ® xp;(w')) + the rest
i=1
= weyer @ o’

n—1
+ Z EiWe e —a; @ (p; (z)z' + T_<€"+1’C)s_“"’g)xp;(a:')) + the rest,
i=1

(using Lemma 1.3). Equating terms gives (ii).
Now for (iii) we argue as follows using the second equation of (4.5):

(fiy,x) = Z(fz‘,ﬂm))(y,x(z))
= (fi, eiwc—a,) (¥, Pi(z))
= (1® fi+ fi ®wj, we—a; ® €i)(y,pi(z))
= (fi, &) (y, pi(z))-

Let’s begin the proof of (v) by observing that it is true if z = 1 € Uy since
pi(1) = p;(1) = 0 for all i. The relation in (v) also holds for z = e;, because
A(ej) = e; ® 1+ w; @ e; implies that p;(e;) = J; ; = pi(e;). We suppose the result

is true for z € UC+ and 7’ € UC",' and prove it for zz’ € UC++C" Now

(fix — zfi)a' — x(fiz' — ' f)
1

= — ((pi(:v)wi — wipi(z))z’ + @ (pi(z")w; — wgpg(f)))

fiza' — z2'f;

1 Yy e ,
= ( (71(61.’C )S( i+1,C )pi(.’E).’BI + x(pz($/)> W

§—T

- wj (p;(x)x’ + 71_<5i+1,QS_(fi,C)xp;(x’)) )

1

= L tiea’ )i~ wlplaa’)). O

Assuming for y € UZ, that p;(y) and p;(y) are defined by
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Aly) =y @wg +sz ) ® fiw¢_qo, + the rest
(4.7) :L 1
Aly) =1®@y+ Z fi @ pi(y)w; + the rest,
=1
the same type of argument produces this analogue of Lemma 4.6:

Lemma 4.8. ForallyeU-,, y' € U_,,, and x € UT, the following hold:
=< =<

/

() pilyy) = piy)y’ + rloD sleemOyp,(y).

(ii) pj(yy") = r={een s Opl(y)y' + ypj(y).

(i) (y,eiz) = (fzaez)(pz( ),z) = (s =)~ (pi(y), (2))-
(iv) (y,7e;) = (firea) @i(y), x) = (s — )~ (Pi(y), z).-
(v) ey —ye; = (r—s) ™ (wipi(y) — pi(y)w}).-

Because the spaces US’ and U__C are nondegenerately paired, we may select a
basis {ui}zil, (d¢ = dimg U"), for U7 and a dual basis {v,ﬁ}iil for UZ,. Then
for each = € UC+ and y € U__C we have

d¢ d¢
(4.9) x = Z(v,ﬁ,m)ui and y = Z(y,ui)v,ﬁ.
k=1 k=1

For ( € QT = @?:_11 Z> o0, we define

d¢
= ng ®ui.
k=1
Set O, = 0if ¢ ¢ Q.

Lemma 4.10. (i) (a; ® a;)O¢ = O¢(a; @ a;);
(i) (b ® b;)O¢ = O¢(b; ® bi);
(i) (s ® 1)O¢ + (wi ® €;)O¢—q; = Oc(e; ® 1) + O¢—q, (w] ® €;);
(iv) (1® fi)O¢ + (fi ® w;)O¢—a; = Oc(1® fi) + O¢—a, (fi @ wi);
for1<i<mn.

Proof. The first two are easy to check. We demonstrate (iv) and leave (iii) as an
exercise. The calculation below will use (iii)-(v) of Lemma 4.6 and (4.9).
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(1® f)O¢ —O¢(1® f;)
= ka (fu§ —u f;)

- wéPé(Ui))

1 —es
e ( 3 (57 )™ |
S o ol | 32 057 )
k

= ZU,E ® Z(vjc-_aifi, ui)ug_ai wj

k J

- Zv,% ® Wi Z (fing—ai’ ui)uﬁ_aj
k

- Z (Z(v§_ai fis ui)vé) ® ug_‘“wi

i k

_ Z <Z(fi,v§_—ai’ u ) C) ®wlu§ a;
J k

_Z,UC alf;@uc az ZfZCCh@w Q;

= ®€—ai(fi ®wi) - (fz ® wi)eC—ai'

Consequently, (iv) holds. [

We now define

CEPNCY

CEQT

(which we can think of as living in the completion of U ® U where infinite sums are
allowed). For fixed U-modules M and M’ in O, we may apply © to their tensor
product:

@ZGM,MI:M(X)M’—)M@M’.

Note that © : M) (X)MI’J — My_¢ ®MM+C for all A, u € A, and because of condition
(03), there are only finitely many ¢ € Q* such that M’ u+c 7 0. Hence, this is a

well-defined linear transformation on M Q@ M.
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We can choose countable bases of weight vectors for both M and M’ and their
tensor products as a basis for M ® M’. Then ordering this basis appropriately
shows that each ©, with ( > 0 has a strictly upper triangular matrix. Because
©p = 1®1 acts as the identity transformation on M ® M’, Oz, u- is an invertible
transformation.

Theorem 4.11. Let M and M’ be modules in O. Then the map

OofoP:MQM—> MM

s an isomorphism of U-modules.

Proof. Since each of the maps is invertible, once we show that @ofoP is a U-module
homomorphism, we will be done. The proof amounts to verifying that

(4.12) Aa)(©®o foP)(m' ®@m) = (0o foP)A(a)(m' ®m)

holds for all @ € U, m € My and m’ € M - Because A is an algebra homomor-
phism, it suffices to check (4.12) on the generators e;, f;, a;, b;. We will present the
computation just for a = e;. In this case, the right side of (4.12) becomes

(©0 foP)A(e;)(m' ® m) = (O 0 f o P)(esm’ @ m +wim/ @ e;m)
= (00 f)(m® eim’ + e;m @ wm')
=f\ p+ a)O(m ® eym’) + f(A+ ai, p)O(e;m @ wym)

Fup+ o) (294) (1®e)(m@m')
+ O+ ai,u)(z O ) (e @ wi)(m @ m')
e
Now let’s compute the left side using (iii) of Lemma 4.10:

A(e)(© 0 fo P)(m' ©m) = f(\, 1) A(e)O(m @ m)
= fOmes@1) (; Oc) (mem)
O ® ei>(;®<_ai)<m @m')
- f(/\,u)(;(ac) (esm @ m')
+ f(/\,/ﬁ)(%: Oc-a. ) (wim ® e;m)
= (A, ) (o g=(esrnn) (Z O¢ ) (eim @ wym’)

+ f(, pyrie? ““”(Z@C a) (m ® e;m”).
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This expression can be seen to equal the previous one by (4.3). (Note in this
computation we have made liberal use of the fact that 3. ©¢ = >, O¢_q, because
of our convention that ©, = 0 whenever n ¢ Q*.) O

Quantum Casimir operator.

In this subsection, we construct a quantum Casimir operator which commutes
with the action of U on any U-module in O.

Again letting {ui}iil and {v,‘;}iil be dual bases for Ul and UZ, respectively
(d¢ = dimg UEL ), define

d¢
(4.15) Q= >3 Swp)uf,

CeEQT k=1

where S denotes the antipode. Note that by (3.4), Q preserves the weight spaces
of any M € O.

Lemma 4.16. For M € O, assume m € My. Then
(i) Qejom = (rs~1) (@At e, Qm,
(i) Qf;m = (rs=1){@N £,Q.m.

Proof. Apply mo (S ® 1) to Lemma 4.10 (iii), where m is the multiplication map.
As S is an algebra anti-automorphism, this yields

d¢ d¢—a;
— ZS(U,%)wi_leiui + Z S(Ug_ai)wi_leiug_ai

d¢ d¢—ay
S Zw[leiS(vg)ui + Z (wé)_IS(U,g_ai)ui_aiei.
k=1 k=1

Now act on m € M), with the result, and sum over all ¢ € Q*. The two sums on
the left side cancel, while the right side produces

wi e Qem = (w)) "1 Qe;m.

By definition, (2 preserves weight spaces, and so e;Q2.m, Qe;.m € My4q,. Therefore
we have

T—<€i7>\+ai)5—<€i+17>\+ai>eiQ.m — ,r—<€i+17/\+ai)8—<5i7/\+ai>Qei'm’

which is equivalent to (i).
The proof of (ii) is virtually identical, and uses Lemma 4.10 (iv). O

Now we introduce a certain function g : A — K# on the weight lattice A =
Zoar1® - Loy, =7.€1® - D Ley, of gl,. If p denotes the half sum of the positive
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roots, then 2p = Z?Zl(n—i- 1—2j)e; € A. We fix roots 71/2 and s*/2 and for X € A,
set

(4.17) g(\) = (rs™h)EAF20N),

Because (p, ;) =1 foralli=1,...,n — 1, it is straightforward to verify that

(4.18) g+ i) = (rsTh) At g(y)

forall A€ A, i€ {1,... ,n—1}.
For M € O, define the linear operator =: M — M by

(4.19) E(m) = g(M\)m

for all m € My, A € A. Then = is well-defined by Proposition 3.5. (It is necessary
to first fix roots 71/2" and /2" of r and s in K for U = U, 4(sl,).)

Theorem 4.20. The operator Q= : M — M commutes with the action of U on
any module M € O.

Proof. As Q= preserves the weight spaces of M, it commutes with the action of
ai,b; (1 <14 <n). It remains to show that Q= commutes with e;, f; (1 < i < n).
Let m € M. By Lemma 4.16 (i) and (4.18), we have
Q=(e;m) = g(A+ a;)Qe;.m
= (rs~1){@Ate) 6 (X\)Qe;.m
=g(A)e;Q.m = ¢;Q=(m).

The calculation for f; is similar. O

§5. YANG-BAXTER EQUATION AND HEXAGON IDENTITIES

For pairs M, M " of U-modules in category O, we will show first that the maps
Ryrpr =©ofoP: MOM' — M'® M satisty the quantum Yang-Baxter equation.
That is, given three U-modules M, M', M" in O, we have Ri3 0 Ra3 © R15 =
Ry3 0 R15 0 Ry3 as maps from M @ M' @ M" to M" ® M' ® M. This abbreviated
notation is standard, for example R;2 is an application of Ry to the first two
of three factors and the identity map on the third factor.

We will need the following inner product relation. If z € Uj’ , y € UZ,, and
¢,n € @, then

(5.1) (yw'c,:cw,,) = (y,x)(wé,wn).
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To derive this, we apply (4.5) and (4.7), keeping in mind that we need to take the
opposite coproduct in the first position (equivalently, reverse the order of the factors
in the second position):

(ywe, zwn) = (y ® we, A(z)A(wy))
= (v, wwn)(wg,wn)

= (A(y), wn ® z)(we, wy)
=(

Y, &) (W, wy)-

Lemma 5.2. Let x € U andy € UZ,. Then
(i) A@) = Poceay Xy (0]~ 0, 0)u]Cwe ® w5,
(ii) A(y) :Eoggng ,J(ya ul” ¢ C)U ® v~ ‘w Ig

Proof. As © € Uj, we have A(z) € Ygcocn U cwe @ UF . Let c - € K be such

that
C ¢ ¢
l] ;Y wc ® Uj.
(%]

Then for all k£, 4, and v, we see from (5.1) that

Y—v

(e "vf,2) = (v " ® v, Al))

= Z czg,j (/UZ_V7 “Z_ch)(ﬂfa U]C) = CZZ?
Cysd

which proves (i). The argument for (ii) is similar. [

Letting O = 3° o+ D, u] ®v/, O12 = Do+ 20 Vi i ®u] ®1, 67,3 = eljofzja
and defining the other expressions in a like manner, we have the following identities
for operatorson M @ M’ @ M".

Lemma 5.3. (i) (A ® 1)(©°) o f3; 0 f35 = ®§1 ° @§2-
(i) fa1 0 fa20O12 = O12 0 fa1 0 fo.

Proof. Let m € My, m" € M, and m" € M. Then by Lemma 5.2(i) and (4.9),
the left side of (i) applied to m @ m’ @ m” is

(A®1)(O%) o farofss = f(v, ) f(r, V(A @ 1) (D u] ®v])

7,k
f(v,X) ZZ 7<C u;’_gw<®u§®vg
7k ¢6d

FO ) Dl we@us @ (O (0] v, ul)v))
’Y’C,i’j k

FX) D0 ul ™ we @ u§ @ v ™S,

75Cs85
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On the other hand,

of, o0l mem'em”) = f(r,p) Y fv-¢Nulm@uim’ @ vlvim”
15€58,J

= fw,m)f,2) D F(=6Nu] @ u§ @ v]vf (m @ m' @ m").
1,¢58,5

Changing variables in the first expression above to n = v — (, and noticing that
we.m = f(—=¢, \)m, we obtain the second expression, proving (i).
Identity (ii) results from a simple calculation using (4.3). O

We are now ready to verify the quantum Yang-Baxter equation.

Theorem 5.4. (Compare [Ja, §7.6].) Ri2 © Ra3 0 R1s = Ra3 0 R15 0 Ra3 as maps
from MM Q@ M" to M" @ M' @ M.

Proof. Note that P, 0 ©f, = ©f . o P, for all permutations o, and that the f;;
commute with one another. Applying Lemma 5.3 and Theorem 4.11, we have

R12°R230R12:P12°P23°®§106§20R12
= P10 Py 0 (A®1)(O%) 0 f310 f320O150 fiz 0 Py
= P10 Py30 (A®1)(0°P) 0150 fa1 0 fag 0 f1z 0 Prg
= P10 P30 (A®1)(0°P) 0150 f150 Py o fa 0 fa
= P10 Py 0 (A®1)(O%) 0 Riz0 faz 0 fa
= P10 P30 Ri30 (A®1)(O%) 0 fay 0 fa
= Py 0 Py300{,0P1500] 00/,
=0, 0 P13 0 Py3 0 Py 0 ©f; 0 01,
= 0] 0 Py 0 Piy 0 Py 0 0, 00,
= ©f; 0 Py3 007, 0 Py 00l 0 Py
= Ra3 0 Rjp 0 Rp3. [

Next we will verify the hexagon identities. For this we require two additional
lemmas regarding operators on M @ M' @ M".

Lemma 5.5. (A® 1)(0;) = Yoccer (04-0)23(00)15(1 @ w} & 1), and
(1 [ A)(@,y) = ZOSCSV(G’Y—C)D(@C)B(l ® we ® 1).
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Proof. By the definition of ©., Lemma 5.2(ii), and (4.9), we have
(A®1)( Z A(v]) ® u]

—ZZ v®v7€l®uk

k (5.
=Y v @0 W@ (Y (v, u] " uf)u])
(%] k
_ ¢ ¢ s
=D v ®v] W @u]
G

- Z (©47-¢)23(0¢)13(1® w’< ®1).

0<¢<y

The second identity may be checked in just the same way. O

:Eemma 5.6. }.“12 o (6")13 = (@n)13 (@) ,(\,1 ® Wy ® 1) o ﬁz’ and
f230(Op)13 = (Oy)130 (1@ wy, ®1) 0 fo3.

Proof. Let m € My, m" € M;,, m" € M. Then
frz0 (@)s(m@m’ @m") = f(A—n,p) Yy vjm @ m' @ ulm"
i

= O f(=n,m) Y vimem' @ ul'm”
i
= f(\p) Z vim Q wym' @ ulm”
i

= (Op)13°(1Qw, ®1) 0 fra(m@m' @ m”).

The second identity can be shown using w;,m’ = f(u,n)m’. O

We continue with our assumption that M, M’, and M" are U-modules in O. To
verify the hexagon identities, let f’ denote the transformation on M" ® M ® M’
taking m" ® m @ m' € M, ® My ® M, to f(v, A+ p)m" @ m @ m'. Let " be
the transformation on M' ® M" ® M taking m' @ m" @ m € M, ® M, ® My to
flp+rv,\)m'®@m" @m. Asin [Ja, Thm. 3.18], the hexagon identities are equivalent
to Ri2 0 Ras = (1 ® A)(©) o f' o Piy o Pp3 as maps from M ® (Mo M") —
(M" @ M) ® M’, and Rp3 0 Riz = (A ® 1)(©) o f” o Py3 o Pi5 as maps from
(MM M"to M'® (M"® M).

Theorem 5.7. The hexagon identities hold, that is,
(i) Riz 0 Raz = (1® A)(©) 0 f" 0 Py 0 Py3, and
(ll) R23 o R12 = (A ® 1)(@) o] f” e} P23 o P12.
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Proof. Let m @ m' @ m" € M) ® M, ® M,/. By Lemma 5.5, the right side of (i)
applied to m ® m’' @ m'’ gives

(18 A)(©)of 0 Piy 0 Pog(m @ m' @ m”)
—fl/A-i—pL Z Z y— C12 @4)13(1®w4®1)(m"®m®m').
YEQT 0<(<y

On the other hand, by Lemma 5.6, the left side of (i) can be seen to equal

B0 }712 0 P150055 0 f~'23 o Py3(m®@m' @ m")
= O30 f1200130 f1z(m” @ m @ m')

= Z @120(8")130(1@9&)"®1)0]7120J213(m"®m®m')
neQ+
= f(r,\) f(v,pn) 26120 130 (1Q@w, ® 1)(m" @ m@m').
neEQt

Then because f(v, A+ u) = f(v,\) f(v, 1), a change of variables shows that this is
equal to the right side of (i). The proof of (ii) is similar. [

Remark 5.8. O is a braided monoidal category with braiding R = R s for each
pair of modules M', M in O.

§6. ISOMORPHISMS AMONG QUANTUM GROUPS

We will now investigate isomorphisms among the two-parameter quantum groups,
and their connections with multiparameter quantum groups. The case n = 2
is special, and the two parameters collapse to one in the following sense. Let
r,r',s,8' € K# andr # s, v # s'. If rs™! = r'(s’)71, there is an isomorphism of
Hopf algebras

¢ : Uy 5(slz) = Up o (sl2)

given by ¢(w*l) = ¥, (()E) = (@)=L, g(e) = & B(f) = r=4r" f, where «7
denotes generators of U, s (slz). (When dealing with sly, we omit the subscript “1”
on the generators.) The proof is a simple check that the relations and coproducts are
preserved. In particular, if ¢ is a square root of rs~!, then U, 4(slo) =2 U, ,-1(sl>) as
Hopf algebras. Therefore the one-parameter quantum group U, (sl) is isomorphic
to the quotient of U, 4(sly) by the ideal generated by w’ — w‘l.

If n > 3, there is no such isomorphism, as the following proposition shows.

Proposition 6.1. Letn > 3, and assume there is an isomorphism of Hopf algebras
¢ : Ups(sly) Uy g-1 (s1y)

for some q. Thenr =q and s = ¢~ 1.

Proof. Let ¢ be an isomorphism as hypothesized, and assume

71 Ugg-1(8ln) = Ug(sly)
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is the surjection onto the standard one-parameter quantum group of [Ja] given by
m(e;) = Ei, n(fi) = Fy, m(wi') = K&, n((w)*) = KF'. For 1 <i<n-—1, we
have

A(rd(e) = md(Alei) = (e @ 1+ w; @ &)

(6.2) = nd(e;) @ 1+ Th(wi) @ Th(es).

Note that m¢(w;) is necessarily a group-like element. Therefore w¢(e;) is a skew-
primitive element in Uy(sl,). By Theorem 5.4.1, Lemma 5.5.5, and the subsequent
comments in [M], the set of group-like elements in Uy(sl,,) is the group G generated
by K; (1 < j <n—1), and the skew-primitive elements together with the group-like
elements span the subspace

n—1
Y (KE; + KF;) + KG.

j=1
Therefore
n—1
Thlen) = Y _ 0GB +BiF+ Y v,
Jj=1 g€eEG

for some scalars o}, 8%,7% (1 <4,j <n—1, g € G). Consequently

n—1
A(rdle)) =Y oi(B; @1+ K;@E)+ (10 F;+ F; @ K7 )+ > ~ig®g.
Jj=1 9€eG

By (6.2), this must be equal to

n—1
D (B @1+ BiF; @147 (w;) @ By +m(wi) ®BLF;) + Y (vag®@1+m(wi)®7Lg).
Jj=1 g

Comparing these two expressions, and noting that 7¢(w;) # 1 as ¢ is an isomor-
phism (or by the comparison of expressions), we see first that

n—1 n—1
Y lEj +4i1 = (aiE; + BiF) + D yig +vimd(wi).
j=1 j=1 9eG

Therefore v, = 0 for all g except g € {1, 7¢(w;)}, ’77ir¢(wi) = —74, and all 8 = 0.
We now have

mhle) = >, B +i(1—wh(ws).

1<jsn—1

A further comparison of coproducts yields

nia;i (Bjo1+K;@E;) +91 (101 - mh(w;) ® n(w))
j=1
- nz_:l o (Ej ® 1+ 1(wi) ® Ej)

1

(101 - mh(wr) @ 1) + 7 (rd(w) @ 1 — mh(wr) @ 7w ).

<
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which implies that

ozg-(Kj —7mp(w;)) =0, forall 1<j<n-1

1:.

Thus all a;'- = 0 except possibly one, and some o]

surjective. Therefore m¢(w;) = Kj,.
Next we will apply 7¢ to relation (R2’) and use the relations in U, (sl,):

, must be nonzero as m¢ is

wPp(wie;) = WqS(Ts_leiwi)
Kj (o} Ej, +7i(1 - Kj,)) = rs™ (o, Bj, + 1 (1 - K;,)Kj,
ag'iq2Ejini + Vini - 'Yingl = a;-i‘rs_lEjini + 7%745_1]{3'1' - 'ViTS_le?i'

This forces rs™! = ¢2, and 7% = 0 as 7 # s. Applying relation (R2’) again, we have

np(wieir1) = mP(seip1w;)

o i+l ) i+l ) )
Kjiaji+1EJi+1 - aji+1 8E.7i+1 KJi

i+1 (o ,05,.0,) it o .
O‘j¢+1q ¢ it EJi+1KJi - ajH_lSEJH-lKJi'

Thus s = ¢'%+%+1) must hold. By relations (R5) and (R6), we see that |;—ji11| =
1, so that in fact s = ¢~!. Combining this with rs=! = ¢? we now have r = q as
well. O

Multiparameter quantum groups.

Deformations of GL,, involving 1+ (g) parameters were constructed indepen-
dently by several authors (see [AST], [R], [S]). The dual version is a multiparameter
universal enveloping algebra, which was studied by Chin and Musson [ChM] and
Dobrev and Parashar [DP]. We will show that our two-parameter quantum groups
are essentially special cases of these multiparameter quantum groups, as should be
expected. We adopt the notation of Chin and Musson.

The 1+ () parameters are denoted A and p; ; (1 < i < j < n) in [ChM]. Set

A=rs"!and p;; = s for all i < j. Let U be the Hopf algebra generated by
E;,F; (1<i<n)and KilLl,LZ*L:l (1 < < n) with relations given by

(ChM0) The K;', L' all commute with one another and K;K; ' = L;L;".

(ChM1) K ;E; =r%uis %i-1E;K; and K, F; = r0uigdui-1 FK;.
(ChM2) L;E; = r‘siﬁj—ls‘siﬁjE’iLj and L;F; = r_‘siﬁj—ls_‘si‘jFiLj.
(ChM3) E;F; —r 'sFE; = (r~'s — 1)(Lip1 Kia L7 T K - 1).
(ChM4) E;F; = rluit1s7%i-1F;E; if § # j.

(ChM5)  ad,(E;)*~ (%) (E;) = 0 and ad,(F;) (@ (F;) = 0 if i # j.

These relations are given in [ChM, Thm. 4.8] (for more general A, p; ;) as
relations for a Hopf algebra that is defined as a subalgebra of the finite dual A°
of a multiparameter quantum function algebra A. In addition, Chin and Musson
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give one more set of conditions: (ChM6) those relations among the K;, L; which
determine the structure of the group they generate as a subgroup of the group of
units of A°. This results in a Hopf algebra U (denoted U in their paper). Thus
the multiparameter Hopf algebra U of Chin and Musson is the quotient of our U
by their relations (ChM6) (in case A = rs~! and p; ; = s™1).

The Hopf structure of U is defined by requiring K, L; to be group-like elements
and

A(B)=E; @1+ LinL7'®E;, A(F,)=F,®1+K;1K'®F,.

Proposition 6.3. There is a Hopf algebra morphism ¢ : U— Ur,s(gl,) given by

¢(Li) = a1+~ ai—1b - by,
G(K;) = b7t b aigr - an,
P(E;) = —sH(r — 5)’e;,

P(F;) = (i)~ fi.

The proof is just a check that the relations of U are preserved by ¢, and that
the coproducts of the generators correspond to the coproducts of their images.

Remark 6.4. Note that the kernel and cokernel of ¢ are generated by group-like
elements. We have w; = ¢(L; 'Lit1) and w] = ¢(K;K; ), which implies that
Uy s(sly) is contained in the image of ¢. In case n = 2, it is easy to see that ¢ is an
isomorphism. If n = 3, straightforward calculations show that the cokernel of ¢ is

precisely K(a!).
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