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Abstra ct. Consider the coradical �ltration of the Hopf algebras of planar binary
trees of Loday and Ronco and of permutations of Malvenuto and Reutenauer. We
show that the associated graded Hopf algebras are dual to the cocommutativ e Hopf
algebrasintro duced in the late 1980'sby Grossmanand Larson. These Hopf algebras
are constructed from ordered trees and heap-orderedtrees, respectively. We also show
that whenever one starts from a Hopf algebra that is a cofree graded coalgebra, the
associated graded Hopf algebra is a shu�e Hopf algebra. This implies that the Hopf
algebrasof ordered trees and heap-orderedtrees are tensor Hopf algebras.

Intr oduction

In the late 1980's, Grossmanand Larson constructed several cocommutativ e Hopf
algebrasfrom di�erent families of trees (rooted, ordered, heap-ordered),in connection
to the symbolic algebra of di�erential operators [10, 11]. Other Hopf algebrasof trees
have arisenlately in a variety of contexts, including the Connes-KreimerHopf algebrain
renormalization theory [5] and the Loday-Ronco Hopf algebra in the theory of associa-
tivit y breaking [16, 17]. The latter is closelyrelated to other important Hopf algebrasin
algebraiccombinatorics, including the Malvenuto-ReutenauerHopf algebra[20] and the
Hopf algebraof quasi-symmetricfunctions [19, 24, 28].

This universeof Hopf algebrasof trees is summarizedbelow.

Family of trees Hopf algebra
rooted trees

Grossman-Larson orderedtrees non-commutativ e,
89-90 heap-ordered cocommutativ e

trees
Loday-Ronco planar binary non-commutativ e,

98 trees non-cocommutativ e
Connes-Kreimer rooted trees commutativ e,

98 non-cocommutativ e
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Recent independent work of Foissy [6, 7] and Ho�man [13] showed that the Hopf
algebra of Connes-Kreimeris dual to the Hopf algebra of rooted trees of Grossman-
Larson. This Hopf algebra also arisesas the universal enveloping algebra of the free
pre-Lie algebra on onegenerator,viewed as a Lie algebra[4].

Foissyalsoshowed that the Hopf algebraof Connes-Kreimeris a quotient of the Hopf
algebraof Loday-Ronco[7], seealso [3].

We show that the Grossman-LarsonHopf algebrasof orderedtreesand heap-ordered
trees are dual to the associated graded Hopf algebrasto the Hopf algebra YSym of
planar binary treesof Loday and Roncoand the Hopf algebraS Sym of permutations of
Malvenuto and Reutenauer,respectively. This is donein Theorems2.5 and 3.4.

The essential tool we use is the monomial basis of YSym and S Sym introduced in
our previousworks [2, 3]. We obtain explicit isomorphismsin terms of the dual basesof
orderedand heap-orderedtrees of Grossman-Larsonand the monomial basesof YSym
and S Sym, respectively. Theseresultsprovide unexpectedcombinatorial descriptionsfor
the associated gradedHopf algebrasto YSym and S Sym. On the other hand, together
with the result of Foissyand Ho�man, they connectall Grossman-LarsonHopf algebras
of treesto the mainstreamof combinatorial Hopf algebras.

It follows from our results that the associated gradedHopf algebrasto the Hopf alge-
bras of Loday-Ronco and Malvenuto-Reutenauerare commutativ e, a fact which is not
obvious from the explicit description of the product of thesealgebras.Greg Warrington
proved this for the Malvenuto-ReutenauerHopf algebra by other means(private com-
munication). In Corollary 1.5 we show, more generally, that whenever one starts from
a Hopf algebra that is a cofreegraded coalgebra,the associated graded Hopf algebra
is a shu�e Hopf algebra (in particular, it is commutativ e). This also implies that the
algebrasof Grossmanand Larson are tensor Hopf algebras(Corollaries 2.7 and 3.6). It
wasknown from [10] that thesealgebrasare free. The fact that they are actually tensor
Hopf algebrasis evident for the caseof orderedtrees,but the caseof heap-orderedtrees
requiresextra e�ort. We make useof the �rst eulerian idempotent for this.

1. Cofree graded co algebras and Hopf algebras

A coalgebra(C; � ; � ) over a �eld | is called graded if there is given a decomposition
C = � k� 0Ck of C as a direct sum of | -subspacesCk such that

�( Ck) �
X

i + j = k

C i 
 C j and � (Ck) = 0 8 k 6= 0:

The coalgebrais said to be graded connected if in addition C0 �= | .

De�nition 1.1. A gradedcoalgebraQ = � k� 0Qk is said to be cofree if it satis�es the
following universal property. Given a gradedcoalgebraC = � k� 0Ck and a linear map
' : C ! Q1 with ' (Ck) = 0 whenk 6= 1, there is a uniquemorphismof gradedcoalgebras
'̂ : C ! Q such that the following diagram commutes

C
^'

��

�������

' �

� �

�

�

�

�

�

�

�

Q

�
��

�

�

�

�

�

�

�

�

Q1

where� : Q ! Q1 is the canonicalprojection.
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Let V be a vector spaceand set

Q(V) :=
M

k� 0

V 
 k :

We write elementary tensors from V 
 k as x1nx2n� � � nxk (x i 2 V) and identify V 
 0

with | . The spaceQ(V), gradedby k, becomesa gradedconnectedcoalgebrawith the
deconcatenation coproduct

(1.2) �( x1nx2n� � � nxk) =
kX

i =0

(x1n� � � nx i )
 (x i +1 n� � � nxk)

and counit given by projection onto V 
 0 = | . Moreover, Q(V) is a cofree graded
coalgebra[30, Lemma 12.2.7].

By universality, any cofreegradedcoalgebraQ is isomorphicto Q(V), whereV = Q1.
We refer to Q(V) as the cofreegradedcoalgebracogenerated by V.

Remark 1.3. The functor Q from vector spacesto gradedcoalgebrasis right adjoint to
the forgetful functor C 7! C1 from gradedcoalgebrasto vector spaces.Q(V) is not cofree
in the category of all coalgebrasover | . However, Q(V) is still cofreein the category
of connectedcoalgebrasin the senseof Quillen [23, Appendix B, Proposition 4.1]. See
also [30, Theorem12.0.2].

If V is �nite dimensional, the gradeddual of Q(V) is the tensor algebraof the dual
spaceof V .

We are interested in Hopf algebra structures on cofreegraded coalgebras. There is
recent important work of Loday and Ronco in this direction [18], but their results are
not prerequisitesfor our work.

In the classicalHopf algebra literature usually only one Hopf algebra structure on
Q(V) is considered:the shu�e Hopf algebra. This is the only Hopf algebrastructure on
Q(V) for which the algebrastructure preservesthe grading (Theorem 1.4 below). There
are, however, many naturally occurring Hopf algebrasthat are cofreegradedcoalgebras
and for which the algebrastructure doesnot preserve the grading; seeExamples1.7.

The shu�e Hopf algebra. Let V be an arbitrary vector space. There is an algebra
structure on Q(V) de�ned recursively by

x � 1 = x = 1 � x

for x 2 V, and

(x1n� � � nx j ) � (y1n� � � nyk) =

x1n
�

(x2n� � � nx j ) � (y1n� � � nyk)
�

+ y1n
�

(x1n� � � nx j ) � (y2n� � � nyk)
�

:

Togetherwith the gradedcoalgebrastructure (1.2), this results in a Hopf algebrawhich
is denotedSh(V) and called the shu�e Hopf algebra of V .

A Hopf algebraH is called graded if it is a gradedcoalgebraand the multiplication
and unit preserve the grading:

H j � H k � H j + k ; 1 2 H 0 :

The shu�e Hopf algebraSh(V) is a gradedHopf algebra. Moreover, it is the only such
structure that a cofreegradedcoalgebraadmits.
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Theorem 1.4. Let H = � k� 0H k be a graded Hopf algebra which is cofree as a graded
coalgebra. Then there is an isomorphismof graded Hopf algebras

H �= Sh(H 1) :

Proof. We may assumethat H = Q(V), with V = H 1. By hypothesis,the multiplication
map is a morphism of graded Hopf algebrasm : H 
 H ! H , where the component of
degreek of H 
 H is

P
i + j = k H i 
 H j . By cofreeness,m is uniquely determined by the

composite
H 
 H m�! H ��! H 1 ;

which in turn reducesto

(H 
 H )1 = H 0
 H 1 + H 1
 H 0 m�! H 1 :

Also by hypothesis,H 0 = | � 1 where1 is the unit element of H . Hencethe above map,
and then m, are determinedby

1
 x 7! x and x 
 1 7! x :

This shows that there is a unique multiplication on H that makes it a graded Hopf
algebra. Sincethe multiplication of the shu�e Hopf algebraof H 1 is onesuch map, it is
the only one. Thus, H is the shu�e Hopf algebraof H 1. �

Let H = Q(V) be a Hopf algebra that is a cofree graded coalgebra. We do not
insist that the algebra structure of H preserves this grading. We have H 0 = | , H 1 =
V = P(H ), the spaceof primitiv e elements of H , and H k = V 
 k . Consider the spaces
F 0(H ) � F 1(H ) � F 2(H ) � � � � � H de�ned by

F k(H ) := H 0 � H 1 � � � � � H k :

This is the coradical �ltr ation of H : the elements h 2 F k(H ) are characterizedby the
fact that in the iterated coproduct � (k)(h) every term has a tensor factor from | . It
follows that the algebrastructure of H necessarilypreservesthis �ltration:

F j (H ) � F k(H ) � F j + k(H )

(see[21, Lemma 5.2.8] for a more generalresult). Let gr(H ) be the associated graded
Hopf algebra. As a coalgebrait is isomorphic to H , but its multiplication has been
altered by removing terms of lower degreefrom a homogeneousproduct. More precisely,
if m is the multiplication map on H , then the multiplication map m on gr(H ) is the
composition

m : H j 
 H k m
�� F j + k(H ) ��	� � H j + k :

The main goal of this paper is to obtain explicit combinatorial descriptions for the
associated gradedHopf algebrasto the Hopf algebrasYSym and S Sym of Examples1.7.
This is donein Sections2 and 3. It follows from thesedescriptionsthat theseassociated
gradedHopf algebrasare commutativ e. This much is a generalfact, aswe now show.

Corollary 1.5. Let H be a Hopf algebra that is a cofree graded coalgebra. Then its
associated graded Hopf algebra gr(H ) is the shu�e Hopf algebra Sh(H 1). In particular,
gr(H ) is commutative.

Proof. SinceH �= gr(H ) ascoalgebras,Theorem1.4 appliesto gr(H ). �
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Remark 1.6. Theorem 1.4 and Corollary 1.5 may also be deducedfrom [30, Theorem
12.1.4]. We complement the proof of Corollary 1.5 with a direct argument that makes
the commutativit y of gr(H ) transparent.

Let H be a Hopf algebrathat is a cofreegradedcoalgebra.We show that the commu-
tator [H j ; H k] � F j + k� 1(H ), and hencevanishesin gr(H ). Let x = x1nx2n� � � nx j 2 H j

and y = y1ny2n� � � nyk 2 H k . We show that [x; y] 2 F j + k� 1(H ) by checking that every
term in the iterated coproduct � (j + k� 1)([x; y]) hasa tensor factor from | .

Observe that � (a� 1)(x) 2 H 
 a is the sumover all waysof placing j balls (corresponding
to the components of x) into a bins (corresponding to the a tensorfactors). For example,
when j = 4 and a = 5, we have

t t t t  ! x1
 1
 (x2nx3)
 x4
 1:

Then the terms of � (j + k� 1)(xy) = � (j + k� 1)(x)� (j + k� 1)(y) correspond to placements of j
balls (for x) and then k balls (for y) into j + k bins. Such a placement will have an empty
bin, and hencea 1 in the corresponding tensor, in every caseexceptwhenthere is exactly
oneball in each bin. However, every such term will alsobe a term in � (j + k� 1)(yx), and
sowill not appear in the commutator

� (i + j � 1)([x; y]) = � (i + j � 1)(xy) � � (i + j � 1)(yx) :

This provesthat [x; y] 2 Fi + j � 1(H ), and hencethat gr(H ) is commutativ e.

The cofreegradedcoalgebrasweare interestedin carry a secondgrading. With respect
to this secondgrading, but not with respect to the original one, they are in fact graded
Hopf algebras.The generalsetup is as follows.

SupposeV = � i � 1Vi is a gradedspaceand each Vi is �nite dimensional. Then Q(V)
carriesanother grading, for which the elements of Vi 1


 � � � 
 Vi k have degreei 1 + � � � + i k .
In this situation, we refer to k as the length and to i 1 + � � � + i k as the weight. The
homogeneouscomponents of the two gradingson Q(V) are thus

Q(V)k := V 
 k and Q(V)n :=
M

k� 0
i 1+ ��� + i k = n

Vi 1

 � � � 
 Vi k :

Note that each Q(V)n is �nite dimensional.The gradeddual of Q(V) with respect to the
grading by weight is the tensor algebraT(V � ), whereV � := � i � 1V �

i denotesthe graded
dual of V.

The graded dual of Sh(V) with respect to the grading by weight is the tensor Hopf
algebraT(V � ), in which the elements of V � are primitiv e.

Examples 1.7. We give someexamplesof cofreegradedcoalgebras.
(1) The Hopf algebra of quasi-symmetricfunctions. This Hopf algebra,often denoted

QSym, has a linear basis M � indexed by compositions � = (a1; : : : ; ak) (sequencesof
positive integers). See[19, 24, 28] for more details. QSym is a cofreegradedcoalgebra,
as follows. Let V be the subspacelinearly spannedby the elements M (n) , n � 1. Then
QSym �= Q(V) via

M (a1 ;:::;ak )  ! M (a1 )n� � � nM (ak ) :

This isomorphismidenti�es V 
 k with the subspaceof QSymspannedby the elements M �

indexed by compositions of length k. QSym is not a shu�e Hopf algebra: the product
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doesnot preserve the grading by length. For instance,

M (n) � M (m) = M (n;m ) + M (m;n ) + M (n+ m) :

In this case,V is gradedby n, and the grading by weight assignsdegreea1 + � � � + ak to
M � . The Hopf algebrastructure of QSym doespreserve the grading by weight.

This is an exampleof a quasi-shu�e Hopf algebra [12]. According to [12, Theorem
3.3],any (commutativ e) quasi-shu�e Hopf algebrais isomorphicto a shu�e Hopf algebra.
The isomorphismdoesnot however preserve the gradingby length, and thus its structure
asa cofreegradedcoalgebra.For more on the cofreenessof QSym, see[1, Theorem4.1].

(2) The Hopf algebra of planar binary trees. This Hopf algebra was introduced by
Loday and Ronco [16, 17]. We denote it by YSym. It is known that YSym is a cofree
gradedcoalgebra[3, Theorem7.1,Corollary 7.2]. The product of YSymdoesnot preserve
the grading by length (but it preserves the grading by weight). YSym is not a shu�e
Hopf algebra,not even a quasi-shu�e Hopf algebra. SeeSection2 for more details.

(3) The Hopf algebra of permutations. This Hopf algebrawasintroducedby Malvenuto
and Reutenauer[19,20]. We denoteit by S Sym. As for YSym, S Sym is a cofreegraded
coalgebra[2, Theorem6.1,Corollary 6.3]and is not a shu�e or quasi-shu�e Hopf algebra.
SeeSection3 for more details.

(4) The Hopf algebra of peaks. This Hopf algebrawas introducedby Stembridge [29]
and is often denoted �. It has a linear basis indexed by odd compositions (sequences
of non-negative odd integers). It has been recently shown that � is a cofreegraded
coalgebra[14, Theorem4.3], seealso [26, Proposition 3.3].

2. The Hopf algebra of ordered trees

We show that the gradeddual to gr(YSym) is isomorphicto the cocommutativ e Hopf
algebraof orderedtreesde�ned by Grossmanand Larson [10].

We �rst review the de�nition of the Hopf algebraof orderedtrees.
For the de�nition of orderedtrees(also called rooted planar trees), see[27, page294].

The orderedtreeswith 1, 2, 3, and 4 nodesare shown below:

r; r
r
; r

r
r

; A
A
r

�
�
r

r ; r
r
r
r

;
SS ��

r
r

r r

; SS ��r

r
r r

; SS ��q

r
r r

; A
A
r r

�
�
r

r :

Given two ordered trees x and y, we may join them together at their roots to obtain
another orderedtree xny, wherethe nodesof x are to the left of thoseof y:

=

:

An ordered tree is planted if its root has a unique child. Every ordered tree x has a
unique decomposition

(2.1) x = x1n� � � nxk

into planted treesx1; : : : ; xk , corresponding to the branchesat the root of x. Theseare
the planted componentsof x.

The set of nodes of an ordered tree x is denoted by Nod(x). Let x be an ordered
tree and x1; : : : ; xk its planted components, listed from left to right and (possibly) with
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multiplicities. Given a function f : [k] ! Nod(y) from the set [k] = f 1; : : : ; kg to the
set of nodesof another orderedtree y, form a new orderedtree x # f y by identifying the
root of each component x i of x with the corresponding node f (i ) of y. For this to be an
ordered tree, retain the order of any components of x attached to the samenode of y,
and placethem to the left of any children of that node in y. Given a subsetS � [k], say
S = f i 1 < � � � < ipg, let

xS := x i 1 n� � � nx i p :
Equivalently, xS is the tree obtained by erasingthe branchesat the root of x which are
not indexedby S. Let Sc = [k] n S.

De�nition 2.2. The Grossman-LarsonHopf algebraH O of orderedtrees is the formal
linear span of all ordered trees with product and coproduct as follows. Given ordered
treesx and y asabove, we set

x � y =
X

f :[k]! Nod(y)

x # f y ;

�( x) =
X

S� [k]

xS 
 xSc ;

the �rst sum is over all functions from [k] to the set of nodesof y and the secondis over
all subsetsof [k]. H O is a gradedHopf algebra,where the degreeof an ordered tree is
one lessthan the number of nodes[10, Theorem3.2].

We give someexamples,using colors to indicate how the operations are performed
(they are not part of the structure of an orderedtree).

A
A
r

�
�
r

r � r

r

=
SS
r

��
r

r
r

+ SS
r

r

��r
r
+ SS

r
r

��r
r
+ A

A
r r

�
�
r

r =
SS ��

r
r

r r

+ 2 � SS ��r

r
r r

+ A
A
r r

�
�
r

r :

�
�

SS
r r

��

r
r

r
�

= r
 SS
r r

��

r
r

r + r

r


 SS
r

r

��
r

r + r

r


 SS
r

r

��
r

r + r
r
r


 A
A
r

�
�
r

r

+ SS
r r

��

r
r

r 
 r + SS
r

r

��
r

r 
 r

r

+ SS
r

r

��
r

r 
 r

r

+ A
A
r

�
�
r

r 
 r
r
r

= r
 SS ��

r

r
rr r

+ 2 � r
r

 SS ��r

r
r r

+ r
r
r


 A
A
r

�
�
r

r

+ SS ��

r

r
rr r


 r + 2 � SS ��r

r
r r


 r
r
+ A

A
r

�
�
r

r 
 r
r
r

:

The de�nition implies that H O is cocommutativ e and that each planted tree is a
primitiv e element in H O . (There are other primitiv e elements. In fact, H O is isomorphic
to the tensor Hopf algebra on the subspacespannedby the set of planted trees. See
Corollary 2.7.)

We follow the notation and terminology of [3] for planar binary treesand the Loday-
RoncoHopf algebraYSym (much of which is basedon the constructionsof [16, 17]).

Ordered treesare in bijection with planar binary trees. Given a planar binary tree t,
draw a node on each of its leaves, then collapseall edgesof the form =. The resulting
planar graph, rooted at the node comingfrom the right-most leaf of t, is an orderedtree.
This de�nes a bijection  from planar binary treeswith n leavesto orderedtreeswith n
nodes.
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We will make use of a recursive de�nition of  . Recall the operation snt between
planar binary trees, which is obtained by identifying the right-most leaf of s with the
root of t (putting s under t). For instance,

n =

This operation is associative and so any planar binary tree t has a unique maximal
decomposition

(2.3) t = t1nt2n� � � ntk

in which each t i is n-irreducible. Note that a planar binary tree t is n-irreducible precisely
when it is of the form

(2.4) t = @
@

@
@

�
�

�
�

�
�

��� � � t0� � �

for someplanar binary tree t0 with one lessleaf than t.
The bijection  may be computedrecursively as follows. First, for t as in (2.3),

 (t) =  (t1)n (t2)n � � � n (tk) :

Second,for t as in (2.4),  (t) is obtained by adding a new root to the orderedtree  (t0):

t = @
@

@
@

�
�

�
�

�
�

��� � � t0� � �

)  (t) = @
@

@
@

�
�

�
�� � �  (t0) � � �

r r

r

r

Finally,  (j) = r is the unique orderedtree with onenode. For instance,

 ( ) = r
r
;

 ( ) =  ( )n ( ) = A
A
r

�
�
r

r ;

 ( ) =  ( )n ( ) =
SS ��

r
r

r r

n
r
r
r

= SS ��
SS ��

r
r r

r r

:

Note that  identi�es n-irreducible planar binary treeswith planted orderedtrees.

In [3], we introduceda linear basisM t of YSym, indexedby planar binary treest, which
is obtained from the original basisof Loday and Roncoby a processof M•obius inversion.
Weshowed that YSym is a cofreegradedcoalgebraand the spaceV of primitiv eelements
is the linear spanof the elements M t for t a n-irreducible planar binary trees[3, Theorem
7.1, Corollary 7.2]. The isomorphismQ(V) �= YSym is

M t1 n� � � nM tk  ! M t1n���ntk :

The resulting grading by length on YSym is given by the number of n-irreducible com-
ponents in the decomposition of a planar binary tree t (that is, the number of leavesthat
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are directly attached to the right-most branch). The product of YSym doesnot preserve
the grading by length. For instance,

M � M = M + M + M + 2 � M + M :

Considerthe associated gradedHopf algebra,gr(YSym). As coalgebras,gr(YSym) =
YSym but the product has beenaltered by removing terms of lower length (Section 1).
Thus, in gr(YSym),

M � M = 2 � M + M :

YSym admits a Hopf grading,givenby the number of internal nodesof a planar binary
tree (one lessthan the number of leaves). The isomorphismYSym �= Q(V) matchesthis
grading with the grading by weight. This also yields a grading on gr(YSym), which
corresponds to the grading by weight under the isomorphism gr(YSym) �= Sh(V) of
Corollary 1.5.

We relate the gradedHopf algebrasgr(YSym) and H O (graded by one lessthan the
number of leaves and one less than the number of nodes, respectively). The dual of
gr(YSym) is with respect to this grading.

Theorem 2.5. There is an isomorphismof graded Hopf algebras 	 : gr(YSym) � ! H O

uniquely determined by

(2.6) M �
t 7!  (t)

for n-irr educibleplanar binary trees t.

Proof. According to the previous discussion,gr(YSym) is the shu�e Hopf algebra on
the subspaceV and the number of internal nodescorrespondsto the grading by weight.
Thereforegr(YSym) � is the tensor Hopf algebraT(V � ) on the gradeddual space.Thus
(2.6) determinesa morphism of algebras	 : gr(YSym) � ! H O . Since the number of
nodes of  (t) is the number of leaves of t, 	 preserves the Hopf gradings. Moreover,
	 preserves coproducts on a set of algebrageneratorsof gr(YSym) � : the elements M �

t
indexedby n-irreducible planar binary treesare primitiv e generatorsof the tensor Hopf
algebra, and their images (t) are primitiv e elements of H O (since they are planted
trees). Therefore,	 is a morphism of Hopf algebras.

We completethe proof by showing that 	 is invertible.
Let t be an arbitrary planar binary tree and t = t1nt2n� � � ntk the decomposition (2.3).

Then M �
t = M �

t1
� M �

t2
� � � M �

tn
, and so

	( M �
t ) =  (t1) �  (t2) � � �  (tk) :

Sinceeach t i is planted, De�nition 2.2 shows that this product is the sum of all ordered
trees obtained by attaching the root of  (tk� 1) to a node of  (tk), and then attaching
the root of  (tk� 2) to a node of the resulting tree, and etc. The number of children of
the root of such a tree is lessthan k, exceptwhen all the  (t i ) are attached to the root,
obtaining the orderedtree  (t) =  (t1)n (t2)n � � � n (tk).

Linearly ordering both orderedtreesand planar binary treesso that treeswith fewer
components precedetreeswith morecomponents (in the decompositions(2.1) and (2.3)),
this calculation shows that

	( M �
t ) =  (t) + treesof smaller order.

Thus 	 is bijective. �
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The main result of Grossmanand Larson on the structure of H O [10, Theorem5.1] is
contained in the proof of Theorem2.5. We state it next.

Corollary 2.7. The setof planted ordered treesfreely generatesthe algebra H O of ordered
trees. Moreover, H O is isomorphic to the tensor Hopf algebra on the linear span of the
set of planted trees.

Proof. As seenin the proof of Theorem2.5, H O
�= T(V � ) asHopf algebras.The isomor-

phism mapsa basisof V � to the set of planted trees,so the result follows. �

3. The Hopf algebra of heap-ordered trees

We show that the gradeddual to gr(S Sym) is isomorphicto the cocommutativ e Hopf
algebraof heap-orderedtreesde�ned by Grossmanand Larson [10].

We �rst review the de�nition of the Hopf algebraof heap-orderedtrees.
A heap-ordered tree is an ordered tree x together with a labeling of the nodes (a

bijection Nod(x) ! f 0; 1; : : : ; ng) such that:

� The root of x is labeledby 0;
� The labels increaseas we move from a node to any of its children;
� The labels decreaseas we move from left to right within the children of each

node.

The heap-orderedtreeswith 1, 2, 3, and 4 nodesare shown below:

q0 ; q0
q1
; q0

q1

q2

; A�q0

q2 q1; q0

q1

q2

q3

;
SS ��

q0

q1

q3 q2

; SS ��q0

q3
q2 q1

; SS ��q0

q2
q3 q1

; SS ��q0

q3

q2 q1
; SS ��q0

q2q3 q1
:

The constructionsfor orderedtreesdescribed in Section2 may be adaptedto the case
of heap-orderedtrees.

Let x and y be heap-orderedtrees. Supposex has k planted components (these are
ordered trees). Given a function f : [k] ! Nod(y), the ordered tree x # f y may be
turned into a heap-orderedtree by keepingthe labels of y and incrementing the labels
of x uniformly by the highest label of y. Given a subsetS = f i 1 < � � � < ipg � [k],
the orderedtree xS may be turned into a heap-orderedtree by standardizing the labels,
which is to replacethe i th smallest label by the number i , for each i .

De�nition 3.1. The Grossman-LarsonHopf algebraH H O of heap-orderedtrees is the
formal linear spanof all heap-orderedtreeswith product and coproduct asfollows. Given
heap-orderedtreesx and y as above, we set

x � y =
X

f :[k]! Nod(y)

x # f y ;

�( x) =
X

S� [k]

xS 
 xSc :

For instance,

A�q0

q2 q1 � q0
q1

=
SS ��

q0

q1

q3 q2

+ SS ��q0

q2
q3 q1

+ SS ��q0

q3
q2 q1

+ SS ��q0

q2q3 q1
;
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�
�

SS ��

q3

q0

q2q4 q1�
= q0 
 SS ��

q3

q0

q2q4 q1
+ q0

q1

 SS ��q0

q3
q2 q1

+ q0
q1

 SS ��q0

q2
q3 q1

+ q0

q1

q2


 A�q0

q2 q1

+ SS ��

q3

q0

q2q4 q1

 q0 + SS ��q0

q3
q2 q1


 q0
q1

+ SS ��q0

q2
q3 q1


 q0
q1

+ A�q0

q2 q1

 q0

q1

q2

:

H H O is a graded cocommutativ e Hopf algebra, where the degreeof an ordered tree is
one lessthan the number of nodes[10, Theorem3.2].

Heap-orderedtreeson n+1 nodesare in bijection with permutations on n letters. We
construct a permutation from such a tree by listing the labels of all non-root nodes in
such way that the label of a node i is listed to the left of the label of a node j precisely
when i is below or to the left of j (that is, when i is a predecessorof j , or i is amongthe
left descendants of the nearestcommonpredecessorbetweeni and j ). For instance,the
six heap-orderedtrees on 4 nodesabove correspond respectively to 123, 132, 213, 312,
231,and 321.

Let � be the inversebijection. Given a permutation u, the heap-orderedtree � (u) is
computedas follows. Let u(1); : : : ; u(n) be the valuesof u and set u(0) := 0.

� Step 0. Start from a root labeled0.
� Step 1. Draw a child of the root labeledu(1).
� Step i , i = 2; : : : ; n. Draw a new node labeled u(i ). Let j 2 f 0; : : : ; i � 1g be

the maximum index such that u(i ) > u(j ). The new node is a child of the node
drawn in step j , and it is placed to the right of any previous children of that
node.

For instance,

� (4231) =
SS ��

q3

q0

q2q4 q1; and � (1342) = SS ��
q0

q1

q4

q3 q2

:

Given two heap-orderedtrees x and y, the ordered tree xny may be turned into a
heap-orderedtree by incrementing all labelsof the nodesin x by the maximum label of
a node in y. For instance,

6 4

3 5

2 1

0

4

3 2

1

0

=

10 8

7 9

6 5

4

3 2

1

0 :

The operation n is associative on heap-orderedtrees, so each such tree has a unique
irreducible decomposition into n-irreducible ones.As for orderedtrees,the heap-ordered
trees that are planted are n-irreducible. There are, however, many other n-irreducible
heap-orderedtrees. For instance,while

r
r
n r

r
r

= SS ��r

r
r r

;

the heap-orderedtree

SS ��q0

q3
q2 q1

is n-irreducible.
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The operation unv betweenpermutations [17] is obtained by �rst listing the valuesof
u, incremented by the highestvalueof v, and then listing the valuesof v to its right. For
instance,

231n21 = 45321:
A permutation w has a global descent at position p if w = unv with u a permutation
of p letters. Thus, the n-irreducible permutations are the permutations with no global
descents (see[2, Corollary 6.4] for their enumeration).

The de�nition of � (or its inverse)makesit clear that

� (unv) = � (u)n� (v)

for any permutations u and v. In particular, n-irreducible heap-orderedtreescorrespond
to n-irreducible permutations under � .

In [2], we introduceda linear basisM w of S Sym, indexedby permutations w, which is
obtained from the original basisof Malvenuto and Reutenauerby a processof M•obius in-
version. Weshowed that S Sym is a cofreegradedcoalgebraand the spaceV of primitiv e
elements is the linear span of the elements M w indexed by n-irreducible permutations
w [2, Theorem6.1, Corollary 6.3]. The isomorphismQ(V) �= S Sym is

Mw1 n� � � nMwk  ! Mw1n���nwk :

The resulting gradingby length on S Sym is givenby the number of n-irreducible compo-
nents in the decomposition of a permutation w. The product of S Sym doesnot preserve
this grading by length. For instance,in S Sym,

M231 � M1 = M 2314 + M 2413 + M 2341 + 2 � M 2431 + M 3412 + 2 � M 3421 + M 4231 :

In this product, M 231 has length 2, M 1 has length 1, and the only elements of length 3
are M 3421 and M 4231. Thus, in the associated gradedHopf algebragr(S Sym),

M231 � M1 = 2 � M 3421 + M 4231 :

S Sym admits a Hopf grading, in which a permutation on n letters hasdegreen. The
isomorphismS Sym �= Q(V) matchesthis grading with the grading by weight. This also
yields a grading on gr(S Sym), which corresponds to the grading by weight under the
isomorphismgr(S Sym) �= Sh(V) of Corollary 1.5.

Theorem 3.4 relates the dual of gr(S Sym) with respect to this grading, with H H O ,
gradedby one lessthan the number of nodes.

We de�ne the order of a heap-orderedtree x to be the pair (k; l), where k is the
number of planted components of x and l is the number of irreducible components of x.
We comparetreesby their orders lexicographically,

(k; l) < (m; n) if k < m or k = m and l > n :

That is, trees with more planted components have higher order, but among trees with
the samenumber of planted components, then thosewith fewer irreducible components
have higher order.

Let x be a heap-orderedtree and � an arbitrary element of H H O . The notation

� = x + t :s:s:o:

indicates that � � x equalsa linear combination of heap-orderedtrees each of which is
of strictly smallerorder than x. Not every � can be written in this form, asseveral trees
of the sameorder may appear in � .
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Lemma 3.2. If � = x + t :s:s:o: and � = y + t :s:s:o:, then � � � = xny + t:s:s:o:

Proof. Consider�rst the product of two heap-orderedtreesx0 and y0 having orders(k; l)
and (m; n) respectively. This is the sum of all heap-orderedtreesobtained by attaching
the planted components of x0 to nodesof y0. Every such tree will have fewer than k + m
planted components, exceptthe tree obtained by attaching all planted components of x0

to the root of y0, which will be x0ny0 and will have k + m planted components.
Therefore,amongthe treesappearing in � � � , the oneswith the maximum number of

planted components are thoseof the form x0ny0, with x0 and y0 having the samenumbers
of planted components as x and y respectively. Among thesewe �nd the tree xny. For
any of the remaining treeswith the maximum number of planted components, either x0

has more irreducible components than x or y0 has more irreducible components than y,
by hypothesis. Since the number of irreducible components of x0ny0 is l + n, the tree
x0ny0 hasmore irreducible components than xny, and henceit is of smaller order. �

Applying Lemma3.2inductively we deducethat any heap-orderedtree x is the leading
term in the product of its irreducible components. This implies that the the set of
irreducible heap-orderedtrees freely generatesthe algebraH H O of ordered trees. This
result is due to Grossmanand Larson [10, Theorem6.3]. Irreducible heap-orderedtrees
are not necessarilyprimitiv e. We re�ne this result of Grossmanand Larson, giving
primitiv e generatorsand relating the structure of H H O explicitly to that of gr(S Sym) � .

We need one more tool: the �rst eulerian idempotent [9], [15, Section 4.5.2], [24,
Section8.4]. For any gradedconnectedHopf algebraH , the identit y map id : H ! H is
locally unipotent with respect to the convolution product of End(H ). Therefore,

e := log(id) =
X

n� 1

(� 1)n+1

n
(id � 1)� n

is a well-de�ned linear endomorphismof H . The crucial fact is that if H is cocom-
mutativ e, this operator is a projection onto the space of primitiv e elements of H :
e : H � P(H ) [22], [25, pages314-318].

Lemma 3.3. Let x be a n-irr educibleheap-ordered tree. Then

e(x) = x + t:s:s:o:

Proof. In any gradedconnectedHopf algebraH , the map id � 1 is the projection of H
onto the part of positive degree,and the convolution power (id � 1)� n equalsthe map
m(n� 1) � (id � 1)
 n � � (n� 1). Let x be a heap-orderedtree with k planted components.
Iterating the coproduct of H H O (De�nition 3.1) gives

� (n� 1)(x) =
X

S1 t��� t Sn =[ k]

xS1 
 � � � 
 xSn ;

the sumover all ordereddecompositionsof [k] into n disjoint subsets.Applying (id � 1)
 n

to this sum hasthe e�ect of erasingall terms corresponding to decompositions involving
at least oneempty set. Therefore,

(id � 1)� n (x) =
X

S1 t��� t Sn =[ k]
Si 6= ;

xS1 � � � xSn ;
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the sum now over all set-compositions of [k] (decompositions into non-empty disjoint
subsets).In particular, this sum is 0 when n > k. Thus,

e(x) =
kX

n=1

(� 1)n+1

n

X

S1 t��� t Sn =[ k]
Si 6= ;

xS1 � � � xSn :

By Lemma3.2, xS1 � � � xSn = xS1 n� � � nxSn + t:s:s:o: Each tree xS1 n� � � nxSn hask planted
components (as many as x) and at least n irreducible components. Hence,amongthese
trees,the oneof highestorder is x, which correspondsto the trivial decomposition of [k]
into n = 1 subset. Thus, amongall treesappearing in e(x), there is oneof highestorder
and it is x. �

For example,if x = SS ��q0

q3
q2 q1

, then

e(x) = SS ��q0

q3
q2 q1

�
1
2

�

SS ��q0

q2
q3 q1

+ SS ��q0

q3

q2 q1
+

SS ��
q0

q1

q3 q2�
� q0

q1

q2

q3

:

The order of x is (2; 1), the next two treesare of order (2; 2), and the last two of order
(1; 1).

Theorem 3.4. There is an isomorphismof graded Hopf algebras � : gr(S Sym) � ! H H O

uniquely determined by

(3.5) M �
w 7�! e

�
� (w)

�

for w a n-irr educiblepermutation.

Proof. By the discussionprecedingLemma 3.2, gr(S Sym) � �= T(V � ). Therefore, (3.5)
determinesa morphism of graded algebras�. SinceH H O is cocommutativ e, e

�
� (w)

�

is a primitiv e element of H H O. Thus � preserves primitiv e elements and henceit is a
morphism of Hopf algebras.

It remains to verify that � is invertible. Let w = w1n� � � nwk be the irreducible
decomposition of a permutation w. Let x := � (w). Since � preserves the operations
n, the irreducible components of x are x i := � (wi ), i = 1; : : : ; k. On the other hand,
M �

w = M �
w1

� � � M �
wk

, so

�( M �
w ) = e

�
x1

�
� � � e

�
xk

�
:

From Lemmas3.2 and 3.3 we deduce

�( M �
w) = x1n� � � nxk + t:s:s:o: = � (w) + t :s:s:o:

As in the proof of Theorem2.5, this shows that � is invertible, by triangularit y. �

Let W be the graded spacewhere Wn is spannedby the elements M �
w , for w an

irreducible permutation of [n]. From the proof of Theorem3.4, we deducethe following
corollary.

Corollary 3.6. The Hopf algebra H H O of ordered treesis isomorphic to the tensor Hopf
algebra on a graded space W = � n� 0Wn with dim Wn equal to the number of irr educible
heap-ordered trees on n + 1 nodes(or the number of irr educiblepermutations of [n]).
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