COCOMMUT ATIVE HOPF ALGEBRAS
OF PERMUT ATIONS AND TREES

MAR CELO AGUIAR AND FRANK SOTTILE

Abstra ct. Consider the coradical lItration of the Hopf algebras of planar binary
trees of Loday and Ronco and of permutations of Malvenuto and Reutenauer. We
show that the assaiated graded Hopf algebrasare dual to the cocommutative Hopf
algebrasintroduced in the late 1980'sby Grossmanand Larson. These Hopf algebras
are constructed from ordered trees and heap-orderedtrees, respectively. We also shov
that whenewer one starts from a Hopf algebra that is a cofree graded coalgebra, the
assiated graded Hopf algebrais a shue Hopf algebra. This implies that the Hopf
algebrasof ordered trees and heap-orderedtrees are tensor Hopf algebras.

Intr oduction

In the late 1980's, Grossmanand Larson constructed seweral cocommutative Hopf
algebrasfrom di erent families of trees (rooted, ordered, heap-ordered),in connection
to the synbolic algebraof di erential operators[10, 11]. Other Hopf algebrasof trees
have arisenlately in a variety of cortexts, including the Connes-KreimerHopf algebrain
renormalization theory [5] and the Loday-Ronco Hopf algebrain the theory of assia-
tivit y breaking[16, 17]. The latter is closelyrelated to other important Hopf algebrasin
algebraiccombinatorics, including the Malveruto-ReutenauerHopf algebra[20] and the
Hopf algebraof quasi-symmetricfunctions [19, 24, 28].

This universeof Hopf algebrasof treesis summarizedbelow.

| Family of trees | Hopf algebra

rooted trees
Grossman-Larsony orderedtrees non-comnutativ e,
89-90 heap-ordered cocommnutativ e
trees

Loday-Ronco planar binary non-comnutativ e,

98 trees non-cacomirrutativ e
Connes-Kreimer rooted trees comrmutativ e,

98 non-cacommutativ e
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Recen independen work of Foissy [6, 7] and Ho man [13] showved that the Hopf
algebra of Connes-Kreimeris dual to the Hopf algebra of rooted trees of Grossman-
Larson. This Hopf algebra also arisesas the universal enveloping algebra of the free
pre-Lie algeba on one generator,viewed as a Lie algebral4].

Foissyalsoshaved that the Hopf algebraof Connes-Kreimeris a quotient of the Hopf
algebraof Loday-Ronco[7], seealso|[3].

We shaw that the Grossman-LarsorHopf algebrasof orderedtreesand heap-ordered
trees are dual to the assaiated graded Hopf algebrasto the Hopf algebra Y Sym of
planar binary treesof Loday and Roncoand the Hopf algebraS Sym of permutations of
Malveruto and Reutenauer,respectively. This is donein Theorems2.5 and 3.4.

The essetial tool we useis the monomial basisof Y Sym and S Sym introduced in
our previousworks [2, 3]. We obtain explicit isomorphismsin terms of the dual basesof
ordered and heap-orderedtrees of Grossman-Larsonand the monomial basesof Y Sym
and S Sym, respectively. Theseresultsprovide unexpectedcombinatorial descriptionsfor
the assaiated graded Hopf algebrasto Y Sym and S Sym. On the other hand, together
with the result of Foissyand Ho man, they connectall Grossman-LarsorHopf algebras
of treesto the mainstreamof combinatorial Hopf algebras.

It follows from our resultsthat the assaiated gradedHopf algebrasto the Hopf alge-
bras of Loday-Ronco and Malveruto-Reutenauerare comnutativ e, a fact which is not
obvious from the explicit description of the product of thesealgebras. Greg Warrington
proved this for the Malveruto-ReutenauerHopf algebraby other means(private com-
munication). In Corollary 1.5 we shav, more generally that wheneer one starts from
a Hopf algebrathat is a cofree graded coalgebra,the assaiated graded Hopf algebra
is a shue Hopf algebra(in particular, it is commnutative). This alsoimplies that the
algebrasof Grossmanand Larson are tensor Hopf algebras(Corollaries 2.7 and 3.6). It
was known from [10] that thesealgebrasare free. The fact that they are actually tensor
Hopf algebrasis evidert for the caseof orderedtrees, but the caseof heap-orderedrees
requiresextra e ort. We make useof the rst eulerian idempotent for this.

1. Cofree graded coalgebras and Hopf algebras

A coalgebra(C; ; ) overa eld | is called gradel if there is given a decomposition
C= | oCKofC asadirect )s(um of | -subspace<Ck sud that

( CH C' C! and (CXY=0 8k6 0:
i+j=k
The coalgebrais said to be graded connected if in addition C° = | .
De nition  1.1. A gradedcoalgebraQ = | oQ" is said to be cofree if it satis es the
following universal property. Given a graded coalgebraC = | (Ck and a linear map

' C! Q'with' (CK) = Owhenk 6 1,thereis a unique morphismof gradedcoalgebras
N C!  Q sud that the following diagram comrmutes

N

C Q

Ql

where :Q! Q! isthe canonicalprojection.
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Let V be a vector spaceand set Y

Q(V) := (VALY
k 0

We write elememary tensorsfrom V X as xinx,n  nx, (xi 2 V) and idertify V °
with | . The spaceQ(V), gradedby k, becomesa graded connectedcoalgebrawith the
deconcatenation coproduct

X«
(1.2) ( Xgnxon  nxy) = (Xzn  nx;) (Xjszz1N  NXg)
i=0
and counit given by projection onto V ° = |. Moreover, Q(V) is a cofree graded
coalgebra[30, Lemma12.2.7].
By universality, any cofreegradedcoalgebraQ is isomorphicto Q(V), whereV = Q1.
We referto Q(V) asthe cofreegradedcoalgebracogeneated by V.

Remark 1.3. The functor Q from vector spacedo gradedcoalgebrags right adjoint to
the forgetful functor C 7! C?! from gradedcoalgebrago vector spaces.Q(V) is not cofree
in the category of all coalgebrasover | . Howewer, Q(V) is still cofreein the category
of connectedcoalgebrasin the senseof Quillen [23, Appendix B, Proposition 4.1]. See
also[30, Theorem12.0.2].

If V is nite dimensional,the gradeddual of Q(V) is the tensor algebraof the dual
spaceof V.

We are interested in Hopf algebra structures on cofree graded coalgebras. There is
recert important work of Loday and Roncoin this direction [18], but their results are
not prerequisitesfor our work.

In the classicalHopf algebra literature usually only one Hopf algebra structure on
Q(V) is considered:the shu e Hopf algebra. This is the only Hopf algebrastructure on
Q(V) for which the algebrastructure presenesthe grading (Theorem 1.4 below). There
are, howewer, many naturally occurring Hopf algebrasthat are cofreegradedcoalgebras
and for which the algebrastructure does not presene the grading; seeExamples1.7.

The shu e Hopf algeba. Let V be an arbitrary vector space. There is an algebra
structure on Q(V) de ned recursiwely by

X 1=x=1 X
forx 2 V, and

(Xxan nx;) (yin  nyy) =
Xin (Xon o nx;) (yinooonye) +yin (xanoo nxg) (y2n o nyy)

Togetherwith the gradedcoalgebrastructure (1.2), this resultsin a Hopf algebrawhich
is denotedSh(V) and called the shu e Hopf algeba of V.

A Hopf algebraH is called gradedif it is a graded coalgebraand the multiplication
and unit presene the grading:

HI H¥ Hi*k;, 12 HO:
The shu e Hopf algebraSh(V) is a graded Hopf algebra. Moreover, it is the only sud
structure that a cofreegradedcoalgebraadmits.
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Theorem 1.4. LetH = | (H¥ be a graded Hopf algeba which is cofree as a gradel
coalgeba. Then there is an isomorphismof graded Hopf algebas

H = ShH?Y):

Proof. We may assumethat H = Q(V), with V = H. By hypothesis,the multiplication
map is a morphism of graded Hopf algebrasm : H H ! H, wherethe componert of
degreek of H H is H' H!. By cofreenessm is uniquely determined by the
composite

i+j=k

HHPH!I HY
which in turn reducesto
(H H)!=H® H*+ H* H° " H™:

Also by hypothesis,H® = | 1 where1 is the unit elemen of H. Hencethe above map,
and then m, are determined by

1 x7!'x and x 17! x:

This shaws that there is a unique multiplication on H that makesit a graded Hopf
algebra. Sincethe multiplication of the shu e Hopf algebraof H! is onesud map, it is
the only one. Thus, H is the shue Hopf algebraof H?.

Let H = Q(V) be a Hopf algebrathat is a cofree graded coalgebra. We do not
insist that the algebrastructure of H presenesthis grading. We have H® = |, H! =
V = P(H), the spaceof primitiv e elemens of H, and H* = V k. Considerthe spaces
FO(H) FYH) F?H) H de ned by

FK(H) = H® H! H¥:
This is the coradical Itr ation of H: the elemeits h 2 F¥X(H) are characterizedby the

fact that in the iterated coproduct ) (h) every term has a tensor factor from | . It
follows that the algebrastructure of H necessarilypresenesthis Itration:

FI(H) F*(H) FI**(H)

(see[21, Lemma5.2.8]for a more generalresult). Let gr(H) be the assaiated graded
Hopf algebra. As a coalgebrait is isomorphicto H, but its multiplication has been
altered by removing terms of lower degreefrom a homogeneougroduct. More precisely
if m is the multiplication map on H, then the multiplication map m on gr(H) is the
composition
m: Hi HkLFHk(H) — Hitk

The main goal of this paper is to obtain explicit conbinatorial descriptions for the
assaiated gradedHopf algebrasto the Hopf algebrasY Sym and S Sym of Examplesl.7.

This is donein Sections2 and 3. It follows from thesedescriptionsthat theseassaiated
gradedHopf algebrasare commutative. This much is a generalfact, aswe now show.

Corollary 1.5. Let H be a Hopf algeba that is a cofree graded coalgeba. Then its
asseiated graded Hopf algebra gr(H) is the shu e Hopf algeba Sh(H,). In particular,
gr(H) is commutative.

Proof. SinceH = gr(H) ascoalgebras,Theorem1.4 appliesto gr(H).
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Remark 1.6. Theorem 1.4 and Corollary 1.5 may also be deducedfrom [30, Theorem
12.1.4]. We complemen the proof of Corollary 1.5 with a direct argumen that makes
the comnutativit y of gr(H) transparert.

Let H be a Hopf algebrathat is a cofreegradedcoalgebra.We show that the comnu-
tator [H';H¥] FI*k 1(H), and hencevanishesin gr(H). Let x = xjnxon  nx; 2 H!
andy = y;ny,n  ny, 2 HX. We shaw that [x;y] 2 Fi*k 1(H) by chedking that ewery
term in the iterated coproduct 0*% Y([x;y]) hasa tensor factor from | .

Obsenethat @ D(x) 2 H 2isthe sumover all ways of placingj balls (correspnding
to the componernts of x) into a bins (correspondingto the a tensorfactors). For example,
whenj = 4and a= 5, we have

‘t‘ ‘tt‘t‘ ‘ I Xg 1 (Xonx3) X4 1:

Then the termsof (*k D(xy) = U+k D(x) G+k (y) correspnd to placemerts of j
balls (for x) and then k balls (for y) into j + k bins. Sud a placemen will have an empty
bin, and hencea 1 in the correspnding tensor,in every caseexceptwhenthere is exactly
oneball in ead bin. Howewer, ewvery sud term will alsobeatermin (*% (yx), and
sowill not appearin the comnutator

CIO0Gy) = T P0y) T Dy
This provesthat [x;y] 2 Fi+; 1(H), and hencethat gr(H) is comnutativ e.

The cofreegradedcoalgebrasve are interestedin carry a secondgrading. With respect
to this secondgrading, but not with respect to the original one, they are in fact graded
Hopf algebras. The generalsetup is as follows.

SupposeV = ; .V, is a gradedspaceand ead V,; is nite dimensional. Then Q(V)
carriesanother grading, for which the elemeits of V;, Vi, have degreei; + + .
In this situation, we refer to k asthe lengthand to i, + + ik asthe weight The
homogeneousomponerts of the two gradingson QI\(/IV) are thus

Q(V)*:=V ¥ and Q(V), := v Vi, :
ko
i1+ +ik=n
Note that eath Q(V), is nite dimensional. The gradeddual of Q(V) with respectto the
grading by weiglt is the tensoralgebraT (V ), whereV := ; ;V, denotesthe graded

dual of V.
The gradeddual of Sh(V) with respect to the grading by weight is the tensor Hopf
algebraT(V ), in which the elemens of V are primitiv e.

Examples 1.7. We give someexamplesof cofreegraded coalgebras.

(1) The Hopf algeba of quasi-symmetricfunctions. This Hopf algebra, often denoted
QSym, has a linear basisM indexed by compositions = (a;;:::;a) (sequencef
positive integers). See[19, 24, 28 for more details. QSym is a cofreegraded coalgebra,
asfollows. Let V be the subspacdinearly spannedby the elemetts M), n 1. Then
QSym= Q(V) via

M@izag ' Ma)n Mgy

This isomorphismiderti es V ¥ with the subspacef QSym spannedby the elemers M
indexed by compositions of length k. QSym is not a shue Hopf algebra: the product
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doesnot presene the grading by length. For instance,
M(n) M(m) = M(n;m) + M(m;n) + M(n+m):

In this case,V is gradedby n, and the grading by weight assignsdegreea; + + ax to
M . The Hopf algebrastructure of QSym doespresene the grading by weigh.

This is an example of a quasi-shu e Hopf algebra[12]. According to [12, Theorem
3.3],any (commutativ e) quasi-slu e Hopfalgebraisisomorphicto ashu e Hopfalgebra.
The isomorphismdoesnot however presene the grading by length, and thusits structure
asa cofreegradedcoalgebra.For more on the cofreenes®f QSym, see[1, Theorem4.1].

(2) The Hopf algebr of planar binary trees. This Hopf algebra was introduced by
Loday and Ronco[16, 17]. We denoteit by YSym. It is known that YSym is a cofree
gradedcoalgebrd3, Theorem?7.1, Corollary 7.2]. The product of Y Symdoesnot presene
the grading by length (but it presenesthe grading by weight). YSym is not a shu e
Hopf algebra,not even a quasi-stu e Hopf algebra. SeeSection2 for more details.

(3) The Hopf algeba of permutations. This Hopf algebrawasintro ducedby Malveruto
and Reutenauer[19, 20]. We denoteit by S Sym. As for Y Sym, S Symis a cofreegraded
coalgebrd2, Theorem6.1, Corollary 6.3]andisnot ashu e or quasi-stu e Hopfalgebra.
SeeSection3 for more details.

(4) The Hopf algeba of peaks. This Hopf algebrawas introduced by Stembridge [29]
and is often denoted . It has a linear basisindexed by odd compositions (sequences
of non-negative odd integers). It has beenrecerly shovn that is a cofreegraded
coalgebra[14, Theorem4.3], seealso [26, Proposition 3.3].

2. The Hopf algebra of ordered trees

We show that the gradeddual to gr(Y Sym) is isomorphicto the cocommnutative Hopf
algebraof orderedtreesde ned by Grossmanand Larson [10].

We rst review the de nition of the Hopf algebraof orderedtrees.

For the de nition of orderedtrees(also called rooted planar trees), see[27, page294].

The orderedtreeswith 1, 2, 3, and 4 nodesare shovn below:
[

rror ror
rroor rrr
F A r S or bk roA

[
r I; A 5k Sr $q;
Given two orderedtrees x and y, we may join them together at their roots to obtain
another orderedtree xny, wherethe nodesof x are to the left of thoseof y:

AN

An orderedtree is plante if its root has a unique child. Every orderedtree x hasa
unique decomposition

(2.1) X = XN NXg

the planted componentsof x.
The set of nodes of an orderedtree x is denoted by Nod(x). Let x be an ordered
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multiplicities. Given a function f : [k] ! Nod(y) from the set[k] = f1;:::;kg to the
set of nodesof another orderedtree y, form a new orderedtree x# y by identifying the
root of ead componert x; of x with the correspnding nodef (i) of y. For this to be an
orderedtree, retain the order of any componerts of x attached to the samenode of y,
and placethem to the left of any children of that nodein y. Givena subsetS [k], say
S=fii<  <ipg, let
Xs = XN nx,:

Equivalently, xs is the tree obtained by erasingthe branchesat the root of x which are
not indexedby S. Let S°= [K]nS.

De nition 2.2. The Grossman-LarsorHopf algebraH o of orderedtreesis the formal
linear span of all orderedtrees with product and coproduct as follows. Given ordered

treesx andy asabove, we set X

Xy X#:Y,

f:[k]' Nod(y)
X

( x)

Xs Xsc,
S [K]

the rst sumis over all functions from [K] to the set of nodesof y and the secondis over
all subsetsof [k]. Ho is a graded Hopf algebra, where the degreeof an orderedtree is
onelessthan the number of nodes[10, Theorem 3.2].

We give someexamples,using colors to indicate how the operations are performed
(they are not part of the structure of an orderedtree).

r r ror r
r r rror

A ‘ Sr ror I A Sr rk A,alr
A F = F+sr+sr+ A = | +2 g + :

I I r r

rr | |r A
8k = T8k +* ks tES tia
r r roor

rr r ‘ r | A

+ 8 T+ S bkt S okt A

r r

| | rr r

rrb r

rr
rgh + 2 g + |r A
r f roorr
r r|r r |r r A |r
+ 8k T+ 28 b+t A K
The de nition implies that Hg is cocommnutative and that eat planted tree is a
primitiv e elemen in Ho. (There are other primitiv e elemens. In fact, Ho is isomorphic
to the tensor Hopf algebraon the subspacespannedby the set of planted trees. See
Corollary 2.7.)

We follow the notation and terminology of [3] for planar binary treesand the Loday-
RoncoHopf algebraY Sym (much of which is basedon the constructionsof [16, 17]).

Orderedtreesare in bijection with planar binary trees. Given a planar binary tree t,
draw a node on ead of its leaves, then collapseall edgesof the form =. The resulting
planar graph, rooted at the node comingfrom the right-most leaf of t, is an orderedtree.
This de nes a bijection  from planar binary treeswith n leavesto orderedtreeswith n
nodes.
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We will make use of a recursive de nition of . Recall the operation snt between
planar binary trees, which is obtained by idertifying the right-most leaf of s with the
root of t (putting s undert). For instance,

N

This operation is ass&iative and so any planar binary tree t has a uniqgue maximal
decompsition

(2.3) t = tinton Nty

in which ead t; is n-irreducible. Note that a planar binary treet is n-irreducible precisely
whenit is of the form

(2.4) t = @

for someplanar binary tree t° with onelessleafthan t.
The bijection may be computedrecursiwely asfollows. First, for t asin (2.3),

()= (t)n (t2)n  n (t):

Secondfor t asin (2.4), (t) is obtained by adding a newroot to the orderedtree (t9:
r r
@ @ t
@ o
t= @ ) ® = @

| r

Finally, (j) = " is the unique orderedtree with one node. For instance,
0=k
r r
A
)= (On (V) = &

r%rr { r%rrr
(X)) = YO (1) = n|r: Sr ¢

Note that identi es n-irreducible planar binary treeswith planted orderedtrees.

In [3], weintroduceda linear basisM; of Y Sym, indexedby planar binary treest, which
is obtained from the original basisof Loday and Roncoby a processof Mebius inversion.
We shavedthat Y Symis a cofreegradedcoalgebraand the spaceV of primitiv e elemerts
is the linear spanof the elemeits M, for t a n-irreducible planar binary trees[3, Theorem
7.1, Corollary 7.2]. The isomorphismQ(V) = YSym is

Myn o nMy, b Myn ng, -

The resulting grading by length on Y Sym is given by the number of n-irreducible com-
ponerts in the decomposition of a planar binary treet (that is, the number of leavesthat
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are directly attachedto the right-most brandh). The product of Y Sym doesnot presene
the grading by length. For instance,

MV M\(: MW'*' Mxy+ MV/+ 2 MV'*' M\/?)/Z

Considerthe assaiated graded Hopf algebra,gr(Y Sym). As coalgebrasgr(Y Sym) =
Y Sym but the product hasbeenaltered by removing terms of lower length (Section 1).
Thus, in gr(Y Sym),

MV M\(: 2 MV+ M\/?)/Z

Y Sym admits a Hopf grading, given by the number of internal nodesof a planar binary
tree (one lessthan the number of leaves). The isomorphismY Sym = Q(V) matchesthis
grading with the grading by weight. This also yields a grading on gr(Y Sym), which
correspnds to the grading by weight under the isomorphism gr(Y Sym) = Sh(V) of
Corollary 1.5.

We relate the graded Hopf algebrasgr(Y Sym) and Ho (graded by one lessthan the
number of leaves and one lessthan the number of nodes, respectively). The dual of
gr(Y Sym) is with respect to this grading.

Theorem 2.5. There is an isomorphismof graded Hopf algebas : gr(YSym) ! Hg
uniquely determined by

(2.6) M, 7! (1)
for n-irr educible planar binary treest.

Proof. According to the previous discussion,gr(Y Sym) is the shue Hopf algebraon
the subspaceVv and the number of internal nodescorrespndsto the grading by weigh.
Thereforegr(Y Sym) is the tensor Hopf algebraT (V ) on the gradeddual space.Thus
(2.6) determinesa morphism of algebras : gr(YSym) ! Hg. Sincethe number of
nodesof (t) is the number of leavesof t, presenesthe Hopf gradings. Moreover,

presenes coproducts on a set of algebrageneratorsof gr(Y Sym) : the elemens M,
indexedby n-irreducible planar binary trees are primitiv e generatorsof the tensor Hopf
algebra, and their images (t) are primitive elemens of Hg (since they are planted
trees). Therefore, is a morphism of Hopf algebras.

We completethe proof by shaving that s invertible.

Let t bean arbitrary planar binary treeandt = t;nt,n  nty the decompmsition (2.3).
ThenM, = My, M, M, ,andso

(M) = () () (t):

Sinceead t; is planted, De nition 2.2 shows that this product is the sum of all ordered
trees obtained by attaching the root of (tx ;) to a node of (tyx), and then attaching
the root of (tx ») to a node of the resulting tree, and etc. The number of children of
the root of sut a tree is lessthan k, exceptwhenall the (t;) are attached to the root,
obtaining the orderedtree (t) = (ty)n (t2))n n (ty).

Linearly ordering both orderedtreesand planar binary treessothat treeswith fewer
componerts precedetreeswith more componerts (in the decompositions(2.1) and (2.3)),
this calculation shows that

( M) = (t) + treesof smallerorder.
Thus is bijective.
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The main result of Grossmanand Larson on the structure of Ho [10, Theorem5.1]is
cortained in the proof of Theorem2.5. We state it next.

Corollary 2.7. The setof planted ordered treesfreely geneatesthe algeba H o of ordered
trees. Moreover, Hq is isomorphic to the tensor Hopf algeba on the linear span of the
set of planted trees.

Proof. As seenin the proof of Theorem2.5,Ho = T(V ) asHopf algebras. The isomor-
phism mapsa basisof V to the set of planted trees, so the result follows.

3. The Hopf algebra of heap-ordered trees

We shaw that the gradeddual to gr(S Sym) is isomorphicto the cocomnutativ e Hopf
algebraof heap-orderedireesde ned by Grossmanand Larson [10].

We rst review the de nition of the Hopf algebraof heap-orderedrees.

A heap-ordered tree is an ordered tree x together with a labeling of the nodes (a
bijection Nod(x) ! f0;1;:::;ng) sud that:

The root of x is labeled by 0;
The labelsincreaseas we move from a node to any of its children;
The labels decreaseas we move from left to right within the children of ead

node.
The heap-orderedireeswith 1, 2, 3, and 4 nodesare shovn below:
34
»q 20 3q q | |q 3|q .
1q 1029 4. 1 29 @39 @29 q
o S I A 0 |q’%q’%q’%q’ $q

The constructionsfor orderedtreesdescribed in Section2 may be adaptedto the case
of heap-orderedrees.

Let x and y be heap-orderedtrees. Supposex has k planted componerts (these are
ordered trees). Given a function f : [K] ! Nod(y), the orderedtree x#;y may be
turned into a heap-orderediree by keepingthe labels of y and incremeriing the labels
of x uniformly by the highest label of y. Given a subsetS = fi; < < i, [K],
the orderedtree xs may be turned into a heap-orderedree by standardizing the labels,
which is to replacethe ith smallestlabel by the number i, for ead i.

De nition  3.1. The Grossman-LarsorHopf algebraH o of heap-orderedtreesis the
formal linear spanof all heap-orderedreeswith product and coproduct asfollows. Given
heap-orderedreesx and y as above, we set

X
Xy = X#:Y;
f:[k]' Nod(y)
X
(x) = Xs Xse:
S [k]
For instance,
"$q aq R 2q o
20q 19 _ 30 39 g 29 @ Tiﬂﬂq
A o= o *t 8q * $q * 8



HOPF ALGEBRAS OF PERMUT ATIONS AND TREES 11

q § q q
q
q% 4 _ ‘9l 1q29 b 1q3q h i‘qzqq
$a =09 8 * og Ba * o Ba * oa o
8 q q
q
aq%la 2q & 3q lg 14 2q(ii“1.
A od-

$q 0%+ Bq od+ Bq okt
Huo is a graded cocommutative Hopf algebra, where the degreeof an orderedtree is
onelessthan the number of nodes[10, Theorem 3.2].

Heap-orderedireeson n+1 nodesare in bijection with permutations on n letters. We
construct a permutation from sud a tree by listing the labels of all non-root nodesin
sut way that the label of a nodei is listed to the left of the label of a node | precisely
wheni is below or to the left of j (that is, wheni is a predecessoof |, or i is amongthe
left descendats of the nearestcommonpredecessobetweeni and ). For instance,the
six heap-orderedtrees on 4 nodes above correspnd respectively to 123,132,213, 312,
231,and 321.

Let be the inversebijection. Given a permutation u, the heap-orderediree (u) is

Step 0. Start from a root labeledO.

Step 1. Draw a child of the root labeledu(1).

Stepi, i = 2;:::;n. Draw a new node labeledu(i). Letj 2 f0;:::;i 1g be
the maximum index sud that u(i) > u(j). The newnode is a child of the node
drawn in stepj, and it is placedto the right of any previous children of that
node.

For instance, 4q
3q 3q g
- ‘@ad - $aq .
(4231) $q ° and (1342 i
Given two heap-orderedtrees x and y, the orderedtree xny may be turned into a

heap-orderedtree by incremening all labels of the nodesin x by the maximum label of
anodein y. For instance,

6 ,4 104 58 4
¥ 15 3¢ 2 7 3 42
2 1\ 1 = 6 1

0 0 0 :

The operation n is ass@iative on heap-orderedtrees, so ead sud tree has a unique
irreducible decompsition into n-irreducible ones. As for orderedtrees, the heap-ordered
treesthat are planted are n-irreducible. There are, howewver, many other n-irreducible
heap-orderedtrees. For instance,while

o ©

the heap-orderediree

is n-irreducible.
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The operation unv betweenpermutations [17]is obtained by rst listing the valuesof
u, incremeried by the highestvalue of v, and then listing the valuesof v to its right. For
instance,

23In21 = 4531

A permutation w has a glolal desent at position p if w = unv with u a permutation
of p letters. Thus, the n-irreducible permutations are the permutations with no global
descets (see[2, Corollary 6.4] for their erumeration).

The de nition of (or its inverse)makesit clearthat

(unv) = (u)n (v)

for any permutations u andv. In particular, n-irreducible heap-orderedreescorresmpnd
to n-irreducible permutations under

In [2], we introduceda linear basisM,, of S Sym, indexedby permutations w, which is
obtained from the original basisof Malveruto and Reutenauerby a processof Mebiusin-
version. We shaved that S Sym is a cofreegradedcoalgebraand the spaceV of primitiv e
elemerts is the linear span of the elements M, indexed by n-irreducible permutations
w [2, Theorem 6.1, Corollary 6.3]. The isomorphismQ(V) = SSymis

The resulting grading by length on S Symis given by the number of n-irreducible compo-
nerts in the decomposition of a permutation w. The product of S Sym doesnot presene
this grading by length. For instance,in S Sym,

Moz1 M1 = Mogia+ Mogiz+ Mozar + 2 Mogzr + Maaio+ 2 Magpr + Maoar:

In this product, M,3; haslength 2, M; haslength 1, and the only elemets of length 3
are M 341 and M4p3;. Thus, in the assaiated graded Hopf algebragr(S Sym),

Maozz M1 =2 Maso + Mypas:

S Sym admits a Hopf grading, in which a permutation on n letters hasdegreen. The
isomorphismS Sym = Q(V) matchesthis grading with the grading by weight. This also
yields a grading on gr(S Sym), which correspnds to the grading by weight under the
isomorphismgr(S Sym) = Sh(V) of Corollary 1.5.

Theorem 3.4 relates the dual of gr(S Sym) with respect to this grading, with H o,
gradedby onelessthan the number of nodes.

We de ne the order of a heap-orderedtree x to be the pair (k;l), where k is the
number of planted componerts of x and | is the number of irreducible componerts of x.
We comparetreesby their orderslexicographically

k;) < (m;n) if k<m or k=mandl>n:

That is, treeswith more planted componerts have higher order, but amongtrees with
the samenumber of planted componerts, then thosewith fewerirreducible componerts
have higher order.

Let x be a heap-orderediree and an arbitrary elemen of H, 0. The notation

= X+ t:sso:
indicates that X equalsa linear combination of heap-orderedtrees ead of which is

of strictly smallerorderthan x. Not every canbe written in this form, asse\eral trees
of the sameorder may appear in
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Lemma 3.2. If = x+t:issoand = y+ tisso:, then = Xny + t:ss.o:

Proof. Consider rst the product of two heap-orderedreesx® and y° having orders(k; 1)
and (m; n) respectively. This is the sum of all heap-orderedirees obtained by attaching
the planted componerts of x°to nodesof y°. Every sud tree will have fewer than k + m
planted componerts, exceptthe tree obtained by attaching all planted componerts of x°
to the root of y° which will be x%y°and will have k + m planted componerts.

Therefore,amongthe treesappearingin , the oneswith the maximum number of
planted componerts are thoseof the form x%y®, with x%and y° having the samenumbers
of planted componerts as x and y respectively. Among thesewe nd the tree xny. For
any of the remaining treeswith the maximum number of planted componerts, either x°
has more irreducible componerts than x or y° has more irreducible componerts than v,
by hypothesis. Sincethe number of irreducible componens of xhy%is | + n, the tree
xhy® has more irreducible componerts than xny, and henceit is of smaller order.

Applying Lemma3.2inductively we deducethat any heap-orderedree x is the leading
term in the product of its irreducible componerts. This implies that the the set of
irreducible heap-orderedtrees freely generatesthe algebraH o of orderedtrees. This
result is due to Grossmanand Larson [10, Theorem 6.3]. Irreducible heap-orderedtrees
are not necessarilyprimitive. We re ne this result of Grossmanand Larson, giving
primitiv e generatorsand relating the structure of H, o explicitly to that of gr(S Sym) .

We need one more tool: the rst eulerian idempotent [9], [15, Section 4.5.2], [24,
Section8.4]. For any gradedconnectedHopf algebraH , the identity mapid :H! H is
locally unipotent with respect to the convolution product of End(H). Therefore,

Xy

e = log(id) = (d 1)"

n 1
is a well-de ned linear endomorphismof H. The crucial fact is that if H is cocom-

mutative, this operator is a projection onto the spaceof primitive elemens of H:
e:H P(H) [22],[25, pages314-318].

Lemma 3.3. Let x be a n-irr educible heap-ordered tree. Then
e(x) = x + tisso:

Proof. In any gradedconnectedHopf algebraH, the mapid 1 is the projection of H
onto the part of positive degree,and the corvolution power (id 1) " equalsthe map
m" D (Gd 1) " O D Letx bea heap-orderedtree with k planted componerts.
Iterating the coproduct of Hy o (De nition 3.1) gives

X

(n 1)(X) = Xs, Xsp
Sttt Sn=[K]

the sumover all ordereddecompsitionsof [k] into n disjoint subsets.Applying (id 1) "
to this sumhasthe e ect of erasingall terms correspnding to decompsitionsinvolving
at leastoneempty set. Therefore,
X
(id 1)"(x) = Xs, Xs, ;

St t Sp=[kK]
Si6;
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the sum now over all set-ompositions of [k] (decompositions into non-empty disjoint
subsets).In particular, this sumis 0 whenn > k. Thus,

X n+ X
e(x) = (™

Xs, Xs, -

n=1 St t Sa=[K]

i6;
By Lemma3.2,xs, Xs, = Xs,N NXg, + tisis0: Eadh tree xg,n  nxg, hask planted
componerts (as many asx) and at leastn irreducible componerts. Hence,amongthese
trees,the one of highestorder is x, which correspndsto the trivial decomposition of [K]
into n = 1 subset. Thus, amongall treesappearingin e(x), there is one of highestorder
and it is x.

q
For example,if x = Z%q |q, then

|q 1 |q 3|q 3% qQ 20

—-29 q 3 4,29 q a 1.

e€X)="$q 3 B4 T 8a T oo oq

The order of x is (2;1), the next two trees are of order (2; 2), and the last two of order
(1;1).

Theorem 3.4. Thereis an isomorphismof graded Hopfalgebas :gr(SSym) ! Hyo
uniquely determined by

(3.5) M, 7! e (w)
for w a n-irr educible permutation.

Proof. By the discussionprecedingLemma 3.2, gr(SSym) = T(V ). Therefore, (3.5)
determinesa morphism of graded algebras . SinceHyo is cocommutative, e (w)
is a primitiv e elemen of H,o. Thus presenes primitiv e elemens and henceit is a
morphism of Hopf algebras.

It remainsto verify that is invertible. Let w = win nwy, be the irreducible

decompsition of a permutation w. Let x := (w). Since presenesthe operations
n, the irreducible componens of x are x; := (w;), i = 1;:::;k. On the other hand,
M, =M,, M,,,so

(M) = exg e Xy :
From Lemmas3.2 and 3.3 we deduce
(M,)=Xxin nxg+tisso:= (w)+ tisso:
As in the proof of Theorem 2.5, this shavsthat s invertible, by triangularity.

Let W be the graded spacewhere W, is spannedby the elemerts M, for w an
irreducible permutation of [n]. From the proof of Theorem 3.4, we deducethe following
corollary.

Corollary 3.6. The Hopf algeba H o of ordered treesis isomorphicto the tensor Hopf
algebm on a graded sppee W =, (W, with dim W,, equalto the numter of irr educible
heap-ordered treeson n + 1 nodes(or the numker of irr educible permutations of [n]).
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