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Gale duality

Gale duality for complete intersectionasserts that systems of polynomial
equations inm+ n variables are equivalent to certain systemsl ahtional functions
In I+ m variables. This allows us to conclude that

(x_3y)’(Ax+y 77 _ (2x 3(x 7y 2P _ .
(1+x 3y)2(x 7y 2) (1+x 3y)3Mdx+y 7))

has 17 solutions wher@lx +y 7)(x 7y 2)(1+x 3y)(2x 3y)60.

I\
® @
This is because the pentagon at .
right (whose vertices annihilate the ex-
ponents in the equations) has area 17/2. < 1 >
L
\'4
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Master Functions

Let H be an essential arrangement of hyperplanesCii ™ de ned by a ne
functionspy(y);: i Pi+m+n(Y).

A weightfor H is a vector = (b i ;Bimen) 2 Z'*™* " of integers. This
de nes the master functionfor H with weight

p(y) = pi()® PY)2  Preman(y)Prmen;

which is a rational function de ned on the complemeity of the arrangement.

A master function complete intersection with weigh®® = ( 1;:::; |) iIs a
subscheme oMy of dimensionm which may be de ned by a system of master
functions , _

ply) * = ply) ? = = py)' = 1:

NB: The weightsB are necessarily linearly independent.

Frank Sottile, Texas A&M University



Sparse polynomials

be negativef is a function on the algebraic torugC )™*".

A complete intersection with suppo# is a subscheme ¢fC )™* " of dimension
m which may be de ned by a system of polynomials,

here each polynomidl; has supportA.

These are well-studied algebraic sets, but are in fact no demtr than master
function complete intersections.
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The geometry of master functions

oo CFm o1 clrmen (setL := H(C'"*"™))

and the hyperplane complemeMy is ,*((C yl+meny,

T = fz2(C)*™Njzi=z2= =7z1=1g;

which is connected if and only B is saturated(ZB = QB\ z!*m*n),
In this way, the system of master functions

ply) * = ply) 2 = = p(y) " = 1:

equals , *(T), which is isomorphic toT \ L.
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The geometry of sparse polynomials

The map' A: (C )B"" 3 x 7! (x L;::i;x +men) 2 (C )*™* " pulls an
ane function = co+ Gz onC"*™*" back to a sparse polynomial

l+yn+n
"al) = Gt GiX
i=1
with supportA.

In this way, a system of sparse polynomidls = = f, Is the pullback of
a system of ane functions ; = = ,onC*m™*n  These dene an ane
subspace. of C'*™*" of dimensionl+m and the system equals, *(L).

When ZA = Z™*" (A is primitive), ' Ao is injective. SetT := ' A (C )™M,
Then the system ,*(L) is isomorphic toT \ L.
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Gale duality

The master function complete intersection with exponersis isomorphic to
the complete intersection with suppo/ when

(Master function) T\ L = T\ L (Sparse polynomial)

Unpacking the de nitions, we get
Theorem. Suppose thatA is primitive, B is saturated, 1;:::; , de ne the sparse

1= =, denes the linear subspace = ,(C'*™), and
A B =0, where the matrixA has column vectors
and B has column vectors,
then the master function complete intersection is isomorphic to thempdete
Intersection with supportA.
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An Example

x“(1 x y)° y} (1 x )

y2(L x+y) B@+x 3y ° S ox(3 x+y)? BA+x 3y

de nes a O-dimensional set
iIn the complement of the
lines de ned by the linear
factors.

(We drew the curves.)
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Example Continued

If we order the a ne functions,

X;¥; (1 x y); G x+y); p@A+x  3y);

our master functions

x*(1 x y)? and (1 x y)
y2(3  x+y) ¥+ x 3y) x(z x+y)® 2@+x 3y
have exponent$2; 2;3; 1, 2)and( 1;3;1;, 3; 1).
Observe that
v owAw 2 v vAw t uww® ° = 10 and
v TowvAw S vAns vaw  ° uvw® = 1
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Example completed

Because we have

2 2 3 1 2

u’v uv>w Vans VW uvwe = 1: and
1 3 3 1

uv uv2w vaws V2w uvw? = 1:

if we substituteu®v for x, uv?w for y, and the corresponding a ne functions for
the last three monomials, we get the system

viw® = 1 x y =1 u’v uviw

20 — 1 _ 12 2

VW = 3 Xty = 5 UV uvw

3 _ 10 _ 10 2 2113
uvw® = Z(1+x 3y) = F(d+uv 3vwd)

whose solutions are isomorphic to the solutions to the system of nisiactions.
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