Existence of Large Singular Solutions of
Conformal Scalar Curvature Equations in S"

Steven D. Taliaferro
Mathematics Department
Texas A&M University
College Station, TX 77843-3368
stalia@math.tamu.edu

Abstract

We prove that every positive function in C1(S™), n > 6, can be approximated in the C1(S™)
norm by a positive function K € C'(S™) such that the conformal scalar curvature equation

has a weak positive solution u whose singular set consists of a single point. Moreover, we prove
there does not exist an apriori bound on the rate at which such a solution v blows up at its
singular point.

Our result is in contrast to a result of Caffarelli, Gidas, and Spruck which states that equation
(0.1), with K identically a positive constant in S™, n > 3, does not have a weak positive solution
u whose singular set consists of a single point.

1 Introduction and statement of results

In this paper we study the existence of positive functions K € C'(S™) such that the conformal
scalar curvature equation
(n—2)

~Au4 B E

U= Ku¥ in S™ n>3, (1.1)

has a weak positive solution u whose singular set consists of a single point, where n* = (n+2)/(n—2).
Moreover, given any large continuous function ¢: (0,1) — (0,00), we investigate when such a
solution u can be required to satisfy

u(P) # O(p(|P - Q) as P—Q, (1.2)

where {Q} is the singular set of u.
By a weak positive solution u of (1.1), we mean a positive function u € L™ (S™) such that

—/ uAg+M/ uC = [ Ku"( forall (eC®(S™).
n 4 n on

By the singular set of a weak positive solution u of (1.1), we mean the set of all points @ in S™
such that v is unbounded in every neighborhood of (). If () does not belong to the singular set of a
weak positive soluton u of (1.1), then, by standard elliptic theory, u is C? in a neighborhood of Q.

Our main result is the following theorem.



Theorem 1. Let ¢: (0,1) — (0,00) be a continuous function. Then every positive function k €
C(S™), n > 6, can be approzimated in the C1(S™) norm by a positive function K € C*(S™) such
that for some QQ € S™ there exists a weak positive solution w of (1.1) and (1.2) whose singular
set is {Q}. Furthermore, given a positive number e, the function K can also be required to satisfy

K(P) = k(P) for |P—Q|>e.

Theorem 1 is in contrast to a result of Caffarelli, Gidas, and Spruck [1] which states that
equation (1.1) with K identically a positive constant in S™, n > 3, does not have a weak positive
solution whose singular set consists of a single point. Moreover, the conclusion of Theorem 1 that
the function u can be required to satisfy (1.2) is in contrast to another result of theirs which states

that a C? positive solution of
-2 "
_Au + %u — u”

in a punctured neighborhood of some point @ in S™ must satisfy

—(n=2)

u(P):O<|P—Q| ; ) as P — Q. (1.3)

When K is identically a positive constant in S™, Schoen [8] proved the existence of a weak
positive solution of (1.1) whose singular set is any prescribed finite subset of S™ consisting of at
least two points, and Chen and Lin [2] proved, when n > 9, the existence of a weak positive solution
of (1.1) whose singular set is S™. Later, Mazzeo and Pacard [7] gave another proof of Schoen’s
result.

Theorem 1 is not true when n is 3 or 4 because if u is a C? positive solution of

—Au+ @u = Ku"™ (1.4)
in some punctured neighborhood of some point @ € S™, then Chen and Lin [3] proved that u
satisfies (1.3) when n = 3 and K is positive and Holder continuous with exponent a > 1/2 in some
neighborhood of @), and Taliaferro and Zhang [10] proved that u satisfies (1.3) when n = 4 and
K is positive and C' in some neighborhood of ). An open question is whether Theorem 1 is true
when n = 5.
When k =1 in 8™, n > 3, the analog of Theorem 1 concerning the approximation of x in the
CY(S™) norm instead of the C'(S™) norm is true. In fact, Taliaferro and Zhang [9] proved the
following much stronger result.

Theorem A. Let Q € S™, n > 3, and let ¢: (0,1) — (0,00) and k: S™ — (0,1] be continuous
functions such that k(Q) = 1 and k is less than 1 on a sequence of points in S™ — {Q} which tends
to Q. Then there exists K € CO(S™) satisfying k < K < 1 such that (1.4) has a C? positive solution
in S™ —{Q} satisfying (1.2).

Leung [5] proved a result very similar to Theorem A and he also proved the existence of a
positive Lipschitz continuous function K on S™, n > 5, such that (1.4) has a C? positive solution
in S™ — {Q} not satisfying (1.3).

Lin [6] proved that if u is a C? positive solution of (1.4) in some punctured neighborhood
of some point QQ € S™, where K is a C! positive function in some neighborhood of @ satisfying
VK (Q) # 0, then u satisfies (1.3). Thus the point @) in Theorem 1 must be a critical point of K

when r°2 @(r) — oo as r — 0F.
Since the function u in Theorem 1 satisfies (1.2) where no bound is imposed on the size of ¢
near 0, one might think that the largest subset of S™ in which u could be a weak positive solution



of (1.4) would be S™ — {Q} and therefore the conclusion of Theorem 1 that u is a weak positive
solution in S™ would be impossible. However this is not the case. Indeed, if u is any C? positive
solution of (1.4) in some punctured neighborhood O of some point @ € S™ then u € L (O U{Q})
and u is a weak solution of (1.4) in O U{Q}. (See [1, Lemma 2.1] or [4, Lemma 1].)

To prove Theorem 1, choose @ € S™ such that Vk(Q) = 0 and let m be the stereographic
projection of S™ onto R™ U {oo} which takes @ to the origin in R". It is well-known that u is a
weak positive solution of (1.1) with singular set {Q} if and only if

n—2
9 N
is a C? positive solution of
—Av=K(z)" in R"—{0}

v(z) =0(|z[*™) as |z| — oo
v(r) #0(1) as |z|— 0%,
Therefore, in order to prove Theorem 1, it suffices to prove the following theorem concerning the

equation
~Au=K(z)u™ in R"—{0}, n>6, (1.5)

where n* = (n+2)/(n —2).

Theorem 2. Suppose k: R® — R is a C' function which is bounded between positive constants
and satisfies Vk(0) = 0. Let € be a positive number and let ¢: (0,1) — (0,00) be a continuous
function. Then there exists a C! function K: R™ — R satisfying VK(0) = 0, K(z) = s(x) for
|z| > ¢, K(0) = k(0), and

1K = wllor e < @ (16)

such that (1.5) has a C? positive solution u(x) satisfying
u(z) = O(|z|*™) as |z| — oo (1.7)

and

u(@) £ Op(j2l)) as || — 0% (L8)

Theorem 2 is stronger than Theorem 1 because the function x: R®™ — R in Theorem 2 does
not necessarily come from a function x € C*(S™) via the stereographic projection.
We will prove Theorem 2 in the next section.

2 Proof of Theorem 2

For our proof of Theorem 2 we will need the following simple lemma.

Lemma 1. Suppose A > 1, {a;}, C (0,00), and a1 > a; for 2 <i < N. Then

N A az
D oim1 G < 1+a1

A= a2
(Zf\il Gi) 1+)\a1

<1




Proof. Using the hypothesises of the lemma we have

A
N (a N oa
Yin @} :1+Zi:2(al> < 1+ i at < 1+ &

(Ehe) (exle) 1eA(Sha)  1ea(z)

<1

O

Proof of Theorem 2. We can assume 0 < € < 1, and by scaling (1.5), we can assume (0) = 1. Since
Vk(0) = 0, there exits a C! positive function #: R” — R such that #(z) = 1 in some neighborhood
of the origin, #(z) = k(z) for |z[ > €, and ||k — &[[c1mn) < €/2. Hence we can assume x = 1 in
Bs(0) for some § € (0,¢). Let

1
a= —infk and b = sup k. 2.1
Let n—2 n—2
w(r, o) = n(n—2)] 7 o2

(02 +72)"5
It is well-known that the function V(z) = w(|z|, o), which is sometimes called a bubble, satisfies
—AV =V"™ in R" for each positive constant o. Thus letting

v(x) = w(lel,1)/(26)"

we have
—Av = (20)" 1" in R™ (2.2)

As o — 0%, w(]z|,0) and each of its partial derivatives with respect to the components of x converge
uniformly to zero on each closed subset of R" — {0} and w(0, ) tends to oc.

Before continuing with the proof of Theorem 2, we roughly explain the idea behind it. If
ui(z) = w(|x — x|, 0;), where {z;}2°, is a sequence of distinct points in Bs(0) — {0} which tends to
the origin and {0;}3°, is a sequence of positive numbers which tends sufficiently fast to zero, then
the function @ := Y 2, u; will be C* in R™ — {0}, will satisfy a(z) # O(p(|z])) as |z| — 07, and
will approximately satisfy

—Al=ri" =4a" in Bj(0) — {0}.

We will find a positive bounded function ug: (R™ — {0}) — R such that

R —Au
U= ug + U and K := " (2.3)
satisfy the conclusion of Theorem 2. The function ug will be obtained as a solution of
—Aug = H(z,up) in R"—-{0} (2.4)

for some appropriate function H: R™ x [0,00) — R. We will use the method of sub and super-
solutions to solve (2.4), using the identically zero function as a sub-solution. Thus we require that
H be nonnegative.

Also, in order to force K equal to « for |z| > & and force K close to  (at least in the C° norm),
for 0 < |z| < §, we will require that K satisfy

E<K<k in R" — {0} (2.5)



for some function & € C'(R™) which is equal to x for |z| > & and close to & for |z| < §. Since
—Au; = ul, it follows from (2.3) and (2.4) that (2.5) holds if and only if

H(z,up(x)) < H(z,up(x)) < H(z,up(z)) for xeR"—{0},

where H, H: R™ x [0,00) — R are defined by

H(z,v) = k(z) (v + Z ui(x)> — Z ui(z)"™,

=1 =1
H(z,v) = k(z) <v + Z ul(ac)) - Z ui(x)™
i=1 i=1

Thus the nonnegative function H in (2.4) will be chosen such that H < H < H. After obtaining a
solution ug of (2.4), we check at the end of the proof that K as defined by (2.3) is C! in R”. Only
then does it become clear why we need n > 6. For everything to work out right, the sequences z;
and o; must be chosen very carefully, and a large part of the proof is devoted to explaining how
this choice is made.

We now continue with the proof of Theorem 2. Elementary calculations establish the existence

of numbers §; and §y satisfying
0<25; <1 <9/2 (2.6)

such that

1 _
=< wilz = a1l,0) <2 when |z1] = |z2| = 01, 0 < 0 < Jg, and either |z| < 3 or |z| > 4. (2.7)
2 w(|lz —xe|,0)

Let ig = ip(n,a) be the smallest integer greater than 2 such that

) 22n*+1
Qg > (2.8)
(QG)W

Choose a sequence {z;}:°; of distinct points in R™ and a sequence {r;}°; of positive numbers
such that

21| = |22| = - = 24| = b1, T =Ty = =71 = 03/2 <61 /4, (2.9)
B47«Z.(.’Ei) C 352 (0) — {0} for ¢ > i, (210)
lim |z;| =0, (2.11)
71— 00
and
BQTZ.(CCZ') N Bgrj (CC]) =0 for 7 >1> 1. (212)
In addition to (2.9);, we require that the union of the line segments T1Z3, T273,. . . , Tig—1%ig,

Z;,T1 be a regular polygon. Later we will prescribe the perimeter of this polygon.
It follows from (2.6) and (2.9) that

Boy.(7;) C Bas, (0) — Bs,(0)  for  1<1i < i,

and hence by (2.10),

By, (CCZ) N Bgrj (CC]) =0 for 1<i<i49 <. (213)



Choose a sequence {¢;}°; of positive numbers such that
g1 =¢ea=---=¢;, and g < 27" for i>1. (2.14)

Define three functions f: [0,00) x (0,00) x (0,00) — R and M, Z: (0,1) x (0,00) — (0,00) by

e and Z(w,0) = Y7

(1-pe=)" =

F0,0) =0 +2)" =", M@,() =

For each fixed (¢,¢) € (0,1) x (0,00), the function f(-,9,¢): [0,00) — R assumes its maximum
value M (1), () when z = Z(1,(). Also, f(-,,() is strictly increasing on the interval [0, Z (1, )],
and strictly decreasing on the interval [Z (v, (), 00). Define f: [0,00) x (0,00) x (0,00) — (0, 00)
by
f(z0,Q), ity =1
fz0,0) = f(z4,0), 0<v<Tand0<z<Z(1,0)
M,¢), f0<vp<1andz> Z(,0).

Then f and f are O, f < f, and f is non-decreasing in z, ¥ and (.
Let N be the Newtonian potential operator over R™ defined by

(Vo)) = -y [ 93‘)”_2 dy

(n —2)nwy, Jrn |z —

where w,, is the volume of the unit ball in R".
We now introduce four sequences of real numbers

1 )
k; € (5, 1> , M; > 31, pPi € (O,TZ‘), and o; € (0,(52), 1=1,2,... (2.15)

which will always be related as follows:

M; = ) . (2.16)
20(0))" 1 \n*-1
L Ay
= ' N < - 2
pi=sup ) p>0: N (o) < 55135, (0177 3L (2.17)
0; = sup {0 >0:w(|lz —x,0) < sian*l—l v(z) for |z —ux; > pi} (2.18)

where X, (s,) is the characteristic function of By,(x;). We also always assume that k; = kp =
-+ = kj, and therefore the other three sequences will also always be constant for 1 < ¢ < ¢y by
(2.9)1, (2.14)1, and the fact that p; and o; do not change as x; moves on the sphere |z| = ¢;.
Clearly there exist such sequences, and in what follows, we will repeatedly decrease o; for certain
values of ¢ while holding ¢; fixed. Because we always require (2.16), (2.17), and (2.18) to hold, this
process of decreasing o; will cause p; to decrease and cause M; and k; to increase. Nothing else
will change when 7 > ig. However, when performing this process of decreasing o;, i = 1,2,... 1
(recall that we always assume o1 = 09 = -+ = 0y, and p; = p2 = -+ = p;,), we will change
the location of the points x1,xa,...,2;, as follows: The distance d; of the points z1,xa,. .., z;,
from the origin (see (2.9)) will not change but they will become more bunched together because we
will always require that the union of the line segments =123, Za273, . .., Ti,—1%4,, Ti,Z1 be a regular




ip-gon with side length 4p;. Thus the pairwise disjoint balls B, (x;), i = 1,2, ... 1, are like beads
on a bracelet and decreasing o;, i = 1,2, ...,19, causes the circumference of the bracelet, and the
congruent beads on it, to get smaller. In particular,

dist(Bs, Bj) = pi + p; (2.19)

for 1 <7 < j <ip where B; = B, (z;). Hence by (2.12), (2.13), and (2.15)3, inequality (2.19) holds
for 1 < i < j. Also, it is easy to check that

e . 1\ 2
min wilz = 2], 0541) > (—) for 2<j<ip—1 (2.20)
veB; w(|r — xj-1],05-1) 3

and that a similar inequality holds when j is 1 or 7.
It follows from (2.16), (2.17), and (2.18) that for ¢ > 1 we have

1 1 2
11—k~ — M; and € p?

~—, ~ ;. (2.21)
M 2'p7 '

(If S is a finite or infinite set of positive integers, then by the statement o; ~ ; for i € S we mean
the sequence {%}263 is bounded between positive constants which depend at most on n, a, and b,
where a and b are defined by (2.1).)

By sufficiently decreasing each term of the sequence o; (or equivalently by sufficiently increasing
each term of the sequence M; or k;), we can assume that

n—2 1 ;’:‘* 1+ l n—2 '
o < i - ) — <&, kMU > %, M > 2" fori>1, (2.22)
* ) tne (3)

where o € (0,1/2) is an absolute constant to be specified later. (Actually, we will eventually take
a = 1/8, but it makes things clearer to just call it « for now.)
By (2.21) and (2.22)5 we have for 1 < j < ij that

" io
min 7 k:;**l, Z w(|x — x|, o)

xeBQﬂj (z;)

i=1,i%j
n* 20 n*
= min Z [k}, w(|x — x;],03) | >  min Z(kn*l,w T — x|, 0 )
i 2 (55 S w0 ) > 2 (57—
* 1 n-2 1 n—2
P o1 2 o1\ 2
>Z | k", w(6po, ~ ~ i
- ( il 02)) 1=k ((601)2+0%) I (P?)
l1—« l1—a
~ Elk > e~ M =M (2.23)
M (1 - kl)MlnLl
Thus by sufficiently decreasing each of the equal numbers o1, .. ., 0, (or equivalently by sufficiently
increasing each of the equal numbers M, ..., M;,), we obtain
_n* i
min 7 k:;*_l, Z w(|x — x;|,04) | > v(0) for 1 <j <ip. (2.24)
:EGBQ,,]. (z5) i=1,i4j



Also, by (2.21) we have

1 1 1 Tt
—— ~ M for  j>1. (2.25)

ﬁ ~ 1—k n*—1
2Mj JMj

_n*
*—1
A kj" ,

Hence, by sufficiently decreasing each term of the sequence o; (or equivalently by sufficiently in-
creasing each term of the sequence M), we can assume

1
T
2M;

Z |k, >v(0)  for  j>1,

and therefore for j > 1 and |z — x;| > p; we have by (2.18) that

1
w(lr — zj],05) <w(pj,o5) < gja™=1v(0)

s 1
<v(0) <z |k T — | (2.26)
2M
j
It follows from (2.21) that
d M < MPf > 1 2.2
grg)}; E(w(s,oj)) ~ g2z M2 < M; or J =z (2.27)
by (2.14)s.
We obtain from (2.21) that
1—Fk 22
Lo =0 as i — 00 (2.28)
Pi MT

because n > 6 and M; > 3.
Let ¢: [0,00) — [0,1] be a C* cut-off function satisfying ¢ (t) =1 for 0 <¢ <1 and 9(¢t) =0
for t > 3/2. Define

k(x) = k(z) + Y (ki — r(@))ii(x) (2.29)
=1

where 1;(x) = ¢ ('“t—f") Since the functions v; have disjoint supports contained in Bsg, (0) — {0},

it follows that k is well defined and finite for each z € R", k(0) = x(0) = 1, and k(z) = k(z) for
|z| > 201. By (2.15); and (2.1) we have

inf k£ > a. (2.30)
Rn
Since
o~ (ki —1) /(va—:vﬂ) T — T
Vk(z) = Y for 0<|z| <9, 2.31
@)= ) o (2:31)

it follows from (2.28) that k € C1(R") and Vk(0) = 0.
Letting u;(x) = w(|z — z;|, 0;), we obtain from (2.18) and (2.14), that

w <ea™Ty  in RV—B;, i>1, (2.32)



and

(e o] o0

1
E u; < an -1y in R" — U B;. (2.33)
i=1 i=1

Furthermore, by sufficiently decreasing each term of the sequence {0;}5°, and being mindful of the
remark after equation (2.2), we can force the functions u; to satisfy

wi(z;) > ip(|lz;]) for i>1, (2.34)

> u; € C®(R" - {0}),
=1

—A (Z} u> = Z;u” in R"— {0}, (2.35)

and u; + |Vu;| < 27" in R™ — By, (x;), i > 1. Thus by (2.12) and (2.13) we have
ui+|Vu| <270 in Bay()) (2.36)

when i # j and either (j > ip and i > 1) or (1 < j < ip and 7 > ip). Similarly, by decreasing
again each term of the subsequence {0;}5°; ;| of {0;}22;, we can also force the functions u; and
the constants M; to satisfy

o0
1
Z ui(zr) < = min wu;(z) for |z| > 02, (2.37)
- 1<i<io
1=109+1
[e.9]
Z u; < U1/2 in Bgrj (.’Ej), 7 > 1, (238)
i=ig+1,i
and .
+— < min u(x) for j > . (2.39)

M‘n*—l \x\gé
J

It follows from (2.36), (2.32), and, (2.27) that

o0
d wituf <C  in By j>1, (2.40)
i=1,i#j
and
o0
SVl +u Ve <M im0 By >, (2.41)
i=1,i#j

where C' is a positive constant depending at most on n, a, and b, whose value may change from
line to line. (By (2.36), inequality (2.41) holds with the factor Mjl/2 omitted, when j > iy.)
By (2.17),
NM<v/2 in R (2.42)
where
(2v(0))™" M;, in By, (x;),1>1

o]
s in Rn — U ngi ({L‘Z)
=1

0
(2 _ |Hi‘) (20(0))"" M;, in Ba, (z;) — By, (), i > 1.

9



Since M is locally Lipschitz continuous in R" — {0} we have v := v/(2b) + NM € C¥(
and -
—AG=(20)" v + M in R"—{0}

by (2.2). It follows from (2.42) that
% <v<v in R"

Define H: R™ x [0,00) — R by

H(z,v) = k(z (qul > =) ()"
=1

Then
H(z,v) = f(U(x), k(z),((z,v))

where

00 1/n* [e'e)
= (Z ul(:c)"> and ((z,v) :==v+ Z u;i(z) —
i=1 i=1

Define H: R™ x [0,00) — (0,00) by

H(z,v) < M(k(z),{(x,v)) = (z,0)" - when  k(z) <1 and v >0.

—_
|
i
—~
8
~
3
|
-
N—
3
|
—

Also H(xz,v) = H(x,v) if and only if either k(z) < 1 and U(z) < Z(k(z),((z,v)) or k(z) >

For z € R" — ;2 B; and k(z) < 1 we have

Z ) <ar 11/(x) by (2.33)

< MOy (250)
1 —k(z)»—1
< SO @K@ _ 7600, ¢, ()
1 —k(x)» 1

and hence

H(z,v(z)) = H(z,v(z)) for xzeR"-— U B;.

Thus for z € (R" — {0}) — ;2 B; and 0 < v < v(z) we have

H(z,v) < H(z,v(z)) = H(z,v(z)) < k(z) (l/(x) + Zuz(:r)>

< b2v(x)" < —Ab(x),

10

R" —{0})

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

1.

(2.49)



by (2.33) and (2.43).
Since k(x) = k; < 1 for x € By, it follows from (2.48) that for € Bj and 0 < v < v(x) we have

< M;(20(0))" = M(x) < —Av(x) (2.50)
by (2.43). We therefore obtain from (2.49) that
H(z,v) < —Av(x) for x €e R" — {0} and 0 < v < v(x).
Hence by (2.44), for each integer ¢ > 2 we can use v = 0 and v as sub and super-solutions of
the problem
1 .
—Av=H((z,v) in =<|z|]<i
i

1
v=20 for |z|== or |x|=1
i

to conclude that this problem has a C? solution v; satisfying 0 < v; < v. It follows from standard
elliptic theory that some subsequence of v; converges to a C? solution ug of

—Aug = H(z,up) . n
0<u < v in R"—{0}. (2.51)

Define H: R™x [0, 00) — (0,00) by H(z,v) = f(U(x), k(x),(z,v)). Then H < H < H because
k < k. In particular,

H(z,up(x)) < H(z,up(x)) < H(z,up(x)) for z e R" —{0}. (2.52)

Since, for |z| > ¢,

Uz)" = wi(a)"
i=1
< 002" uy (z)" 4 uy (x)" by (2.7) and (2.37)
< 02" Ty (2)V = _29_12”*+1u1(x)”*
Yo
(20/) n*—1 *

11



we have for k(z) < 1 and v > 0 that
o0 =
iz wi(x) = U(x)) wz)» T

1-— i<;(x)ﬁ
< Z(k(x),((x,v)).

(Recall, from the first paragraph of this proof, that x(xz) < 1 implies |z| > 4.) Thus, for z € R"”
and v > 0, we have

U(z) <

H({L‘,’U) = f(U({L‘),H({L‘),C(x,U))

which together with (2.45), (2.35), (2.51), and (2.52) implies that u := ug+ Y 50, u; is a C? positive
solution of
k(z)u™ < —Au < k(z)u™ in R" — {0}. (2.53)

It follows from (2.34) and (2.11) that u satisfies (1.8). We see from (2.37) and (2.51) that u satisfies
(1.7).
Define K: R™ — (0,00) by

K(z) = . for zeR"—-{0} (2.54)

and K(0) = 1. Then

K(z) = =1 for zeR"—{0} (2.55)

and hence K € CY(R™ — {0}). It follows from (2.53) and (2.54) that
k(x) < K(z) < k(z) for ze€R"-{0}. (2.56)
Hence, by the properties of k stated in the paragraph containing inequality (2.30), we have K €
CO(R"),
K(0) = k(0) = k(0) =1, VK (0) = Vk(0) = Vk(0) =0, (2.57)

and
K(x) = k(z) = k(z) for |x| > 20;. (2.58)

We now show that K € C'(R™) by showing that

lim VK(z)=0. (2.59)

|z[—0
Let S ={zx € R" - {0}: H(z,uo(x)) < H(z,up(z))}. It follows from (2.55) and (2.45) that

S={zeR"—{0}: k(z)<K(z)}, (2.60)
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and it follows from (2.46) and (2.47) that

H(xz,up(z)) = M(k(x),o(x))

)
U(x) > Z(k(x), o)) } for zesS (2.61)

where (o(z) := ((x,uo(z)). In particular, since k(z) > k; in By, (x), we have
U(x) > Z(kj, Co())
= Mj”*%léo(:r) for xe€ SN By, (x;), j>1 (2.62)
We have by (2.56), (2.60), and (2.57) that
Vk(z) = VK(z) for xeR" -5, (2.63)

and thus (2.59) holds for z € (R™ — {0}) — S. We now show the limit (2.59) holds for z € S. For

z € (R" —{0}) — U Bap,(z;) we have k() = x(x) and it therefore follows from (2.56) and (2.60)
i=1
that ¢ S. Thus
S c | Bap, (). (2.64)
i=1
For x € SN By, (x;) we have by (2.62) that

kf%<§um0—mﬂ>

U(w) > —
n*—1
1—k;
and thus
I
Ux) > k7Y ().
=1
Hence
S wi(@)™ = f [ ui@), kT > wi(e) for  x€SNBy,(z;), j=1. (2.65)
i=li#j i=1,i#j

However, for 1 < j <4y and = € By, (7;) we have

00 ) * o'} . 1
Zi*:l,#j u;(z)" _ D ieity Ui(2)" < 1+ (3 <1

P oo n’T':—i 0 T n’?—i * n—2
f(ovkj 1vzi:1,i7éjui(x)> kj 1<Zi:1,iyéjui(x)> kj 1<1+” (%) )

*

)n—2

by (2.37), Lemma 1, (2.20), and (2.22)3. Thus by (2.65) and (2.24),

uj(x) > Z (k:jn*l, Z uz(:c)) > v(0) for 1<j<igand x € SN By, (z;). (2.66)
i=1,i#j
Hence, by (2.26),
SN BQPj (.’E]) =5N Bj for 1 <5 <, (267)
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and it follows from (2.23) and (2.66) that

Ad—a
uj > CMjn*ul in SN ngj(:cj), 1 <5 <, (268)

where C' is a positive constant depending at most on n, a, and b whose value may change from line

to line.
Also, by (2.38), Lemma 1, and (2.7) we have for = € By, (), j > io, that

2o iy i) X < Lty <1

o SR u@) T (SRu@) T )

by (2.22)3. Thus, by (2.65) and (2.39),

uj(x) > Z kf—il, i ui(z) | >Z kj"?—il, ! = for x € SN By (), 7> o
i=1,i#j 21\43»"*71
Hence it follows from (2.26) and (2.67) that
SN By, (x;)=SNB; for j=>1, (2.69)
and it follows from (2.25) and (2.68) that
uj > CMJ."I*;—Q1 in SN By, (z;), j>1. (2.70)

We see from (2.55) and (2.61) that

K(2) = MGo(2)™ + U™ Mi o ) +1
G@+TE™ (g 4 1)"

for x€SNB;, j>1

Thus

n*—1
M (e) T~
VK = n* (#) (v@) in SNB;, j>1,

and hence, by (2.62),

* CO
VE| < n* v
VK| < |8
%
<n* ‘VU—UO + v% +‘V% m SNB;, j>1. (2.71)
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We now estimate each of the three terms on the right side of (2.71). Since

[e'e) —nL* e8] « _nL*
U i=1 1=1,i#]
VF - V 7’,‘* - V 1 + un*
J J
o0 — w1 o0
1 ; ;;é'uz v, ;#'uz Vu =
B i=1,i#j i=1,i#j j *
T 1+ un un - <W> Z u
J J J i=1,i#j
it follows from (2.40), (2.41), and (2.70) that
1/2
. M. Y.
v <o| = Lnﬂ in SNB;, j>1 (2.72)
M. 1 J
J

Since, by (2.41) and (2.70),

o0
S our vy + 1V,

1 _ n* ,L* _ 1 n* 7%71 n*| _ i=1,i#j
‘Vﬁ‘—‘V(U )7 | = | = T
M |V, .
=C (1—5)*(71’;-&-1) uzj in SN Bj, j=1,
n— j
M;
we have by (2.40), (2.41), (2.70), and (2.51) that
(&
vi:lz,i;éj < c Vl +Mj1/2 e vl +Mj1/2
vo|= vl U )= U™
1/2
<oy Zﬂ in SNB;, j>1 (2.73)
M uj
j
and
Uug VUO 1
VRl — | XY gV
‘ U ‘U o U‘
1/2
=C Ml;al (1—(5)(n1+1) uzj in 5N By, J=1 (2.74)
nt- M. ™ J
J J

We now estimate Vug in Bj. Since, by (2.51), ug is bounded and superharmonic in R™ — {0},
it is well known that

up(x) = ( 1 / wdy—l—h(m’) for 0<|z|]<2

n—=2)nwn Jiy<a o —y["?
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for some continuous function h: B(0) — R which is harmonic in B(0). By (2.50), (2.49), and
(2.51),

(2v(0))"" M; in B, N
b(2v(0))™ in (R" — {0}) — ‘91 B;.

It follows therefore from (2.17) and (2.51) that |h(z)| < C for || < 2. Thus |Vh(x)| < C for |z| < 1
and hence, for x € Bj, we have

Vuo()] < — / Hly,uow) ;1 o

= nwn Jiyj<a o=yt
< ClI(z) + Ir(z) + I3(x)] + C,

H(xz,up(z)) <

where

M.
Il(x)_/jg.mdySCMjijC\/Mj for z € B;
J

by (2.21), and

0 sz
Z / ]:1:— \” FET=. (dist(B;, B;))"~

=1,

C )
<C p—_ <=~ cgﬂ/%/Mj <OM™M? for ze B
, J

1
Ba(0)= U B:
=1
Thus
Vuol <CMI? i By, j>1. (2.75)
Since n > 6, we have n* —1 < 1 and it therefore follows from (2.75) that
CMOTY? C
’V“’Oa’ S A= W B gzl (2.76)
M"* J Mj

In order to estimate |Vuj|/u? in SN By, let
=inf{s > 0: SN B; C Bs(xj)}
and 4;(s) = w(s,0;). Then s; < p; and 4,(s) = uj(r) when | — z;| = s. Also, by (2.70) we have
d-a
aj(s) > CM;"™" for 0<s<s; j>1

It follows therefore from (2.21) that

2 -«
2 €n—2
o X .
| =Ca(s))" " =CM]*>C | 2
o; + 5] J 2o
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and thus by (2.22); we have

2J 3-o 3-2a
s;<C = o.* <(Co,* for j>1. (2.77)
er”
J

Also, for 0 < s < sj and j > 1, we have

~ n—4
— 3(8) (n—2) 3(032- + 532
W52 -2 T
J
2 2\ n=-4
=2 nie )"
(- T
3—2« 9 3—2« anﬁl
4 2
o (Uj + o, )
<C =) by (2.77)
; 2
3—2a (3—2a)(n—4)
o . o . 4 n—5—2a(n—23) 1-6a
<C-L1—21 =Co; * <Co;* (2.78)

because n > 6 and o < 1/2. Thus taking o = 1/8, it follows from (2.76) and (2.78) that

Vol - _C in B, j>1
1*—_a1 — M1/4 J0 J -
Mj” j
and -
| Z]|§Cajl»/16 in SNB;, j>1,
u

and hence, by (2.71), (2.72), (2.73), and (2.74), we have

1

yvmgc( 1/4—1—0]1-/16) in  SNB;, j>1. (2.79)

M
J

We see therefore from (2.22), (2.69), and (2.64) that the limit (2.59) holds for x € S. However, we
have already shown that the limit (2.59) holds for z € (R™ — {0}) —S. Thus the limit (2.59) holds
with no restriction on z, and hence K € C*(R").

By sufficiently decreasing o; for each ¢ > 1, we can force k to satisfy

e

by (2.28), (2.29), (2.31), (2.57), and (2.58); and we can therefore also force K to satisfy

o0

e €
V(K B = V(K ~ (k=) <[VE|+ 5 < i [J(S0 By, () = 9
j=1
by (2.79), (2.69), and (2.64). Thus by (2.63), |[V(K — k)| < § in R™. It therefore follows from
(2.56) and (2.80) that K satisfies (1.6). O
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