Math 151, Sections 810, 811, and 812 Final Exam, Solutions Dec. 10, 2008

Part 1: Multiple Choice (75 points), there are 15 questions, and each question is worth 5 points.

1. a%(xsin(ex)) -
a%(x sin(e¥)) = sin(e*) + xe* cos(e*) .
a. is correct answer.
sin(e*) + xe* cos(e*)
sin(e*) + e*cos(e*)
sin(e*) — xe* cos(e*)
e*cos(e*)
sin(e*) + xcos(e*)

e e T

2. Suppose f(x) is differentiable everywhere, then lhi%l S+ h) Zﬂx =) =7

limf(x+h) —fix—nh) _ limf(x+h) —flx) + fix) —fix—h)
70 h 70 h
e[S h) - fx) | fx) —flx—h)
- 1;,19&[ h * h }
e [ S h) - fx) | fle—h) - fx)
- 1;,19&[ A }
=f'x) +/f'(x)
c. is the correct answer.
a. 0
b. f'(x)
c. 2f'(x)
d. f'(h)
e. 2f'(h)

3o lim(1+4)'3 -
i=1

This is a limit of Riemann sums. Setting x; =

+ > we see that Ax; = %,a =0,and b = 1. Thus,

lim Z(l+%>2% - j13(1+x)2dx= (1+x)°|, =8-1=7
i=1 ?

Correct answer is €.

.t
b. 8
c. 5
A
d 3
e. 7



4.

d (2x—-1Y _

dx tanx

Correct answer is a.

2tanx — (2x — 1) sec’x

tan2x
b (2x — 1) sec®x — 2 tanx
' tan2x
2
c.
secZx
2
d. 2 sec; X
tan“x

2tanx + (2x — 1) sec?x

tanZx

fcos(3x+ 1)dx =

Correct answer is d.

sin(3x + 1) b
3x

b. sin(B3x+1)+c

_sm(3;c+ 1) b

s1n(3;c +1) b

e. 3sin(x+1)+c

J‘l dx  _

0 1+x2

Correct answer 1s a.

a. %

b. In2

¢. sin'2
d 2

e. cos!2

2x— 1Y _ 2tanx—(2x—1)sec’x

%( tanx

J

tan2x

jcos(3x+ 1) dx = LsinGx+ 1) +¢

'odx

3

0o 1+x2

I
d - 1 _
Io 1+xx2 = tan" ()l =

T

4
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Iffix) = (x2+1)°, then f'(1) equals?

=2 =6 D] =622 =24,

Correct answer is d.

o a0 T s

8
12
6
24
48

lim(sin(1 — 1/x))" =

lim(sin(1 — 1/x))" = }ng‘geX1n(Sin(l—1/x)) —e>®=0.

Note: sin 1 lies strictly between 0 and 1. Hence In(sin 1) is negative.
Correct answer is c.

a
b
c.
d
e

Does not exist

e—l

0
00
1

For the function f{x) = x* —x* + 1 with =1 < x < 1, which of the following is true?

a.

b
c.
d
e

/ has a global minimum at x = 1/2 and a global maximum at x = —1.

f has a local maximum at x = 3/4 and a global maximum at x = —1.

/ has a point of inflection at <1, fa )) and a global minimum at x = 3/4.
/ has a point of inflection at <0, f(O)) and a global minimum at x = 3/4.
/ has points of inflection at (0, /0)), (1/2,/(1/2)), and (3/4,/(3/4)).

fl(x) =4 =3x% = 4x2(x_ %)

For —1 < x < 3/4 the derivative is negative and for x > 3/4 the derivative is positive. So fhas a
local as well as a global minimum at x = 3/4. This rules out answer a and b.

1 . 2 _ 1
F(x) = 12x2 — 6x 12x( !

The second derivative changes sign at x = 0 and x = 1/2 only. This rules out answer 3. f'does
not have an inflection point when x = 1, which means the only possible answer is d.
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10.

11.

12.

an(aresin( 4 ) =

If 6 = arcsin(4/5), then sinf = 4/5. A right triangle with hypotenuse of length 5 and side opposite
the angle 6 with length 4, must have the side adjascent to 8 with length. Thus, tan(6) = 4/3.

Correct answer is b.

a. 3/5
b. 4/3
c. 4/5
d. 5/4
e. 3/4

Iflog,x =2 and Ina = 3In2, thenx =
Iflna = 3In2, thena = 32 == 23 = §, and x = a? = 82 = 64. Correct answer is e.

a. 2
b. 4
c. 8
d 16
e. 64
d 5 _
dxx
1
d 5 _ d smx_ 1 ﬁ_? _ Inx+2 &
o e 77X (Inx +2) WG XV,

Correct answer is b.
a.  Jxx~!

Inx+2 ) &
b. —s =

( 2% )

Inx &
c. 2‘/Yx

Inx Jx
d. (2 +ﬁ>x
e. x¥*
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13. lim [In(x* +3) - 2In(3x+1)] =

2
lim [In(x2 +3) —2InGBx + 1)] = lim | In[ —X=+3 :|:
X2 [ ( ) ( )] X—00 [ ((3x+1)2

— 1lim [1n(1+—3/x2)}
X=00 9+ 6/x + 1/x2
= In(1/9) = —In9

Correct answer is €.

N
8

—-1n9

14. If f{x) is a differentiable function such that f(—1) = —4 and f{3) = 12, then the mean value theorem says
there is a number &, with —1 < & < 3, such that

fO)-f-l) _12-(4) _,

rer=Ey ]
Correct answer is e.
a [(©=-2
NAGES
¢ f&=-%
d [ =%
e. (&) =4

15. Iff"(x) = 6x 4, £'(0) = 1,and 2) = 3, then f{1) =
f'(x) =3x*>—4x+c,f'(0) = 1 implies ¢ = 1.
flx) =x*-2x>+x+¢,f(2) = 3implies ¢ = 1
Thus, (1) =1-2+1+1 = 1. Correct answer is d.
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16. (10) Use the definition of the derivative to calculate f”(x), with f{x) = /1 +x.
d . l+x+h —Jy1+x
&= -
Mim J1+x+h —J1+x Jl+x+h +J1+x
=0 h JT+x+h +JT+x
_ (I+x+h)—(1+x) _ 5 1

= lim
O p(JT+x+h +yT+x) 50 JTHx+h +/T+x

1
2/T+x

17. (10) Use the definition of the definite integral to calculate f: (x2 +1) dx.
2 " N2
[ @enar-1m>((1+35) +1)3
i=1

1 9i? I 3
= lim (—2—674-2)7

n—oo

i1~
. 3( 9 n(n+1)2n+1) g nn+1)
_}}127(”_2 6 “wT gt
. D@2n+1) nn+1)
= 31 ( 2 2% -3 +2
,,LIQ(6 3 02
—3(3-342)=6.
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18. (20) Sketch the graph of the function
__x—1
=G
Be sure to indicate any asymptotic behavior, where the function is increasing, decreasing, concave up,
concave down, locations of local and global extrema, and points of inflection.
Before graphing this function we make a few observations:
a. It’s domain consists of all real numbers except x = —1. f{0) = —1, and /(1) = 0.
b. The denominator is always positive so the sign of fis determined by the sign of the
numerator. In particular if x > 1, then f{x) > 0, and if x < 1, then f{x) < 0.
c¢. The x-axis is a horizontal asymptote as lim f{x) = 0.

x— foo

d. There is a vertical asymptote at x = —1, and lim f{x) = —oo, and lim f{x) = —oo.

x->—1% x—>—1"

Note that for x close to —1 the numerator is close to —2.

The first derivative of f'is

(a,b) flf
df _ 3-x , (—0, =1) <0 |
dx (x+1)3 <_1,3> >0 1

(3,0) <0/}

The table and the fact that f'is negative for x < —1 tells us that fhas a local and global maximum atx = 3,
with f(3) = %

The second derivative of f equals

(a,b) | f"

d*f _ 2(x-5) (~0, =1) /<0
x> (x+1)*° (-1,5) <o

(5,0) >0

So fis concave down on the two intervals (—oo, - 1) and (-1, 5) , and concave up on the interval
(5,0). Thus, f'has an inflection point at (5,](5)) = (5, % . A plot of fis shown below

C | DD~

TA



-0 -9 -8 -7

It’s not easy to see the global max and inflection point in this plot. The following one makes them slightly
more visible

0.20 T

0.15+

0.10 -'/\

0.05

0.00 } } } } {
2 3 4 5 6 7
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19. (20) A rectangular box with a square base and no top has a volume of 2000 cubic inches. If the material

for the base costs 4 times as much as the material for the sides, what should the dimensions of the box be
in order to minimize the cost?

If x denotes the length of one side of the box’s base and / denotes its height, then
2000 = V = hx?
C(x,h) = 4x? + 4xh .

Solving the top equation for /4 as a function of x and inserting this into the expression for the material
cost, we have

C(x) = 4x? + 4x(—2290 )

=4 x2+—2(3600>,0<x.

We note that x can, theoretically be any positive number, lilg1 C(x) = oo, limC(x) = oo, and C(x) > 0 for

all postive x. Since C(x) is differentiable everywhere on its domain, the global minimum will also be a
local minimum and must occur at a place where C'(x) = 0.

C'(x) = x%(ﬁ ~ 1000) .

Note that for 0 < x < 10, C'(x) < 0 and for x > 10, C' > 0. Thus, the minimum cost occurs at x = 10

inches and & = 210—0000 = 20 inches, giving a box twice as tall as it is wide.
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