Math 172 Solutions Exam 3 April 20, 2006

1. (15)
a. Define what lim a, = 4 means,
This means that for any € > 0, there is an N such that if n > N, then
la, —4| < €.
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c. use the definition of the limit of a sequence to show that your answer to part b. is correct.
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Lete > 0. Set N = 9 (Note, this is equivalent to I0n72) < €),then forn > N
we have
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2. (10)Leta; = land @y = XL forn = 1,2, .
a. Showthat(0 < g, <3forn =1,2, ---. Hint: use induction.
Since 0 < 1 < 3, we see that 0 < a; < 3. The value of a; is 2, which also satisfies the
inequalities. Now assume that the inequalities are true for a, with n > 2. Then we have

Thus, the inequalities are true for all 7.
b. determine the limit of a, as n — oo.
The squeeze theorem tells us that the limiting value of a,, must be zero. For all » we have

0 <a, < 3. Thus,
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and the limit as n —» o of 4/n is zero.



3.

(15) Find the following limits
. —1\" n3 .
a. }1}1}0[2+ (T) }, b. lim £ > c. lim[In(2n — 1) — Inn]
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b. The terms X, for n > 3, satisfy
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Since this last sequence converges to zero as n — o, the squeeze theorem tells us that %

must also converge to zero as n — oo,

c. lim[In(2n—1)-Inn] = llm[ln(zn_l>]— hm[ln(z—l)]:lnz.
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(30) Determine whether each of the following series diverges, converges conditionally, or converges

absolutely:
- sinn - 1 — (- )'n - 1

lnn b'Zn2_4’ 2’ d'Zznlnn

a. Since % < i > and the series Z P converges the original series converges
nJyn
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absolutely.

b. The terms —1 1 look like % for large n. In fact 21 ) < % for n < 3. Thus the original
n? - n n-— n

series also converges absolutely.
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c. The series Z ( T 5 does not converge absolutely as the absolute value of the summands
n

look like 1 for large n. That is for n > 1 we have
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. However, the terms

5 are
n-+2 n? +2

Since the series Z % diverges so must the series Z
n=1 n=1

monotonically decreasing, for » > 1, and the limiting value of this sequence is 0. Thus, the

alternating series test says that the series converges. Hence this series is conditionally

convergent.
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is a decreasing function

d. The series Z nan diverges by the integral test. Note f(x) =

of x with limit as x — o equal to 0.
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5. (10) Find the radius of convergence and the interval of convergence for each of the following power

series:
a. ) M b nlx-2)"
n=0 n=0
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. 107+ g (m+ Dx| x| o x| :
a. }15210 T ’1113.10 ~on — 10 Since we need o < 1, the radius of
10"

convergence is 10. Moreover the series with x = £10 diverges, as the summands do not
converge to 0 as n — oo. So the interval of convergence is (—10, 10).

ly _ o |ntl 0, x=2 )
b. lim (n+ Dl -2/ _ lim(n+1)k-2| = { . Thus, the radius of convergence

1 o0 nllx — 2" n—co o, x*2

is 0, and the interval of convergence is just the single point x = 2.

6. (10) Find the Maclaurin series expansion for f{x) = ﬁ, and determine the interval of convergence for
this power series.
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The radius of convergence is 3. and the series does not converge at x = £3. The summands are 1 atx = 3
and (—1)" at x = -3, and neither of these sequences converge to 0 as n —» .

7. (10) The integral test is an if and only if type of theorem. State this theorem, and prove either the if, or the
only if part of it.

Suppose f{x) is monotonically decreasing to 0 as x — co. Then the series
2 )
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converges if and only if the integral I f(x) dx converges. For a proof of this theorem see your text.
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