
Math 220 - 502 Solutions Exam 1 October 1, 2004

1. (15) Define the following terms:

(a) If A and B are two sets, what does A ⊆ B mean?

A ⊆ B means that A is a subset of B. That is, if x ∈ A, then x ∈ B.

(b) If A and B are two sets what is A × B ?

A × B = {(a, b) : a ∈ A and b ∈ B}

(c) If A is a set, what is the power set of A ?

The power set of A is the collection of all subsets of A,
P (A) = {B : B ⊆ A}

2. (20) Let P (x, y) denote an open statement. That is, it becomes a statement when x and y
are assigned particular values. In the following it is understood that x and y are integers.

a) ∀x ∃y such that P (x, y)
b) ∃y such that ∀x P (x, y)

(a) Determine whether or not a) implies b). If it does give a proof, if it doesn’t give a
counter example.

(b) Determine whether or not b) implies a). If it does give a proof, if it doesn’t give a
counter example.
Remember x and y represent integers so any counter example must involve integers.

The open statement ∀x ∃y such that P (x, y). Means that for every x there is a y,
which may vary from one x to another, such that P (x, y) is a true statement. On the
other hand the open statement ∃y such that ∀x P (x, y) means that there is a y, now
fixed and constant, such that P (x, y) is true for any x and this fixed y. Thus, it seems
that a. should not imply b. but that b. should imply a.

An example to show that a. does not imply b. is the following: let P (x, y) be the open
statement x + y = 3, where x and y denote integers. Clearly a. is true; for any x set
y = 3 − x, then for these particular x and y P (x, 3 − x) is a true statement. On the other
hand it is not true that there is a fixed integer y0 such that x + y0 = 3 for every integer x.
Thus, a. does not imply b.

It is clear that b. implies a. Suppose b. is true. Let y0 denote a y for which P (x, y) is true
for all x. To see that a. is true for each x set y = y0.



3. (25) A real valued function of a real variable x is said to be continuous at a point a if

∀ε > 0 ∃δ > 0 such that ∀x

if |x − a| < δ, then |f (x) − f (a)| < ε .

(a) What is the negation of the above statement?

The negation is

∃ε > 0 ∀δ > 0 ∃x such that |x − a| < δ ∧ |f (x) − f (a)| ≥ ε

(b) Give an explicit example of a function that is not continuous at a = 2. Be sure to justify
your example.

An example of a function discontinuous at x = 2 is

f (x) =
{

1, x ≤ 2
3, 2 < x

Set ε = 1/2. For any δ > 0 set x = 2 + δ/2. Then we have

|x − 2| = |2 + δ/2 − 2| = δ/2 < δ and
|f (x) − f (2)| = |f (2 + δ/2) − f (2)| = |3 − 1| = 2 ≥ 1/2

4. (20) State Peano’s axiom of induction as it pertains to the set N = {1, 2, · · · } of natural
numbers. Then use this axiom to show that for any positive integer n

2n−1 ≤ n! ,

where n! = 1 (2) (3) · · · (n). Thus, 4! = 24 and 5! = 5 (4!) = 120.

Let P be any subset of N for which

a. 1 ∈ P

b. n ∈ P implies that n + 1 ∈ P

then P = N .

To see that 2n−1 ≤ n! for every natural number n we use induction. Let P be those n ∈ N
for which 2n−1 ≤ n!. It is easy to see that 1 ∈ P . Now suppose n ∈ P . Then we have

2(n+1)−1 = 2 2n−1 ≤ (n + 1) n! = (n + 1)!

Thus, n + 1 ∈ P , and by induction we have P = N . That is,

2n−1 ≤ n! for every n ∈ N .
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5. (20) For each γ ∈ Γ, let Aγ be a set. Determine whether the following is or is not true. If
true supply a proof, and if false supply a counter example.

∪γ∈ΓAγ = ∩γ∈ΓAγ .

The two sets are not equal. An example to see this is the following:

Let A1 = {1, 2} and A2 = {3, 4}, with the understanding that the universal set is the set of
natural numbers N = {1, 2, · · · }. Then

A1 ∪ A2 = {5, 6, 7, · · · } and
A1 ∩ A2 = ∅ .
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