Math 220 - 902/903 Exam 1 Solutions Sept. 30, 2008

1. (20) Define the following:
a. LetA and B be sets, whatis4 — B ?

A-B=4x€Ad:x¢éB}.

b. Let fbe a function from A4 to B. If X € P(4), what is f{X)?
fX) = {ftx) s x € X}

c¢. What does it mean to say that a function is onto?
A function ffrom A4 to B is onto if the image of fis all of B. That is,

{f(x) :xe Ay =B

d. What is the truth table for P = Q?

™ NN
N TN (0
N~ N U

2. (15) Let 4, B, and C denote subsets of a universal set U. Determine the truth or falsity of the following
equations. If true supply a proof, and if false supply a counter example.
a. A-B)UB-4)=A4AUB-4ANB
This equality is true. To see that this is so, we’ll show that each of the sides of the equality

is a subset of the other side. Suppose thatx € (4 —B) U (B—-4). Thenx € 4 — B or
X € B—A. In either case x € 4 U B. Moreover x cannot be in both 4 and B for if it is in both of
these sets it cannot bein A — Bor B —A. Thus,x e ANBandwehavex e AUB-A4ANBAB.
Conversely supposex € A UB—-ANB, Thenx € AUBandx € AN B. Thus, ifx € 4 then
x € Bandwehavex € 4 — B.Ifx € B, thenx € A and we havex € B— 4. So
x € (A—-B)U (B—A), and the two sets are equal.

b. A-B)-C=4-(B-0C)
These two sets in general are not equal. For an example of this set
A=C={1},B={2}.
Then we have
A4-B)-C=290
A-(B-C)={1}.

¢. AUB = AN B,where 4 denotes the complement of 4 in U. Thatis, 4 = U — A.

This equality is true. Supposex € 4 U B. Thenx € AU B. Thatisx € 4 andx € B, or
x € A,andx € B,orx € A N B. Conversely suppose x € 4 N B. Thenx ¢ 4 and x ¢ B.
Hencex € AUB,orx € AUB.



3.

(10)Prove or disprove the following meta statement

(P= Q) < (PVO),
where P and Q are meta statements.
This is not a true statement as can be seen by looking at the truth table for each statement.

PIOIP=Q PVQ
T\ T T T
T F F T
F| T T T
FF T F

Since the truth values for these two statements are not the same regardless of the truth values of P and Q,
the statements are not logically equivalent.

(15) A function ' : R - R is said to have the Dizzy Blond Property at the point x, if the following is true

3 real numbers y; and y», y1 # yasuch that
Ve > 0,36 > 0, d real numbers x1, and x», such that
bx1 —xo0| < 0, x2 —x0| <0, [flx1) —y1| < €, and |[f{x2) —y2| < €

a.  Write out the negation of the Dizzy Blond Property.
V real numbers y; and y2, y1 # y2
Je > 0, such that V6 > 0, V real numbers x;, and x,
|X1 —)C()| > 6, or |X2 —XO| > 0, orjf(xl) —y1| > €, orjf(xz) —y2| > €

b. Find a function with the Dizzy Blond Property at the point xo = 2.

Let
-1, x<2
X) = .
f { I, x>2
Sety; = —1 and y, = 1. Regardless of the value of ¢, for any 6 > 0, setx; = 2 — 8/2 and
X2 = 2+ 6/2. Then we have

ki —2|=p2—-2|=682<0
and

o) = (D) = ) = (1) =0 <€
A better definition of the Dizzy Blond Property is:
3 real numbers y; and y», y; # yasuch that

Ve > 0, Vo > 0, 3 real numbers x1, and x>, such that
b1 —xo0| < 0, |x2 —x0| <0, [flx1) —y1| < €, and |[f{x2) —y2| < €



5. (15)Supposef: A - Band g : B — C. Determine the truth or falsity of the following equations. If true
supply a proof, and if false supply a counter example.

a. If fis one-to-one, then sois g o f.
This is false. Let 4 = {1,2},B = {1,2}, C = {a}, with (1) = 1, (2) = 2, and
g(x) = a. Then fis one-to-one, and g o f'is not.
b. Iffis onto then so is g o f.
This too is false. Let 4 = {1, 2}, B = {1, 2}, C= {a, b}. Define f'and g as in part a.
Then fis onto, while g o fis not.
c¢. Ifgof is one-to-one then so is f.

This is true. Suppose f{x1) = fixz). Then g(f(x1)) = g(f(x2)),orgof(x1) = gof(x2).
Since g o fis one-to-one, we must have x; = x,. Thus, fis one-to-one.



