Math 220 - 902/903 Exam 2 Solutions Nov. 6, 2008

1. (15) Define or state the following:
a. Integers a and b are congruent modulo 7,
a and b are congruent modulo 7 if n divides their difference.

b. dis the greatest common divisor of two integers a and b,

d is the greatest common divisor of a and b if it is a positive integer with the following
two properties:

d divides a and b
if k divides a and b, then k divides d .

c¢.  Second principle of induction.
If S'is a subset of the natural numbers, N, with the following two properties,

lesS
{1,2,,np eS=>n+leS§,
then S = N.

2. (10) Let f, be a sequence of natural numbers such that
=1
fo=2fp1+1forn=23,--.

Show that f, = 2” — 1 for all natural numbers 7.
LetS = {n eN : f,=2"- 1}. We note that 1 € S. Suppose n € S. Then

fn+1 :2fn+1 :2(2’1—1)4-1
—omi o,

Thus, n+ 1 € S. The set S satisfies the conditions of the first principle of induction, and § is therefore
equal to the entire set of natural numbers. Thus, f, = 2” — 1 for all natural numbers.

3.  (10) How many different 1, 2, 3, or 4 letter words can be made from the letters in "Michael".

Notice first that all of the letters in "Michael" are different. Thus, the number of such words equals

(D+(Z)2z+(;)3!+(1)41=7+21-2!+35-3!+35-4!

7+42+ 210 + 840
1099 .



4.

(15) Let m = 90 and n = 420.
a. Use the Euclidean algorithm to find the greatest common divisor, ged (m, n) , of m and n, and
then use your work to write the gcd as an integer linear combination of m and n.

420 = 4-90+60

90 = 60 + 30
60 =2-30.
Thus, ged (420, 90) = 30, and we have
30 = 90 - 60
=90-(420—-4-90)
=5.90-420.

b. Find the least common multiple of m and n.

The easiest way to do this is to use the fact that the product of the gcd and Iecm of two
integers equals the product of those two integers. Thus,

lem (420, 90) = %

_ 420.90 _ 450 .
- 4205 420 -3
1260 .

(15) Suppose that R is an equivalence relation on the set A. Let [a] and [b] be two equivalence classes
defined by R. Show that either [a] = [b] or [a] N [b] = 0.

Suppose [a] N [b] # 0. Let xo € [a] N [b]. To see that [a] = [b], let x € [a]. Then xRa and xoRa.
Symmetry and transitivity imply that xRxo, and since xo € [b], we deduce that xRb, which means x € [b].
Thus, [a] = [b], a similar argument shows that [b] = [a]. Hence the two equivalence classes are equal.

(10) Find all integer solutions of the equation
6x = 5(mod 17) .
The greatest common divisor of 6 and 17 is 1, and we have
1=3.6-17.
Thus, 3 - 6 = 1(mod 17), and we have
3.6x

X

3.5(mod17)
15(mod17) .

Thus, x = 15+ 17k for any k € Z is an integer solution of the equation.



