Math 220 - 502 Final Exam Solutions May 12, 2004
1. (20) Let A, B, and C denote three sets. Prove or disprove the following:

(a) (AUB)—-C=(A-C)u(B-20C)
This is a true statement. To see this I'll show that each side of the equality is a
subset of the other side. So suppose x € (AU B)—C. Thenz € AUB and = ¢ C. Thus,
x€Aorx e B. Hence,t € A—Corxz € B—C,and we havex € (A—C)U (B —C).

Now suppose z € (A—C)U(B—-C). Then x € A—C or x € B— C. In either case
x ¢ C. Moreover, x € A or x € B. Thus, z € AU B, and we have x € (AU B) — C.

(b) (A—-B)—C=A—-(B-0)
This identity is not valid in general. To see this set A = {1}, B = {1}, and C = {1}.
Then we have

(A-B)-C = ({1} -{1})— {1} =0— {1} =0, and
A-(B-0) = {1}-({1}-{1))={1} - 0={1}.

2. (15) Let m and n be any two integers.

(a) Define what it means to say m divides n.
m divides n means that there is an integer k such that

n = km.

(b) Show that if r|m and r|n, where r is some integer, then for any integers a and [
r| (am + fn).
Since r|m and r|n there are integers k; and ko such that
m = kyr
n

= k‘Q’I”.

Thus, we have
am + fn = o (kir) + B (kor) = (aki + Bka) 7,

from which we see that 7| (am + On).



3. (15) Let m and n be any two integers not both zero.

(a) Define the greatest common divisor of m and n.

The greatest common divisor of m and n is a positive integer g such that g divides
both m and n, and if any other integer divides both m and n, it also divides g.

(b) Suppose r; are integers such that 0 < ro < r; < m, and there are integers q1, g2, and g3

such that
n = mqy+7n
m = Trig2+ 72
T = T24gs3.

Show that ro is the greatest common divisor of m and n.

To see that ry divides both m and n, we note that ry divides r;. So ry divides
r1q2 + 79, and this from the second equation equals m. So r9 divides 1 and m. Thus,
ro divides mqy + r1, which, from the first equation, equals n.

Suppose now that g divides both m and n. Then the first equation tells us that g
divides r1, the second equation then tells us that g divides ro. So ry must be the greatest
common divisor of m and n.

(¢) Find the greatest common divisor, g, of 154 and 46. Then find integers a and b such
that
g = 46a + 154b .

The Euclidean algorithm is used to calculate g.

154 = 46(3) + 16
46 = 16(2)+14
16 = 14(1)+
14 = 2(7).

So the greatest common divisor of 154 and 46 is 2. And

2 = 16— 14
16 — (46 — 2 (16)) = 3 (16) — 46
3 (154 — 3 (46)) — 46

= 3(154) —10(46).



4. (15) Suppose that f : ZT — Z7 satisfies f (1) = 1, f (2) = 2 and also satisfies the recursive
relation
Fnt )= Fm)+2f (1), n=23
Prove, by induction, that f (n) =2""! for all n € Z .

Since f (1) = 1 = 20 = 2171 the formula is valid for n = 1. Now assume it is valid for
all positive integers k < n. Then we have

fn+1) = f(n)+2f(n—1)
— 2n—1 +2 (2n—2)
_ 2n—1 + 2n—1
= 2"

By the second principle of induction we see that the formula is valid for all n.

5. (15)A function f: R — R is said to be bad if 3 € > 0 such that Vz, V6 > 0, Jy such that

[z =yl <dand |f(z) - f(y)| > e

(a) Write the negation, in logical notation, of this definition.
Ve>0,dx,36d>0,Vy

|z —y[>dor |f(z)—f(y)| <e.

(b) Show that f (x) = x is not a bad function.

To see that f () = x is not a bad function we’ll verify that f satisfies the negation
of being a bad function. To that end let € > 0. Set z = 1 (actually any value of z will
work, but we only need find one z for a particular €). Set 6 = e. Then for any real
number y, if |1 —y| > ¢ is not true, then |1 — y| < J, and we must have

FM)=Fyl=N-y <d=e

So f (x) = z is not a bad function.



6. (20) Let A = {(x,y) :  and y are real numbers} . Define a relation R on A by
(1, 1) R (%2, y2)
if there are integers m and n such that

To = M-+
Y2 = n+uy.
(a) Show that R is an equivalence relation.

Since x = 0+ z and y = 0 + y we have (z, y) R (z, y), and R is reflexive.
Now suppose that (z1, y1) R (2, y2) then we have integers m and n such that

T9 = M+
Y2 = n+yr.
These equations imply that
r1 = —m-+x2
yo= —n+tyz.

Which is the statement that (z2, y2) R (21, y1), and we’ve demonstrated that R is sym-
metric. The last item to verify is that R is transitive. So suppose that (z1, y1) R (22, y2)
and (z2, y2) R (x3, y3). Then there are integers m, n, p, and ¢ such that

o = M+
Y2 = n+uyr
3 = prae=p+(m+z)=pP+m)+ax
ys = qt+y2=q+n+y)=(g+n)+y .

Thus, we see that x3 is the sum of x1 and some integer, and y3 is also the sum of y; plus
some integer. Hence, (x1, y1) R (z3, y3). Since the relation R is reflexive, symmetric and
transitive it is an equivalence relation.



(b) Show that for each equivalence class [(x,y)] there is a unique pair of numbers x; and y;,
where 0 < x1 < 1 and 0 < y; < 1 such that

[(z, y)] = [(z1, y1)] -

Let x and y be arbitrary real numbers. Let m and n be those unique integers such
that

r<m+1

<
< y<n+1l

n

Set xt1 = x—m and y; = y — n. Then we have 0 < z; < 1 and 0 < y; < 1 and
(z, y) R(z1, y1). Thus, [(z, y)] = [(z1, y1)]. The fact that z; and y; are unique follows
from the fact that the above m and n are uniquely determined by x and y respectively.
First we show that m, let’s say, is unique, and then show why that means x; is unique.
A similar argument then shows that y; is also unique.

To see that m is unique suppose we have m; and msg where

m; <x < m;+1 fori=land 2.

If the m; are not the same then one must be less than the other. Suppose that mq < ms.
Then we have

-m;—1 < —zr<—m
me < x<mo+ 1.
Adding these two together we get
mog—m;—1<0<1.
However, since mo — my > 1 We have the following nonsensical statement:
0<mg—m —1<0<1

Clearly 0 < 0 cannot be true, implying we cannot have m; < mo. Hence, the integer m
for which
m<zr<m-+1

is unique.
Now suppose that there are two x;’s such that 0 < z; < 1 and

[(z, y)] = [(z1, y1)] = [(z2, y2)].-
But this says that there are integers mj and msy such that

m1 + 21

= Mo + 9.
This, in turn, implies that

my r=mi+x1 <mp+1

<
<

mo T=mg+ a0 <mo+1

Hence, we must have m; = mo, which then gives us
1= — M1 =T — My = T2.

Similarly y; must equal ys.



