Math 221 - 501 Solutions Final Exam Dec 10, 2010
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1. (20) Let f(z,y) = ﬁ

(a) hm(:p,y)%(fl,O) f(ma y) =1

(b) lim( ) —0,0) f(z,y) = 0. This value becomes clear with the following observation:
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2. (40) Let f(z,y,2) = 2* — 2zy + y* — 22°.

a) Use the definition of a partial derivative to compute 2L at the point (1, —1,2).
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(b) Compute the directional derivative of f at the point (1, —1,2) in the direction given
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= (4,—4,—8)-(3’%’\@):5—2\@.

(¢) The function f(z,y, z) when (z,y, z) is restricted to the plane x +y—6z = 1 does not
have a maximum value, but it does have a minimum value. What is this minimum
value, and at what point or points does it occur?

Using Lagrange multipliers with ¢g(z,y,2) = x + y — 6z, we have

Vi+AVg = (2 —vy),—2(x—y)—42) + (1,1, —6)
0 = 2(x—y)+ A, 0=—=2(x—y)+ A these equations imply A = 0 and
0 = —4z— 6\ implies z = 0.

Thus, we must have z = y, and g(x,z,0) = 1 implies x = 1/2. Thus, the minimum
value of f on the plane g =1 is

£(1/2,1/2,0)=0.



3. (35) The following iterated integral equals a double integral over a region D in the z-y

plane:
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(a) Sketch the region D.
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(b) Find the area of D.
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(c) find the x coordinate of the centroid of the region D.
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4. (20) Let F(z,y,2) = (e¥* 4 cos(z — y), xze¥* — cos(x — 1), wye¥?).
(a) Find a potential function ¢ for the vector field F'.

From 0®/0x = e¥* + cos(x — y), we get & = xe¥* +sin(x —y) + g(y, z). Checking the
other two equations that ® must satisfy, we see that we can pick g = 0.

¢ = ze’” +sin(z — y)

(b) Let P = (1,1,In2) and @ = (5,5,4). Let C' be any path that goes from P to Q.
Compute fCF - dr.

/F-dF: ®(5,5,4) — ®(1,1,In2) = 5e** — 2.
C



5. (35) Let F(x,y,2) = (22,2222 4+ y, 2%siny + z), and let E be the region in R? bounded
above by the plane z = 0, and below by the lower half of the sphere 2?2 +y?+2? = 4. Find
the inward flux of F' across the boundary of E.

Inward flux = //;)Eﬁ'dg —///Ediv(ﬁ)dvz—///Ezdv
2

= (=2)volume(F) = (—2)§7T(23) =—37

Note that the region of integration is half of a sphere of radius 2. Since the volume of a

sphere of radius 4 is 3773, the volume of this half sphere is 272?.



